Digitized  by  the  Internet  Archive 

in  2009  with  funding  from 

University  of  Toronto 


http://www.archive.org/details/s5philosophicalm33lond 


T 


THE  ^ 

LONDON,  EDINBURGH,  and  DUBLIN 

PHILOSOPHICAL    MAGAZINE 

AND 

JOURNAL  OF   SCIENCE. 

CONDUCTED  BY 

LORD  KELVIN,  LL.D.  P.R.S.  &c. 
GEORGE  FRANCIS  FITZGERALD,  M.A.  Sc.D.  .FR.S. 

AND 

WILLIAM  FRANCIS,  Ph.D.  F.L.S.  F.R.A.S.  F.C.S. 


"  Nee  aranearum  sane  textus  ideo  melior  quia  ex  se  fila  gignunt,  nee  noster 
vilior  quia  ex  alienis  libaraus  ut  apes."     Just.  Lips.  Polit.  lib.  i.  cap.  1.  Not. 


VOL.  XXXIII.— FIFTH  SERIES. 

JANUARY— JUNE  1892. 


LONDON: 
TAYLOE  AND  FRANCIS,  RED  LION  COURT,  FLEET  STREET. 

SOLD  BY  SIMPKIN,  MARSHALL,   HAMILTON,  KENT,  AND  CO.,  LD.;     WniTTAKEK  AND  CO. 

AND    BY    ADAM    AND    CHARLES    BLACK  ; T.    AND    T.  CLARK,    EDINBURGH  ; 

SMITH  AND  SON,  GLASGOW; — HODGES,  FIGGIS,  AND  CO.,  DUBLIN; 

PDTNAM,  NEW  yore;-- VEVVE  J.  BOYVEAIT    PARIS; — 
AND  A8HEB  AND  CO.,  BERLIN. 


"  Meditationis  est  perscrutari  occulta ;  contemplationis  est  admirari 
perspicua  ....  Admiratio  generat  qufestionem,  qusestio  inTestigationen), 
investigatio  inventionem." — Httyo  de  S.  Victore. 


*'  Cur  Spirent  venti,  cur  ten-a  dehiscat, 

Cur  mare  turgescat,  pelago  cur  tantus  amaror, 
Cur  caput  obscura  Plicebus  ferrugine  condat, 
Quid  toties  diros  cogat  flagrare  cometas, 
Quid  pariat  nubes,  veniant  cur  fulmina  coelo, 
Quo  micet  igne  Iris,  superos  quis  conciat  orbes 
Tarn  vario  motu." 

J.  B.  Pinelli  ad  Mazonmm. 


I 

sc/.  6 


CONTENTS  OF  VOL.   XXXIIl. 

(FIPTH  SEEIES). 


XUMBEE  CC— JANUAKT  1892. 

Lord   Rayleigh  on  Reflexion  from  Liquid   Surfaces   in   the 

Neighbourhood  of  the  Polarizing  Angle 1 

Messrs.  E.  L.  Nichols  and  B.  W.  Snow  on  the  Character  of 
the  Light  emitted  by  Incandescent  Zinc  Oxide.  .......      19 

Dr.  Gr.  Grore  on  a  Method  of  Measuring  Loss  of  Energy  due 

to  Chemical  Union  &e 28 

E  ■.  J.  W.  L.  Glaisher  on  the  Connexion  between  Recurring 
Formulae  involving  Sums  of  Divisors  and  the  Corresponding 
Formulae  involving  Differences  between  Sums  of  Even  and 

Uneven  Divisors   o-l 

Prof.  A.  Gray  on  the  Calculation  of  the  Induction-Coefficients 
of  Coils,  and  the  Construction  of  Standards  of  Inductance, 

and  on  Absolute  Electrodynamometers   62 

Mr.  J.  Larmor  on  the  Influence  of  Flaws  and  Air-cavities  on 

the  Strength  of  Materials 70 

Mr.  R.  A.  Lehfeldt  on  a  Galvanometric  Method  of  Mea- 
suring H    78 

Mr.  J.  Brown  on  the  Theory  of  Electrolytic  Conduction  of 
Clausius  ;  and  on  some  recent  Evidence  for  the  Dissociation 

Theory  of  Electrolysis 82 

Mr.  H.  Crew  on  a  New  Method  for  obtaining  a  Constant 

Temperature 89 

Mr.  A.  P.  Laurie  on  the  Existence  of  a  Compound  of  Gold 

and  Tin 94 

Prof.  D.  Mendeleef  on  the  Variation  in  the  Density  of  Water 

with  the  Temperatiu'e 99 

Mr.  S.  U.  Pickering   on   the   Densities    of   Sulphuric-Acid 

Solutions    132 

Notices  respecting  New  Books  : — 

Prof.  Ostwald's  '  Solutions  ; '  being  the  Fourth  Part  of  a 

Text-Book  of  General  Chemistry     144 

Dr.  Watts's  Index  of  Spectra,  Appendix  B    147 

Mr.  Gore's  Star  Groups   147 

Dr.  WiUiamson's  Elementary  Treatise  on  the  Integral 

Calculus 148 

Dr.  Besant's  Solutions  of  Examples   in  Conic  Sections, 
treated  Geometrically   149 


IV  CONTENTS  OF  VOL.  XXXIII. FIFTH  SERIES. 

Proceedings  ot'  the  Geological  Hociety  : — 

Mr.  T.  r.  Janiiesoii's  Supplementary  Remarks  on  Glen 

lioy 149 

Prof.  E.  Hull's  Comparison  of  the  Eed  Eocks  of  the 
South  Devon  Coast  w  ith  those  of  the  Midland  and 

Western  Counties 151 

Rev.  A.  Irving's  Supplementary  jSote  to  the  Paper  on 
the  '  Red  Rocks  of  the  Devon  Coast-section,'  Q.  J.  G.  S. 

1888 151 

On  the  Concordance  of  Orthobaric  Curves  for  Solutions  and 
Homogeneous  Liquids,  by  L.  Natanson 152 


NUMBER  CCL— FEBRUARY. 

Prof.  S.  Young  on  the   Generalizations  of  Van   der   Waals 
regarding  "  Corresponding  "  Temperatures,  Pressures,  and 

Volumes.     (Plates  I.-TIl.) 153 

Prof.  W.  E.  Ayrton  and  Mr.  T.  Mather  on  the  Construction 

of  Non-inductive  Resistances.     (Plate  IV.) 186 

Dr.  C.  V.  Burton  on  a  Theory  concerning  the  Constitution 

of  Matter    ." 191 

Prof.  A.  W.  Riicker  on  the  Density  and  Composition  of  Dilute 

Sulphuric  Acid.— No.  II 204 

Lord  Ra^^leigh  on  the  Theory  of  Surface  Forces. — II.  Com- 
pressible Fluids 209 

Mr.  H.  L.  Callendar  on  some  Experiments  with  a  Platinum 
Pyrometer   on   the   Melting-points   of   Gold   and    Silver. 

(Plate  V.)   220 

Notices  respecting  New  Books  : — 

Mr.  J.  Parker's  Elementary  Thermodynamics    228 

Clerk  Maxwell's  Theory  of  Heat,  Tenth  Edition  edited 

by  Lord  Rayleigh 231 

On  a  Consequence  of  the  Poisson-Mossotti  Theory,  bv  Gottlieb 

Adler ' 233 

On  the  Electromotive  Force  of  Gas-batteries,  by  Gertscho 

Markovsky     ." 23o 

Velocity  of  Sound  in  IMembranous  Bodies,  by  F.  Melde    ....    230 
The  Solitary  Wave  :  Correction  of  a  Sign 23G 


CONTENTS  OF  VOL.  XXXIII. FIFTH  SERIES.  V 

jSUMbee  ecu.— march. 

Page 

Prof.  T.  G.  Bonnev's  Pet  rologiL-al  Notes  ou  the  Euphotide  or 
iSaussurite-smaragdite  Gabbro  of  the  Saasthal    i!37 

Mr.  J.  McCowau  on  the  Theory  of  Long  AVaves  and  its 
Application  to  the  Tidal  Phenomena  of  Rivers  and  Estuaries.  250 

Mr.  J .  Walker  ou  the  Intensity  at  the  Focal  Point  of  a  Tele- 
scope, when  the  Object-glass  is  covered  by  a  Diaphragm 
pierced  with  Grcular  Apertures 26  G 

Prof.  J.  Perry  on  Struts  and  Tie-Rods  \vith  Lateral  Loads  . .   269 

Mr.  S.  L".  Pickering  on  the  Hypothetical  Tetrachloride  of 
Manganese 284 

Sir  W.  Thomson  on  the  Kinetic  Theory  of  the  Dissipation  of 
Energy 291 

Messrs.  W.  Lucas  and  T,  A.  Garrett  on  a  Detector  for  Spark 
in  Hertz's  Resonator 299 

Prof.  L.  Natanson's  Dynamical  Illusti'ation  of  the  Isothermal 
Formula 301 

Mr.  W.  Hibbert  on  a  Permanent  Magnetic  Field 307 

Notices  respecting  Xew  Books  : — 

-Mr.  J.  F.  Blake's  Annals  of  British  Geology,  1890   314 

On  the  Refraction  of  Sound,  and  its  Velocity  in  Porous  Sub- 
stances permeable  to  Sound,  by  N.  Hesehus 316 


NUMBER  CCni.— APRIL. 

Dr.  T.  Ewan  on  the  Absorption-Spectra  of  some  Copper  Salts 

in  Aqueous  Solution 317 

Dr.  G.  Gore  on  Chemical  Equilibrium  in  Mixed  Electrolytes . .   342 
Prof.  A.  Anderson  on  the  Resistance  and  Self-induction  of 

Branched  Circuits 352 

Lord  Rayleigh  on  Maxwell's  Investigation  respecting  Boltz- 

mann's  Theorem     356 

Mr.   C.    Tomlinson   on   an  Experiment   Illustrative    of   the 

Formation  of  Rocking  Stones 359 

Lord  Rayleigh's  Experiments  upon  Surface-Films 363 

Mr.  John  Trowbridge  on  AVave  Propagation  of  Magnetism  .  .   374 
Messrs.  E.   L.  2sichols  and  B.  AV\    Snow  on   the   Selective 

Absorption  of  Light  by  Optical  Glass  and  Calc-spar 379 

Notices  respecting  New  Books  : — 

F.  Karrer's  Guide  through  the  Collection  of  Building- 
materials  in  the  Imperial  Natural-history  Museum  at 

Vienna    382 

Mr.  A.  M.  AV^orthington's  Dynamics  of  Rotation 383 


VI  CONTENTS  OF  VOL.  XXXIII. FIFTH  SERIES. 

Proceedings  of  the  Geological  Society  : — 

Eev.  J.  F.  Blake  on  the  Eocks  mapped  as  Cambrian  in 

Caernarvonshire     384 

Mr.  W.  iShoue  on  the  Subterranean  Denudation  of  the 
Glacial  Drift,  a  probable  cause  of  Submei'ged  Peat  and 

Forest-beds 884 

Mr.  A.  C.  Kicholson   on   High  Level-Glacial  Gravels, 

Gloppa,  Cyrn-y-bwch,  near  Oswestry 385 

Mr.  11.  W.  Monckton  on  the  Gravels  on  the  South  of  the 
Thames  from  Guildford  to  Newbury ;  and  on  the  Bag- 
shot  Beds  of  Bagshot  Heath     385 

Mr.  A.  J.  Jukes-Browne  and  Prof.  J.  B.  Harrison   on 

the  Geology  of  Barbados 386 

On  the  Intensity  of  the  Radiation  of  Gas  under  the  Influence 
of   the   Electrical   Dischai'ge  :     preliminary  notice   by  K. 

j''#fj;strom    387 

On  thu  Eepulsive  Force  of  Eadiating  Bodies,  by  Peter  Lebedew  391 

An  Electrolytic  Experiment,  by  Leo  Arons     395 

On  a  Method  of  Determining  Electromagnetic  Radiation,  by 
Prof.  K^emencic     396 


NUMBER  CCIV.— MAY. 

Mr.  E.  C.  Nichols  on  the  Resistances  to  Transverse  Strain  in 
Beams    397 

Mr.  M.  F.  FitzGerald  on  the  Flexure  of  Long  Pillars  under 
their  own  Weight 428 

Mr.  C.  Barns  on  the  Change  of  Heat  Conductivity  on  passing 
isothermally  from  Solid  to  Liquid    431 

Prof.  J.  Perry  on  Choking  Coils 433 

Mr.  S.  U.  Pickering  on  the  Recognition  of  Changes  of  Curva- 
ture by  Means  of  a  Flexible  Lath    436 

Lord  Kelvin  on  a  Decisive  Test-case  disproving  the  Maxwell- 
Boltzmami  Doctrine  regarding  Distribution  of  Kinetic 
Energy   466 

Lord  Rayleigh  on  the  Theory  of  Surface  Forces. — 111.  Effect 
of  Slight  Contaminations 468 

Mr.  R.  E.  Hughes  on  some  Properties  of  Dried  Hydrogen 
Sulphide  Gas 471 

Notices  respecting  New  Books  : — 

Dr.  "NVatts's  Index  of  Spectra,  Appendix  C 475 

On  the  Influence  of  Pressure  on  the  Viscosity  of  Liquids,  bv 
R.  Cohen    '.   476 


CONTENTS  OF  VOL.   XXXIll. FIFTH  SERIES.  Vll 

NUMBEE  CCV.— JUNE. 

Page 
Mr.  A.  M'^Aulav  on  Quaternions  as  a  practical  Instrument  of 

Physical  Kesearch 477 

Mr.  AV.  Bailv  on  the  Construction  of  a  Colour  Map.     (Plate 

Vm.)     . : 496 

Dr.  G.  J.  Stoney  on  an  Analysis  of  the  Spectrum  of  Sodium, 

including  an  Inquiry  into  the  true  place  of  the  Lines  that 

have  been  regarded  as  Satellites.     (Plates  VI.  &  VII.) 503 

Prof.  E.  F.  Herroun  on  the  Electromotive  Forces  of  Gold 

and  of  Platinum  Cells   516 

Dr.  C.  Ludeking  on  the  Action  of  the  Electric  Discharge  on 

Gases  and  Vapours   521 

Dr.  F.  T.  Trouton  and  Mr.  W.  E.  Lilly  on  a  Method  for  deter- 
mining the  Specific  Inductive  Capacity  of  Dielectrics    ....   529 
Mr.  J.  Brown  on  the  Difference  of  Potential  at  the  Contact  of  "^ 

Mutually  Eeacting  Liquids 532 

Proceedings  of  the  Geological  Society  : — 

Kev.  E.  Hill  and  Prof.  T.  G.  Bonney  on  the  Hornblende- 
schists,  Gneisses,  and  other  Crystalline  Eocks  of  Sark  539 
Messrs.  J.  E.  Dakyus  and  J.  J.  11.  Teall  on  the  Plutonic 

Rocks  of  Garabal  Hill  and  Meall  Breac 540 

On  the  Value  of  the  Brightness  of  Spectral  Colours  with 

different  absolute  Intensity,  by  A.  Kouig  and  E.  Eitter   .  .   541 

On  the  Glow-Discharge,  by  E.  Warburg     543 

Prize  for  Eesearches  in  Physics,   offered  by  Schnyder  von 

Wartensee's  Foundation  for  Science  and  Aj*t,  Ziirich     ....   544 

Index     545 


PLATES. 

•' 

I,-III.  Illustrative  of  Prof.  S.  Young's  Paper  on  the  Generalizations 
of  Van  der  Waals  regarding  "  Corresponding "  Temperatures, 
Pressures,  and  Volumes. 

IV.  Illustrative  of  Prof.  W.  E.  Ayrton  and  Mr.  T.  Mather's  Paper  on 
the  Construction  of  Non-inductive  Resistances. 

V.  Illustrative  of  Mr.  H.  L.  Callendar's  Paper  on  some  Experiments 

with  a  Platinum  Pyrometer  on  the  Melting-points  of  Gold  and 
Silver. 

VI.  &  Vn.  Illustrative  of  Dr.  G.  J.  Stoney's  Paper  on  an  Analysis  of 

the  Spectrum  of  Sodium. 

VTTT.  Illustrative  of  Mr.  W.  Baily's  Paper  on  the  Construction  of  a 
Colour  Map. 


T  II  E 
LONDON,  EDINBURGH,  and  DUBLIN 

PHILOSOPHICAL    MAGAZINE 

AND 

JOURNAL    OP    SCIENCE. 


[FIFTH  SERIES.] 


JANUABY  1892. 


I.    On  Reflexion  f rout  Liquid  Surfaces  in  the  Neighhourliood  of 
the  Polarizing  Angle.     By  Lord  Rayleigh,  Sec.  R.S.* 

BY  the  experiments  of  Jamin  and  others  it  has  been 
abundantly  proved  that  in  the  neighbourhood  of  the 
polarizing  angle  the  reflexion  of  light  from  ordinary  trans- 
parent liquids  and  solids  deviates  sensibly  from  the  laws  of 
Fresnel,  according  to  which  the  reflexion  of  light  polarized 
perpendicularly  to  the  plane  of  incidence  should  vanish  when 
the  incidence  takes  place  at  the  Brewsterian  angle.  It  is 
found,  on  the  contrary,  that  in  most  cases  the  residual  light  is 
sensible  at  all  angles,  and  that  the  change  of  phase  by  180°, 
^vhich,  according  to  FresneFs  formula,  should  occur  suddenly, 
in  reality  enters  by  degrees,  so  that  in  general  plane-polarized 
light  acquires  after  reflexion  a  certain  amount  of  ellipticity. 
Although  Jamin  describes  the  non-evanescence  at  the  polar- 
izing angle  and  the  ellipticity  in  its  neighbourhood  as  "  deux 
ordres  de  phenomenes  de  nature  differente,'^  it  is  clear  that 
they  are  really  inseparable  parts  of  one  phenomenon.  If  we 
suppose  the  incident  light  polarized  perpendicularly  to  the 
plane  of  incidence  to  be  given,  the  xabration  which  determines 
the  reflected  light  at  various  angles  may  be  represented  in 
amplitude  and  phase  by  the  situation  of  points  relatively  to 
an  origin  and  coordinate  axes.  Thus,  according  to  FresnePs 
formula,  the  locus  of  these  points  is  the  axis  of  abscissae  X  X' 

•  Communicated  bv  the  Author. 
Phil.  Mag.  S.  T).  Vol.  33.  No.  200.  Jan.  1892.  B 


2  Lord  Rayleigh  on  Reflexion  from  Lujuid  Surfaces 

itself,  the  point  0  correspondino;  to  the  polarizing  angle,  at 
which  the  reflexion  vanishes,  and  in  passing  which  there  is  a 
sudden  change  of  phase  of  180°.  If  the  reflexion  remains 
finite  at  all  angles,  the  curve  in  question  meets  the  axis  Y  Y' 
at  some  point  F,  not  coincident  with  0,  and  the  correspond- 
ing phase  differs  by   a  quarter-period  from  the  phases  met 


X' 


with  at  a  distance  from  this  angle.  So  far  as  experiment 
can  yet  show,  this  curve  may  be  a  straight  line  parallel  to 
X  X',  and  at  a  short  distance  from  it.  If  it  lie  above  X  X' 
the  reflexion  is  what  Jamin  characterizes  as  positive  ;  if  below, 
the  reflexion  is  negative. 

To  this  order  of  approximation  the  behaviour  of  a  trans- 
parent body  reflecting  light  of  given  wave-length  is  determined 
by  two  constants,  (1)  the  refractive  index  /a,  and  (2)  the 
intensity  of  reflexion  at  the  angle  tan~y  when  the  light  is 
polarized  perpendicularly  to  the  plane  of  incidence.  The 
most  convenient  form  of  the  second  constant  for  experimental 
purposes  is  the  ratio  of  reflected  amplitudes  for  the  two  prin- 
cipal planes  when  the  light,  incident  at  the  angle  tan~'/i,  is 
polarized  at  45°  to  these  planes.  It  may  be  called  the 
ellipticity,  and,  after  Jamin,  will  be  denoted  by  k.  According 
to  Fresnel  /;=0  ;  but  Jamin  found  for  water  A  =  —•00577,  and 
for  absolute  alcohol /;= -1- '00208.  Contrasting  liquids  with 
solids,  he  remarks*,  "  on  vient  de  voir  que  leur  polarisation 
est  elHptique,  et  qu'il  est  impossible  d'en  trouver  la  cause 
dansune  constitution  moleculaire  anormale."  And,  again  : — 
"  II  est  jusqu'a  present  impossible  de  constater  une  relation 
simple  entre  la  valeur  du  coefficient  k  et  I'indice  de  refraction; 
tout  porte  a  croire,  au  contraire,  que  ces  deux  constantes  sont 
independentes,  I'une  de  I'autre.     Mais,  a  defaut  de  loi  pre- 

*  "  M^moire  sur  la  reflexion  de  la  Lumiere  a  la  surface  des  Liquides." 
Ann.  Chim.  xxxi.p.  165  (1851). 
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ciso.  on  pent  remarqnor  une  tendance  du  coefficient  k  a 
diminuer  uvec  Tindice,  et  quand  celui-ci  est  approxiniative- 
ment  ^gal  a  1'45,  k  est  nul  :  I'indice  continuant  a  decroitre, 
le  coefficient  k  reprend  des  valeurs  sensibles  et  croissantes." 

Since  the  time  of  Janiin  many  valuable  observations  upon 
reflexion  have  been  made  by  Quincke  and  others,  which  it  is 
not  necessary  for  my  purpose  furtlier  to  refer  to.  In  1889* 
Drude  made  the  very  important  observation  that  the  ellip- 
ticity  of  a  freshly  split  surface  of  rock-salt  is  very  small,  but 
that  it  rapidly  increases  on  standing.  And  he  concludes 
generally  that  solid  bodies  reflect  from  natural  cleavage  sur- 
faces according  to  the  laws  of  Fresnel.  It  is  remarkable  that 
fluids  are  excluded  from  this  statement.  Indeed  Drude  ex- 
pressly remarks  that  in  fluids  the  natural  surface-sheet,  which 
forms  the  transition  from  one  medium  to  another,  exercises 
an  essential  influence  upon  the  reflexion. 

Nearly  contemporaneously  with  Drude's  observation  I  made 
a  first  attempt  to  examine  whether  the  different  behaviour 
which  Plateau  found  for  water  and  for  alcohol  in  respect  of 
superficial  viscosity,  and  which  I  was  disposed  to  attribute 
to  sarflice  contamination,  corresponded  to  anything  in  the 
phenomena  of  reflexion  near  the  polarizing  angle,  but  at 
that  time  1  was  misled  by  a  faulty  nicol,  and  failed  to  observe 
anything  distinctive.  Subsequently,  having  proved  that  the 
superficial  viscosity  of  water  was  due  to  a  greasy  contamina- 
tion, whose  thickness  might  be  much  less  than  one  millionth 
of  a  millimetre,  I  too  hastily  concluded  that  films  of  such 
extraordinary  tenuity  were  unlikely  to  be  of  optical  importance, 
until,  prompted  by  a  remark  of  Sir  G.  Stokes,  I  made  an 
actual  estimate  of  the  effect  to  be  expected.  The  thickness 
required  to  stop  camphor  movements,  viz.,  2  x  10~^  centim., 
is  about  tJ,^  of  \d.  This  will  be  one  factor  in  the  expression 
for  the  amplitude  of  reflexion  due  to  grease.  There  will  be 
another  somewhat  small  factor  expressive  of  the  difference  of 
optical  quality  between  grease  and  water  ;  so  that  the  intensity 
of  reflexion  at  the  polarizing  angle  might  on  this  \aew'  be  of 
the  order  10~^,  or  lO"*^,  a  quantity  quite  appreciable,  when 
the  incident  light  is  from  the  sun.  Thus  encouraged,  I  re- 
turned to  the  attack,  and  on  October  2nd,  1890,  examined  the 
image  of  the  sun  as  reflected  from  water  at  the  polarizing 
angle.  The  arrangements  were  very  simple.  vSunlight  re- 
flected horizontally  into  the  dark  room  from  a  heliostat  out- 
side was  again  reflected  downwards  by  an  adjustable  mirror. 
The  water  was  contained  in  a  large  porcelain   dish  to  the 

*  Wjed.  Ann.  xxxvi.  p.  532. 
B2 
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depth  of  about  an  inch,  and  at  the  bottom  of  the  dish  was 
placed  a  piece  of  darkly-coloured  glass,  not  quite  horizontil, 
with  the  view  of  annulling  the  diffuse  reflexion.  The  reflected 
image  was  observed  with  a  nicol,  from  which  the  glass  covering 
disks  liad  been  removed,  simj)ly  held  in  the  hand.  The 
apjiearance  of  the  dark  spot,  brought  to  the  centre  of  the 
sun's  disk,  was  at  once  recognized  to  be  dependent  upon  the 
condition  of  the  water- surface.  When  the  surface  was  clean, 
the  spot  was  dark  and  its  width  (in  the  plane  of  incidence) 
was  about.  ^-  or  \  of  the  solar  diameter.  Moreover  there  was 
a  strong  appearance  of  colour,  brown  above  and  blue  below, 
evidently  due  to  the  dependence  of  the  polarizing  angle  upon 
the  wave-length  of  the  light.  But  when  the  surface  was 
greasy,  even  althouc/h  camphor  fragments  still  rotated  briskly, 
the  band  lost  its  darkness,  became  diffuse,  and  showed  but 
little  colour.  When  the  greasy  fllm  was  about  sufficient  to 
stop  the  camphor  movements,  the  contrast  with  the  effect  of 
clean  water  was  very  marked^. 

The  surface  was  cleansed  by  the  aid  of  the  expansible  hoop 
employed  in  my  former  experiments.  This  is  made  of  very 
thin  sheet  brass,  about  2  inches  wide.  It  is  placed  upon  the 
water,  already  reasonably  clean,  in  its  contracted  condition,  so 
that  the  area  enclosed  is  but  small.  When  it  is  opened  out, 
say  to  a  circle  of  about  10  inches  diameter,  the  internal  sur- 
face of  the  water  is  rendered  more  clean,  and  the  external  less 
clean,  than  before.  To  get  the  best  result  it  is  desirable  to  go 
through  the  operation  of  expanding  two  or  three  times,  pro- 
bably because  the  cleaned  water-surface  acquires  grease  from 
the  internal  surface  of  the  brass  hoop.  It  will  be  evident  that 
the  action  depends  upon  the  hoop  not  being  completely 
wetted  f.  Otherwise  the  grease  could  repass  from  the  out- 
side back  into  the  interior.  For  this  reason  the  hoop  canuot 
be  expected  to  succeed  with  liquids  like  alcohol. 

By  taking  advantage  of  the  a])parent  motion  of  the  sun  in 
altitude,  these  observations  may  be  repeated  in  summer  with- 
out any  heliostat,  or  reflexion,  other  than  that  of  the  water 
itself.  Thus  on  June  20  the  dish  was  placed  on  a  table  below 
the  window  of  an  undarkened  room,  and  the  passage  of  the 
spot  across  the  sun's  disk  was  watched.  The  spot  was 
central  at  about  4^^  0™,  and  the  instant  of  centrality  could  be 
determined  to  within  10',  and  probably  to  within  5',  On 
August  15,   when  the  sun's  motion  in  altitude  was  slower, 

*  Phil.  Mag.  November  1>90,  p.  400. 

t  Since  imperfect  wetting  must  be  attributed  to  residual  grease,  it 
■would  appear  that  the  operation  of  the  hoop  is  incomplete  at  best.  Never- 
theless, it  is  a  very  useful  and  convenient  .nppljanoe. 
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contrality  occurred  at  about  o^  10'",  and  tlie  [)recise  instant 
%vas  less  well  detornnned. 

To  see  the  band  at  its  best  requires  an  unusually  good  nicol. 
Whether  on  account  of  residual  defects  in  the  nicols,  or  in 
the  lenses  of  my  eyes,  vision  was  improved  by  the  use  of  ji 
horizontal  slit,  about  j\t  inch  wide,  cut  out  of  black  paper, 
and  attached  to  the  cork  mounting  of  the  nicol  on  the  side 
next  the  eye.  Under  these  conditions  the  band  ^qqw  from 
clean  water  looks  black  and  well  defined,  and  of  width  amount- 
ing to  ;|^  or  i  of  the  solar  diameter.  A  still  further  improve- 
ment sometimes  attends  the  use  of  a  second  nicol,  held  parallel 
to  the  first,  through  which  the  light  passes  before  reflexion 
from  the  water.  With  these  arrangements  the  band  is  visibly 
deteriorated  by  quantities  of  grease  far  less  than  is  required 
to  check  the  camphor  movements. 

It  has  been  mentioned  that  the  dark  band  from  clean  water 
was  fairly  narrow  ;  and  it  will  be  of  interest  to  inquire  what 
is  to  be  expected  upon  the  assumption  that  Fresnel's  I'ormulte 
I'eally  express  the  facts  of  the  case.     We  will  write 

&m{d+e,y  tan{e+e^y  '   '   '  ^^^ 

so  that  the  ratio  of  amplitudes  of  the  two  polarized  components, 
corresponding  to  a  primitive  polarization  at  45°^  is 

c<«|9+^, (2) 

cos  {d—diy  ^  ' 

vanishing  when  B-\-dy  =  \TT,  that  is  when  ^  =  tan-'/A.  We  will 
suppose  that  the  angle  of  incidence  has  approximately  this 
value,  and  write  ^  +  6<9,  Q^^hO^  for  0,  ^,  respectively.  "Thus 
in  the  neighbourhood  of  the  polarizing  angle  the  ratio  is 

_     S^  +  g^i 
cos  {d  —  0i) 
approximately. 
Now 

sinO  =  fi  sin  0^,   cos  d  80= f^  cos  0^  S^„ 


so  that 


Hence 


g^  ^vos0  8e  _  sin(9i86;_  80 
/A  cos  01         /xsin  0    ~  /jl'-' 

T/s-_  ^(^'  +  i)^^  ^^ 
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For  water 

and 

T./S  =  l-G27  86', (4) 

r7S-  =  2-(>49(S6'y (5) 

Lot  us  calculate  tlie  ratio  correspondino;  to  the  upper  or 
lower  limb  of  the  sun  when  the  spot  is  central ;  that  is,  let  hO 
be  the  angular  radius  of  the  sun,  whose  value  in  minutes  is 
IG.     Thus 


1U80(»' 

and  corresponding  thereto  from  (5) 

T2/S"-^  =  5-74xl0-5 (G) 

The  width  of  the  band  actually  observed  had  been  estimated 
at  about  ^  of  the  solar  diameter,  so  that  at  its  limits 

T-/S2  =  2xl0-°. 

The  band  was  thus  about  as  narrow  as  Fresnel's  formula? 
would  lead  one  to  expect,  and  its  deterioration  by  a  film  of 
grease  might  be  anticipated  as  at  least  probable  from  the 
rouiih  estimate  above  oiven  of  the  effect  of  such  a  film. 

The  iTsults  so  far  obtained  were  already  sufficient  to  show 
that  Jamin's  Aalue  of  h,  viz.  — '00577,  must  be  (numerically) 
much  in  excess  of  the  truth.  For  according  to  it,  since 
A'  =  3'33x  10~^,  the  minimum  illumination  at  the  centre  of 
the  spot  should  be  half  as  great  as  Fresnel's  formulne  make  it 
at  the  limb  of  the  sun,  so  that  the  whole  diameter  of  the  sun 
would  be  almost  equall}'  obscured.  The  observed  narrowness 
of  the  band,  even  in  the  absence  of  all  precise  measures,  thus 
constitutes  a  proof  that  Jamin's  k  is  several  times  too  great, 
and  suffices  to  render  it  almost  certain  that  the  water-surface 
with  which  he  worked  was  highly  contaminated. 

It  has  already  been  mentioned  that  a  well-formed  band  was 
attended  with  a  marked  appearance  of  colour.  The  account 
of  this  rendered  by  Fresnel's  formula?  is  quite  satisfactory. 
Let  us  calculate  the  illumination  at  the  centre  of  the  band 
corresponding  to  /i,  due  to  a  change  from  /x  to  fi  +  Sfi,  com- 
])aring  it,  as  usual,  with  S'-^.  In  the  ditterentiation  6  is  to  be 
treated  as  constant,  and  the  change  in  ^i,  viz.  SO^,  is  due  to 
8/i.     From  (2), 

^'■'~  cos(^-6^,-S6>,)  ~  cos  {6-6,)  ' 
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ami  the  relation  between  hO^  ami  h^  is 

cos  C7,  bv,  = 7. — ' 

or  8^1  =  —  ^f^/i^', 

since  cos  0,  =  sin  ^,     Thus 

^^^/^=/.-^cos(^-^0 ^^^ 

In  the  case  of  water, 

/zg=i-34i,   AiB=i-3ai,   a/i=-oio. 

From  these  data, 

T/S' =3-4.6x10-'; 

showing  that  if  the  spot  is  central  for  Fraunhofer's  line  B, 
the  illumination  at  the  centre  for  G  is  more  than  half  as  great 
as  is  found  (G)  for  B  at  the  upper  and  lower  hmbs  of  the  sun. 
A  considerable  development  of  colour  is  thus  to  be  expected, 
when  the  band  is  well  formed. 

The  band  may  be  achromatized  with  the  aid  of  a  suitable 
prism,  held  between  the  nicol  and  the  eye,  but  of  course  at 
the  expense  of  introducing  colour  at  the  upper  and  lower 
limbs  of  the  sun.  I  had  at  my  disposal  a  glass  prism  of  10°. 
This  diminished,  but  could  not  annul,  the  colour  when  held 
nearly  in  the  position  of  minimum  deviation  ;  but  by  sufficient 
sloping  the  band  was  practically  achromatized.  When  more 
dispersive  materials,  e.  g.  benzole  or  bisulphide  of  carbon, 
were  substituted  for  water,  the  development  of  colour  is  very 
great,  and  in  the  case  of  the  latter  made  it  impossible  to  judge 
of  the  perfection  of  the  band.  The  above-mentioned  glass 
prism  was  of  course  quite  insufficient  for  compensation. 

The  magnitude  of  these  chromatic  effects  is  given  at  once 
by  Brewster's  law,  which  we  may  write  in  the  form 

tan(^  +  S6')=/x  +  Syti. 
Thus  ^ 

hd=,o.^Oh^=^^,      ....     (8) 

which  gives  the  angular  displacement  of  the  centre  of  the 
dark  band,  due  to  the  change  from  ^  to  fM  +  8fi.  Let  us 
inquire  what  small  angle  (/)  must  be  given  to  a  prism  of  the 
same  material  in  order  that  it  may  be  capable  of  compensating 
the  colour.  The  deviation  D  is  equal  to  {jj,—  l)i,  so  that 
SD  =  Sm  .  i.     Hence,  if  SD  =  6^, 
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The  necessary  angle  is  thus  independent  of  the  dispersive 
power,  and  does  not  vary  rapidly  with  the  refractive  power, 
of  the  substance.  For  water,  /  =  0/25  in  circular  measure,  or 
about  22°.     For  glass  (yu.=  l*rj)  we  should  have  /=18°. 

An  att('ni])t  was  made  to  aclivoniatizo  the  band  from  bisul- 
phide of  carbon  with  a  15°  prism  of  that  material.  So  far  as 
could  be  judged  the  colour  was  compensated,  but  the  obser- 
vation was  inipertect  on  account  of  the  insufficient  angular 
magnitude  of  the  solar  disk. 

These  experiments  on  the  achromatization  of  the  band  had 
been  made  in  the  hope  of  thereby  reducing  its  apparent  width, 
seeing  that  acconling  to  (<S)  the  ditferenc(^  of  position  for  the 
lines  B  and  (t  amounts,  in  the  case  of  water,  to  lo',  much 
more  than  the  apparent  width  of  the  band.  But  the  width  of 
the  achromatized  band  could  not  be  set  at  much  less  than  ^  of 
the  sun's  diameter'^.  It  seems  that  in  estimating  the  dimen- 
sions of  the  uncorrected  band  the  eye  instinctively  allows  for 
the  influence  of  colom'. 

In  experimenting  upon  water  various  kinds  were  tried. 
Usually  the  tap- water  (from  an  open  cistern)  behaved  after 
exjjansion  as  well  as  did  distilled  water.  The  brass  hoop, 
judiciously  applied,  appears  to  be  capable  of  removing  ordi- 
nary surface-contamination  ;  but  the  appearance  of  the  band 
is  liable  to  be  deteriorated  by  suspended  matter,  which  detracts 
from  the  central  darkness.  So  far  as  could  be  judged  by  this 
method  of  observation,  the  best  bands  were  sensibly  perfect. 
There  was  no  evidence  of  any  departure  from  the  law  of 
Fresnel. 

Similar  results  were  obtained  from  other  liquids,  e.  g.  strong 
alcohol,  sulphuric  acid,  benzole.  Special  interest  attached  to 
an  observation  upon  a  saturated  solution  of  camphor,  of  which 
the  superficial  tension  is  much  lower  (*72)  than  that  of  pure 
water.      The  band  was  sensibly  perfect. 

Oleate  of  soda  (j^q)  was  troublesome  on  account  of  the 
difficulty  of  avoiding  scum.  A  pretty  good  band  could  be 
obtained,  certainly  inferior  to  the  best,  possibly  owing  to 
residual  scum,  but  nnich  better  than  from  water  greased  with 
olive-oil  to  the  point  at  which  the  camphor  motions  are  just 
stopped. 

The  restilts  last  recorded  prove  that  the  oj)tical  effect  is  not 
determined  by  surface-tension,  for  the  tension  of  the  oleate 
solution  is  much  less  than  that  of  any  merely  greased  surface. 
A  similar  conclusion  was  suggested  by  the  observed  difference 

*  A  coloured  ofla,-s  i.s  still  less  eftlctive  tlian  the  compensating  prism. 
A  reduction  in  tlie  intensity  of  the  light  necessarily  broadens  the  baud. 
A  similar  etiect  occurs  if  the  sun  is  not  quite  clear. 
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of  behaviour  ot"  various  ])arts  of  the  same  surface.  A  surface, 
originally  clean,  and  then  greased  with  olive-oil  carried  upon 
a  previouslv  ignited  jilatinuni  wire.  fre(]uently  showed  streaki- 
ness,  when  the  eve,  observing  through  the  nicol,  as  usual, 
was  focused  upon  the  surface. 

Except  perhaps  in  the  case  of  oleate,  none  of  these  experi- 
ments, many  times  repeated,  gave  any  evidence  of  a  real 
departure  of  properly  skimmed  surfaces  from  the  laws  of 
Fresnel  ;  and  it  looked  very  much  as  if  all  the  results  enun- 
ciated for  liquids  by  Jamin  were  vitiated  by  the  presence  of 
greasy  films.  That  a  film  of  extreme  tenuity  would  suffice 
was  certain.  The  band  from  water  was  very  obviously  dete- 
riorated by  a  fihn  of  olive-oil,  which  needed  to  be  condensed 
four  or  five  times  in  order  to  stop  the  camphor  movements. 

But  it  was  im])ossible  to  rest  here.  It  was  necessary  actu- 
ally to  measure,  or,  if  tiiat  were  not  possible,  to  find  limits  for, 
the  ellipticity  of  the  various  surfaces.  And  for  this  purpose  a 
much  more  elaborate  a[)paratus  had  to  be  installed. 

Sunlight,  reflected  horizontally  from  the  heliostat,  passed 
through  a  diaphragm  in  the  shutter  of  about  ^  inch  diameter, 
and  thence  to  a  collimating  lens  of  2o  inches  focus.  It  was 
next  reflected  in  the  required  oblique  direction  by  an  adjust- 
able mirror,  and  caused  to  traverse  the  polarizing  nicol, 
mounted  in  a  circle  that  allowed  the  orientation  of  the  nicol 
to  be  read  to  a  minute  of  angle.  After  reflexion  from  the 
surface  imder  examination  the  light  traversed  in  succession  a 
quarter-wave-plate  and  the  analysing  nicol,  and  was  then 
received  into  the  eye,  either  directly,  or  with  the  intervention 
of  a  small  telescope  magnifying  about  twice.  Jn  either  case 
the  eye  was  focused  upon  the  diaphragm,  which  was  provided 
witli  cross  wires  ;  so  that  the  rays  which  fell  upon  any  part 
of  the  retina  constituted  a  parallel  pencil,  not  only  at  the 
surface  of  the  liquid,  but  also  in  their  passage  through  the 
nicols  and  quarter-wave-plate.  The  latter  was  of  mica,  and 
both  it  and  the  analysing  nicol  were  mounted  so  as  to  be 
capable  of  rotation  about  the  direction  of  the  reflcicted  rav. 

The  adjustments  were  made  as  follows.  The  aualvser  ami 
quarter- wave- plate  being  removed,  the  mirror  and  polaiizer 
were  adjusted  until  the  dark  spot  was  central  in  relation  to 
the  cross  wires.  A  rotation  of  the  mirror,  altering  the  angle 
of  incidence,  moves  the  spot  vertically,  while  a  rotation  of  the 
polaiizer  moves  it  horizontally.  The  zero  for  the  eye-nicol 
could  have  been  found  by  rotating  the  polarizer  and  tlien 
recovering  the  dark  spot  ;  but  in  order  to  avoid  risks  of  dis- 
placement, which  might  be  fatal  in  such  a  delicate  inquirv,  I 
preferred  to  leave  the  first  nicol  untouched,  and  to  depolarize 
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tlie  lit^lit  by  the  introduction  of  a  parallel  plate  of  quartz. 
With  the  aid  of  this  the  analysing  nicol  could  be  set,  and 
then  the  mica.  If,  with  the  quartz  plate  in  action,  the  spot 
is  dark  and  central,  all  is  well  adjusted.  On  removal  of  the 
quartz,  tlu^  band  is  now  seen  in  full  perfection. 

One  of  the  difficulties  in  these  ex])eriments  lay  in  the 
extreme  sensitiveness  of  the  liquid  surfaces  to  tremor,  a  sen- 
sitiveness aggravated  by  the  perfect  cleanliness  required.  It 
had  been  thought  that  it  would  suffice  to  mount  the  apparatus 
upon  a  shelf  attached  to  the  walls  of  the  building,  and  isolated 
from  the  floor.  But  it  appeared  that  the  slightest  touch  upon 
the  tangent-screw  of  the  divided  circle,  such  as  it  is  necessary 
to  nuike  at  the  moment  of  observation,  entailed  a  most  dis- 
tracting tremor.  A  remedy  was  found  in  suspending  the  dish 
containing  the  liquid  under  examination  independently  from 
the  roof. 

The  work  has  been  greatly  retarded  by  want  of  sunshine. 
In  order  to  be  more  independent,  I  tried  to  work  at  the  Royal 
Institution  by  the  electric  light.  But  it  appeared  impossible 
to  make  any  observations  of  value  on  account  of  the  tremor 
by  which  London  is  pervaded.  Moreover  the  arc-light  is 
very  inferior  to  sunshine  for  such  a  purpose. 

The  theory  of  the  experiment  is  as  follows.  According  to 
Fresnel's  formulae  the  ratios  of  the  reflected  to  the  incident 
vibrations  are,  for  the  two  planes  of  polarization,  T  and  S  ; 
in  which  the  reality  of  T  and  S  indicates  that  there  is  no 
change  of  phase  in  reflexion  (other  than  180^).  The  ellip- 
ticity  is  represented  by  the  addition  to  T  of  /M,  where  M  is 
small  and  /=  -/(  — 1).  Thus  if  the  incident  light  be  polarized 
in  the  plane  making  an  angle  a  with  the  principal  planes,  the 
reflected  vibrations  may  be  represented  by 

(T  +  ?:M)cosa,     Ssina. 

By  the  action  of  the  mica,  or  other  compensator,  a  relative 
change  of  phase  y  is  introduced.  This  is  represented  by 
writing  for  S  sin  a, 

S  sin  a  (cos  y  +  t  sin  7). 

Thus  the  vibration  transmitted  by  the  analyser,  set  at  angle  ^, 
is 

cos  a  cos  /S  (T  +  /M)  +  S  sin  «  sin  /3  (cos  7  +  /  sin  7)  ; 

and  the  intensity  of  this  is 

(T  cos  a  cos  yS  +  S  sin  a  sin  yS  cos  7)^ 

+  (M  cosacos/3  +  !S  sin  asin /3sin7)-.     .     (10) 
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In  orJcr  that  the  light  may  vanish  we  must  have  both 

T+ S  tan  a  tan /3  cos  7  =  0,     ....  (11) 

M  +  Stanatan;8sin7  =  0 (12) 

In  the  neighbourhood  of  the  polarizing  angle,  M,  S  vary- 
slowly,  but  T  varies  rapidly.  Hence,  if  7  be  given,  we  may 
regard  (12)  as  determining  tan  a  tan  ^8,  while  (11)  gives  T, 
and  thence  the  precise  angle  of  reflexion  for  the  dark  spot. 
If  there  be  no  ellipticity,  M  =  0  ;  whence  tan  a  tan  ^=0, 
T=0,  indicating,  as  was  to  be  expected,  that  the  dark  spot 
occurs  at  the  Brewsterian  angle. 

But  this  law  is  not  universal.  For  if  there  be  no  compen- 
sator, 7  =  0,  and  we  have  as  the  expression  for  the  intensity, 

(T  cos  a  cos  /3  +  S  sin  «  sin  /3)^  +  M^  cos^  a.  cos^  /3. 

Hence,  if  a  and  ^  are  small,  the  second  term  cannot  be  made 
to  vanish,  and  the  brightness  is  a  minimum  when 

T= -S  tana  tan  ;S. 

The  position  of  the  nearly  dark  spot  is  thus  dependent  upon 
a.  )3,  and  assumes  the  Brewsteriau  position  only  when  either 
a  or  /3  vanishes. 

In  the  case  of  a  quarter-wave-plate,  J= +  2"^,  and  the 
equations  become 

T  =  0,     /:=  tana  tan /e=+M/S.     .     .     .     (13) 

The  dark  spot  thus  occurs  at  the  Brewsterian  angle,  while 
tan  a  tan /3  gives  the  value  of  M/S,  viz.  the  k  of  Jamin. 
Accordingly  if /3  be  set  to  any  convenient  angle*,  and  F  be 
then  adjusted  so  as  to  bring  the  dark  spot  to  the  central 
position,  the  product  of  the  tangents  of  a  and  /3,  each  mea- 
sured from  the  zeros  obtained  in  the  preliminary  adjustments, 
gives  k. 

But  the  following  procedure  not  only  affords  greater 
delicacy,  but  makes  us  comparatively  independent  of  the 
positions  of  the  zeros.  Set  /3,  e.  g.,  to  +  30°,  and  find  «  ;  then 
reset  /5  to  — 30°.  The  new  value  of  a  would  coincide  with 
the  old  one  if  there  were  no  ellipticity  ;  and  the  difference  of 
values  measures  a  upon  a  doubled  scale.  If  a!  be  the  second 
value,  so  that  the  difference  is  of  —  x,  then 

X- =  tan  30°  tan  i  (a' -a), 

*  In  my  apparatus  it  was  convenient  to  throw  the  fine  adjustment 
upon  St. 
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or  us  would  suffice  for  all  the  purposes  of  the  present  inves- 
tigation 

1-=^  tan  30°  («'-«) (U) 

In  practice  several  readings  for  a  would  be  taken  as  quickly 
as  possible,  /3  being  reversed  between  each.  In  this  way 
there  is  the  best  chance  of  distinguishing  casual  errors  of 
observation  from  the  results  of  progressive  changes  in  the 
condition  of  the  surface  under  examination.  For  greater 
security  against  error  due  to  maladjustments,  readings  were 
often  taken  in  all  four  positions,  differing  from  one  another 
by  i^0°,  of  the  quarter-wave  mica.  The  observed  differences 
of  a  should  be  reversed  in  ad  jacent  positions  of  the  mica,  and 
should  be  identical  in  the  opposite  positions,  obtained  from 
one  another  by  rotation  through  1(S0°. 

In  the  above  reasoning  7  has  Ijoen  regarded  as  indejiendent 
of  X,  but  this  is  of  course  only  roughly  true.  If  we  neglect 
the  disjiersion  of  the  mica,  we  may  take  7  =  70  +  ^7,  where  y^ 
relates  to  the  mean  ray  Xq,  while 

By!y,=  -0XlX, (15) 

If  the  mica  be  suitably  chosen,  70=  +  ^tt. 

On  this  principle  of  the  variability  of  7  may  be  explained 
an  effect  which  was  puzzling  when  first  observed.  When  the 
water-surface  was  rather  highly  contaminated,  it  was  found 
that  the  appearance  of  the  spot  varied  according  to  the  choice 
of  positions  for  the  mica.  In  one  position  and  its  opposite 
the  spot  was  nearly  free  from  colour*,  while  in  the  other  two 
positions,  differing  from  the  former  by  90°,  the  coloration  was 
intense.  It  was  evident  that  some  cause  was  at  work,  in  one 
case  compensating,  and  in  the  other  doubling,  the  usual 
Brewsterian  coloration. 

If  Mq  be  the  mean  value  of  M,  the  setting  of  the  nicols 
will  give,  as  before, 

tanatanyQ=+Mo/S; (IG) 

while  from  (11), 

T=+Mocos7 (17) 

The  angle  of  reflexion  corres})onding  to  darkness  is  deter- 
mined by  (17),  and  both  sides  of  the  equation  are  functions 
of  X.     For  the  mean  ray  7=  +i7r,  and  at  the  correct  angle 

T  =  0.     For  a  neighbourino-  rav  at  the  same  anole  of  reflexion 
00./  tt 

we  have  for  T, 

*  Attention  is  here  fixed  upon  the  central  plane  of  incidence,  colour 
on  the  right  and  left  of  the  spot  being  disregarded. 
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and  for  cos  7, 

cos  1, 7r(l  +  5y/7o)  =  —  ^  tt  (/7/70. 

Hence  the  condition  ot'  achromatism  is 


or  by  (15), 


f  ^'S   =^ (^^) 

Thus  if  Mo  be  of  the  right  magnitude,  tlie  colour  will  be 
compensated  when  7=^77,  and  doubled  when  7=  — ^tt,  or 
vice  versa. 

When  the  colours  were  but  little  dispersed  in  the  plane  of 
incidence,  there  could  usually  be  observed  on  sufficiently 
contaminated  surfaces  a  dispersion  laterally,  indicating  a 
variation  of  M  with  \.  It  was  to  be  expected  that  M  shoidd 
be  proportional  to  \~'.  Xot  much  more  could  be  done  expe- 
rimentally than  to  verify  the  direction  and  order  of  magnitude 
of  the  effect.  Thus  it  appeared  that  on  a  greasy  surface  the 
difference  of  readings  corresponding  to  y3=:  +30°  was  greater 
when  the  settings  were  made  for  the  brown  than  for  the  blue 
side  of  the  spot.  Of  these  the  former,  due  to  the  ah.^ence  of 
blue,  re])resents  the  setting  proper  to  blue  light. 

The  angles  +30°  were  found  suitable  for  yS.  It  was  at 
first  supposed  that  advantage  would  accompany  a  smaller  j3  ; 
but  in  this  case  the  spot  was  too  diffused  in  a  horizontal  direc- 
tion to  suit  the  dimensions  of  the  bright  field  employed.  The 
adjustment  of  the  spot  to  centrality  (right  and  left)  by  varia- 
tion of  a.  was  then  less  certain.  On  the  other  hand,  a  too 
great  increase  of  j3  throws  excessive  stress  u})on  the  readings 
of  a. 

The  delicacy  of  the  apparatus  may  be  measured  by  the 
smallest  error  of  a  visible  on  simple  inspection.  When  the 
liglit  was  bright  and  the  reflecting  surface  steady,  a  setting 
for  ^=  +30°  was  visibly  wrong  on  going  over  to  /3=  —30°, 
when  the  change  afterwards  found  necessary  in  the  setting  of 
a  exceeded  about  2'.  Less  than  this  could  hardly  be  recog- 
nized on  simple  inspection  ;  but  the  error  of  a  single  setting, 
arrived  at  by  trials  backwards  and  forwards,  appeared  to  be 
less  than  1'.  Thus  the  same  readings,  taken  to  the  nearest 
minute,  were  often  recovered  many  times  in  succession  ;  but 
on  other  occasions  larger  differences  were  met  with,  and  it 
was  often  difficult  to  judge  whether  they  were  due  to  imper- 
fect observation  or  to  real  changes  in  the  condition  of  the 
reflecting  surface.     In  anv  case  it  will  be  a  modest  estimate 
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to  suppose  tliat  a  difference  ot"  one  minute  in  a  can  lie  detected 
on  repetition.  From  this  we  should  get,  by  (14),  as  the  least 
observable  value  of  k, 

k=  itan  30°  X  tan  1'  =  -00009. 

Jamin's  arrangements  do  not  appear  to  have  allowed  of  the 
deternn'nation  of  values  of  ^  less  than  'UOl. 

The  first  systematic  experiments  upon  cleaned  water- 
surfaces  showed  that  the  elli])ticity,  if  real,  was  pretty  close 
to  the  limit  of  observation.  At  this  stage  I  expected  to  find 
the  marked  eUipticity  of  greasy  water  gradually  diminishing 
to  zero  as  the  purifying  process  was  carried  further,  but 
remaining  always  of  the  same  sign,  so  long  as  it  could  be 
observ'ed  at  all.  This  anticipation  was  not  completely  verified. 
The  larger  differences  of  a,  found  with  ordinary  water  upon 
which  camjjhor  fragments  were  fully  active,  amounting  say 
to  40',  rapidly  diminished  under  the  skimming  process,  so  that 
the  final  difference  on  the  purest  surfaces  seemed  just  to 
escape  direct  observation.  It  frequently  happened  that  no 
displacement  of  the  dark  spot  relatively  to  the  cross  wires 
could  be  detected  on  the  reversal  of  /3.  But  when,  in  order 
to  the  highest  accuracy,  many  sets  of  alternate  readings  were 
taken,  the  difference  would  come  out  sometimes  in  one  direc- 
tion and  sometimes  in  the  other.  A  small  difference  of  2',  or 
more,  on  the  side  of  the  contaminated  water  was  easily 
accepted  as  due  to  incomplete  cleaning,  but  I  was  for  a  time 
sceptical  as  to  the  significance  of  similar  small  differences  in 
the  opposite  direction.  That  these  differences  were  not  errors 
of  observation  was  soon  apparent  ;  but  I  thought  that  they 
might  be  of  instrimiental  origin,  due  perhaps  to  some  mal- 
adjustment. 

The  outstanding  question  was  so  small  that  it  might  per- 
haps have  been  dismissed,  but  I  was  unwilling  to  stop  without 
a  determined  attempt  to  get  to  the  bottom  of  it.  The  minute 
reversal  of  ellipticity  stood  its  ground  in  spite  of  repeated 
remountings  of  the  apparatus  ;  but  I  feared  that  it  might 
possibly  be  due  to  some,  though  I  was  unable  to  conjecture 
what,  defect  in  the  optical  parts  themselves.  When,  however, 
the  nicols  at  first  used  were  replaced  by  beautiful  prisms 
made  by  Steeg  and  Reuter  and  the  effect  still  remained,  it 
had  to  be  accepted  as  genuine,  and  the  conclusion  was  forced 
upon  me  that  with  some  water-surfaces,  and  those  presumably 
the  cleanest,  there  is  a  minute  ellipticity  in  the  opposite  direc- 
tion to  that  of  ordinary  water,  and  such  that  the  difference  of 
settings  for  a  amounted  to  about  2'.  This  corresponds  to 
/•=  +'0002.     It  will  be  miderstood  that  this  is  a  verv  minute 
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quantity,  but  it  is  not  without  interest  from  a  theoretical 
point  of  ■N'iew.  The  fact  that  k  can  be  positive  as  well  as 
negative  implies  of  course  its  possible  evanescence.  It  is,  I 
think,  safe  to  say  that  some  samples  of  water-surfaces  polarize 
light  to  perfection. 

It  will  now  be  desirable  to  give  a  specimen  of  actual  obser- 
vations. The  one  selected,  principally  on  account  of  its 
completeness  in  respect  to  the  positions  of  the  quarter-wave 
mica,  is  dated  April  1,  1891,  and  relates  to  a  surface  of  tap- 
water,  freshly  drawn,  and  skimmed  with  the  aid  of  the  brass 
hoop  already  described.  The  operation  of  skimming  was 
repeated  after  each  readjustment  of  the  mica.  In  the  first 
cohnnn  the  direction  of  the  arrow  indicates  the  position  of  the 
mica.  The  second  gives  the  readings  of  &,  the  third  the  indi- 
vidual readings  of  «,  the  minutes  only  being  entered*.     It 


Mica. 

Analrser, 

fi. 

Polarizer. 

Separate  Readings  of  a, 

(minutes). 

Means. 

Difference. 

\ 

o 

+20 
-30 

+30 
-30 

+30 
-30 

+30 
-30 

31,  32,    32,    31 
28,    29,    29,    29 

28,    31,     29,     30 

32,  31,     32,     32 

33,  33,     33,     33 

30,  32,     32,     32 

28,    29,     29,    29 

31,  32,     31,     29 

183  3U 
183  28| 

183  29A 
183  3l| 

183  33 
183  31^ 

183  28| 
183  30| 

-n 
+n 

_2 

will  be  understood  that  the  readings  for  j8=  ±30°  were  taken 
alternately  ;  the  first  reading  under  \  being  31',  the  second 
28',  the  third  32',  and  so  on.  The  fourth  column  gives  the 
means,  and  the  fifth  the  difference  of  these  means,  which 
represents  ellii)ticity.  The  second  and  fourth  differences, 
corresponding  to  positions  of  the  mica  differing  by  a  right 
angle  from  those  of  the  first  and  third,  must  have  their  signs 
reversed  before  combination  for  a  final  mean  difference.  We 
get 

i(2|  +  2i  +  li  +  2)=+2|'. 

After  the  last  set  the  hoop  was  lifted,  so  as  to  allow  the  return 


*  In  almost  all  the  observations  the  settings  were  made  by  myself,  and 
the  readinors  of  «  at  the  vernier  by  Mr.  Gordon.  Without  two  observers 
the  difficulties  would  have  been  much  increased. 
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37,  44,  43 
17,  14,  12 


It  would  appear  that  tlie  first  of  these  ^vere  premature, 
insufticient  tini('liavin<jj  been  allowed  for  the  contamination  to 
spread.  The  difference,  reckoned  as  before,  may  now  be 
taken  to  be  al)our  — 30',  and  is  in  the  rY'/)o.v«7r  direction  to  the 
small  effect  of  the  clean  surface.  For  the  contaminated  sur- 
face k=  --OO^n,  and  for  the  clean  ^'=  + -00018* 

Although  the  above  results,  and  others  of  a  similar  nature, 
obtained  both  with  tap-water  and  with  distilled  water,  render 
it  practically  certain  that  A-  is  positive  for  pure  water,  I  do  not 
regard  with  the  same  confidence  the  numerical  value  above 
recorded.  It  is  difficult  to  feel  sure  that  the  cleansing  was 
sufficient.  A  theoretical  objection  to  the  hoop  method  has 
already  been  alluded  to:  and  the  more  perfect  methods  de- 
pending upon  the  use  of  convection  currents  f  are  scarcely 
applicable  here.  Attempts  were  indeed  made  to  work  with 
a  surface  cleaned  by  an  ascending  column  of  fluid,  the  column 
being  expanded  by  heat  communicated  to  it  from  an  immersed 
platinum  sjiiral,  itself  warmed  by  an  electric  current.  But 
the  readings  were  not  accordant;  and  it  appeared  that  the 
observations  were  prejudiced  by  the  deformations  of  the 
surface  which  are  the  necessary  accompaniment  of  such  a 
flow.  Doubts  as  to  the  perfection  of  the  cleanliness  actually 
attained  lead  me  to  think  it  possible  that  the  true  value  of  k 
for  an  ideal  water-surface  may  be  even  twice  as  great  as  that 
actually  found. 

Opportunities  for  useful  work  upon  clean  surfaces  have  been 
very  few,  for  it  is  hopeless  to  attempt  observations  without 
a  prospect  of  at  least  an  hour's  almost  iminterrupted  sun- 
shine. But  shorter  and  more  uncertain  periods  may  be 
utilized  for  observations  upon  contaminated  surfaces,  as  these 
do  nor  demand  the  same  care  or  amount  of  repetition.  As  an 
example  of  such  I  will  record  the  readings  of  June  6,  from  a 
water-surface  slightly  greased  with  oil  of  cassia. 

*  The  observations  so  i\ir  did  uot  of  themselves  determine  which  of  the 
two  surfaces  Las  the  positive  k  accordinjr  to  .lamin's  convention.  It  was 
evident,  liowever,  that  it  must  be  the  contaminated  and  not  the  clean 
surface  which  corresponds  to  Jamin's  determination  of  a  negative  k. 
Subsequent  observations  upon  retlexion  from  glass  verified  tliis  as- 
sumption. 

t  See  Koy.  Soc.  Proc,  "  On  the  Superficial  Viscosity  of  Water," 
vol.  xlviii.  p.']33. 
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Baiul  lU'liroinatic. 

Band  stronnlv  eolourel. 
red  above. 

The  difference  of  readings  is  here  aljout  —50',  giving 
^=— '0043,  On  trial  it  was  found  that  camphor  fragments 
would  just  move.  The  above  is  an  example  of  the  effect  of 
the  position  of  the  mica  upon  the  coloration  of  the  band,  a 
subject  ah-t-adv  discussed. 

Experiments  were  made  with  the  object  of  com})aring 
different  kinds  of  oil  as  to  their  relative  effects,  optically  and 
upon  camphor.  It  was  found,  as  had  been  expected,  that 
cassia  was  more  powerful  optically  than  olive-oil.  Thus  when 
camphor  was  nearly  dead  the  difference  of  readings  for  oKac- 
oil  was  about  —30'  and  for  cassia  about  —48'. 

Interest  was  felt  in  the  behaviour  of  a  satui'ated  solution  of 
camphor,  whose  surface-tension  is  much  lower  than  that  of 
clean  water.  Observations  upon  this  liquid  proved  especially 
diflficult,  for  the  dark  spot  frequently  sliifted  laterally  while 
under  inspection,  indicating  temporary  changes  in  the  ellipti- 
city  of  the  particular  jjart  of  the  surface  in  use.  There  is 
little  doubt  that  this  complication  is  due  to  local  evaporation 
under  the  influence  of  light  currents  of  air.  As  the  camphor 
eva])orates  from  any  part  of  the  surface,  the  tension  is  momen- 
tarily raised,  and  the  surface  contracts.  If  the  camphor  only 
were  in  question,  there  would  probably  be  no  attending 
optical  disturbance,  but  the  local  expansions  and  contractions 
of  the  surface  lead  to  attenuation  and  concentration  of  the 
greasy  matter  present.  Under  favourable  circumstances  the 
difference  in  the  readings  of  x  might  be  as  low  (numerically) 
as  —6',  and  was  perhaps  due  after  all  to  residual  greasy  matter, 
other  than  camplior.  In  any  case  the  optical  effect  of  the 
camphor  is  much  less  than  that  of  an  oilv  film  "iving  the 
same  surface-tension. 

With  a  strong  solution  of  oleate  of  soda  the  difference  of  a 
could  not  be  reduced  below  —25'.  It  is  difficult  to  suppose 
that  this  can  be  due  to  a  film  of  foreign  matter  removable  by 
skinnning.  But  the  amount  of  the  elH])ticity  is  very  low  in 
relation  to  the  surface-tension,  whicli  is  only  about  one  third 
of  that  of  clean  water.  The  value  of  Ic  corresponding  to  the 
above  readings  is  — 'OO^l,  only  about  double  of  the  smallest 
quantity  appreciated  by  Jamin. 

That  the  surface-tension  has  no  definite  relation  to  the 
P/ril.  Maa.  S.  5.  Vol.  33.  lN"o.  200.  Jan.  18112.  C 
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ellipticity  is  abundantly  evident.  For  example,  camphor 
was  (juite  active  iipon  a  surface  which  gave  a  difference  of 
readings  of  —80',  corresponding  to  A;  =—'007.  On  this 
occasion  the  surface  had  stood  for  some  time  without  much 
protection,  and  it  is  possible  that  the  effect  may  have  been 
partly  due  to  dust. 

The  last  example  that  I  will  mention  of  aqueous  solutions  is 
a  strong  brine.  This  gave  a  somewhat  variable  difference  of 
about  —5',  corresponding  to  k=  —'00042.  In  this  case  there 
seemed  to  be  unusual  difficulty  in  getting  the  surface  clean, 
so  that  the  difference  between  the  Ijrine  and  pure  water  is 
not  improbably  due  to  some  secondary  cause. 

]\Iost  of  the  available  time  was  spent  upon  water  in  its 
various  states,  not  only  on  account  of  its  intrinsic  importance, 
but  also  because  of  the  presumably  greater  simplicity  of  a 
clean  water-surface.  The  observations  are  made  in  an  atmo- 
sphere which  contains  no  very  small  ])ro])ortion  of  aqueous 
vapour.  When  the  liquid  under  examination  has  an  affinity 
for  water,  e.  f/.  alcohol,  it  is  (Hfficult  to  form  a  precise  idea  as  to 
what  may  be  the  condition  of  the  surface.  Besides,  the 
arrangements  for  skimming  are  less  easily  applied.  On  the 
other  hand,  the  liquids  of  low^er  tension  are  less  likely  to 
acquire  a  film  of  grease.  For  alcohol,  and  also  for  petroleum, 
the  value  of  k  is  about  +-0010. 

The  general  ^'onclusion  to  l)e  di-awn  from  these  investiga- 
tions is  that  the  ellipticity  of  the  liquids  examined  is  very 
much  less  than  was  supposed  by  Jamin,  whose  results  for 
water  and  aqueous  solutions  were  almost  certainly  vitiated  by 
the  presence  of  greasy  contamination.  Thus  the  intensity  of 
reflexion  from  clean  water  is  not  much  more  than  jj^qq  {)art 
of  that  given  by  Jamin.  Moreover,  the  value  of  k  is  posi- 
tive, and  not  negative.  It  is  even  possible  that  there  would 
be  no  sensible  ellipticity  for  the  surface  of  a  chemically  pure 
body  in  contact  only  with  its  own  vapour.  But  the  surfaces 
of  bodies  are  the  field  of  ver}^  powerful  forces  of  whose  action 
we  know  but  little  ;  and  even  if  there  be  nothing  that  could 
be  called  chemical  change,  the  mere  want  of  abruptness  in 
the  transition  would  of  itself  entail  a  complication.  There  is 
thus  no  experimental  evidence  against  the  rigorous  applica- 
bility of  FresneFs  formulre  to  the  ideal  case  of  an  abrupt 
transition  between  two  uniform  transparent  media. 

SoptHinber  19. 
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POSTSCIUPT  (^October  11). 

Solutions  of  saponine  and  gelatine,  substunces  which  con- 
fer the  foaming  proj)erty,  have  been  examined.  With  very 
small  quantities  the  difference  of  readings  may  amount  to  a 
degree,  not  to  be  diniinislied  bij  repeated  skimming.  The  value 
of  A-  is  thus  —-005. 

The  suspicion  above  suggested  that  the  true  value  of  k  foi* 
clean  water  may  be  numerically  higher  than  is  indicated  by 
the  results  obtained  with  the  aid  of  the  brass  hoop  has  been 
verified  by  some  observations  ujion  surfaces  cleansed  by  heat. 
The  water,  as  clean  as  possible,  was  contained  in  a  large 
shallow  tin  tray.  By  the  application  of  gentle  heat  to  the 
part  of  the  tray  under  optical  examination  any  residual  grease 
is  driven  off,  in  consefjuence  of  the  smaller  tension  of  the 
warmer  surface.  If  the  whole  surface  is  fairly  clean  to  begin 
with,  a  very  moderate  difference  of  temperature  suffices  to 
keep  the  grease  at  bay.  The  difficulties  of  the  experiment 
have  so  ftir  prevented  a  complete  series  of  readings ;  but  the 
following,  obtained  on  October  2,  seem  sufficient  to  establish 
the  fact  :— 


+  30^ 
-30° 

+  30° 
-30° 


43,  42,  42,  42 
47,  47,  48,  47 

52,  51,  51,  50 
47,  46,  47,  45,  48 


At  the  conclusion  of  the  second  set  the  contamination  was 
evidently  returning.  It  would  seem  that  on  the  cleanest 
surfaces  the  difference  of  readings  may  amount  to  5',  the 
necessity  of  readjustment  on  passing  between  ^=  ±30°  being 
obvious  on  simple  inspection.     Corresponding  to  this 

^=+ -00042. 
Terling  Place,  Witham. 


]1.  (J/t  the  Character  of  the  Light  emitted  by  Incandescent 
Zinc  Oxide.  By  Edward  L.  Nichols  and  Benjamin  W. 
Snow*. 

IN  a  recent  paper  on  the  influence  of  temperature  on  the 
colour  of  pigmentsf,  we  described  the  singular  changes 
which  rise  of  temperature  produces  in  the  character  of  the  light 

*  Communicated  bv  the  Aulhor.s. 
+  Phil  Mag.  [o]  vol.  xxxii.  p.  401. 
C2 
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reUcc'ted  liy  tli(>  oxide  of  zinc  (p.  420).  The  results  obtained  in 
tliat  investigation  U;d  us  to  the  conclusion  that  certain  fluctua- 
tions in  reflect in^-power  were  indications  of  peculiarities  in 
the  law  of  the  etfect  of  heat  on  the  radiating-power  of  the 
oxide.  In  the  present  paper  we  purpose  to  describe  an  attempt 
to  verify  that  conclusion  by  the  application  of  the  same  method 
of  observation  to  the  study  of  the  visible  radiation  at  tem- 
])eraturcs  between  ()5()°  and"  1000°  C. 

Almost  the  only  material,  the  radiation  of  which  as  a 
function  of  the  temperature  has  been  determined  quantitatively, 
is  platinum.  In  1879  one  of  the  present  writers  described  some 
photometric  measurements  of  the  light  emitted  by  that  metal*. 
In  the  same  year  Viollef  ])ublished  data  concerning  the  total 
radiating-power,  between  800°  and  177")°  C,  without  entering 
upon  the  question  of  the  changes  in  the  quality  of  the  light.  In 
the  same  year  also  Jacques:}:  attacked  the  problem  of  the  dis- 
tribution of  energy  in  the  si)ectrum  of  various  incandescent 
solids,  extending  the  investigation  to  platinum  and  certain 
oxides  of  copper,  iron,  chromium,  and  aluminium.  Dr.  Jacques 
used  the  thermo-pile  and  galvanometer  in  his  measurements, 
and  dealt  more  particularly  with  the  energy-curves  of  the 
infra-red.  In  1881  Violle|§  i)ublished  readings  for  four  regions 
of  the  visible  spectrum  (•();;(),  •589,  *5o5,  *-l82),  the  source  of 
light  being  platinum  at  775°,  954°,  1045°,  1500°,  and  1775°. 
The  source  of  comparison  was  the  carcel  lamp. 

None  of  the  existing  data  gave  the  law  for  platinum  with 
sufficient  definiteuess  for  our  purpose,  which  was  to  compare 
the  radiation  of  the  zinc  oxide,  wave-length  by  wave-length, 
with  that  emanating  from  platinum  at  the  same  tem})erature, 
throughout  the  entire  range  of  temperatures  already  indicated. 
Measurements  of  the  platinum  spectrum  were  accordingly 
made  at  several  stages  of  incandescence.  From  these  measure- 
ments a  set  of  curves  were  plotted,  which  gave  graphically 
the  increase  of  radiating-power  with  rise  of  temperature 
for  each  of  nine  selected  regions  of  the  spectrum.  The  ordi- 
nates  of  these  curves  are  relative  light-intensities,  the  abscissas 
are  degrees  of  the  centigrade  thermometei".  For  convenience, 
the  intensity  of  the  region  of  the  D  line  of  Fraunhofer,  when 
the  metal  is  at  tlie  temperature  of  1000°,  has  been  selected  as 
unity.     The  com])arison  lamp  was  an  incandescent  lamp  held 

*  E.  L.  Xiiliols,  Tu'ber  das  ton  (/Hihendvni  Platin  ausgestrahlte  Licht. 
Uissertiitiun  :  Giiltiiigeii,  I87U. 

+  .T.  Violle,  Comptcn  lit-niliis,  Ixxxviii.  pp.  171-17-'). 

t  \V.  W.  .fiu-qiu'.-^,  ••  Distributitiii  of  Ileal  iu  t he  Spectra  (if  variou'? 
Sources  of  Itadiatiou.''     Proc.  Aiuer.  Acad,  of  Arts  and  Sc,  liS7U. 

§  J    WoWe, O I nipfcs  lieitdiis,  xcii.  pp.  SCJUaiid  12()(i. 
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at  a  constant  voltaic,  tlio  teni])erature  boini>;  below  normal  t(» 
secure  jiernianence.  The  quality  of  the  li^ht  was  not  verv 
ditt'erent  from  that  of  an  ordinary  luminous  gas-Hame. 

Similar  measurements  to  the  above  upon  the  spectrum  oi' 
the  light  radiated  from  a  surface  of  zinc  oxide,  the  wave- 
lengths selected  being  the  same  as  those  in  the  platinum 
spectrum,  made  it  possilile  to  compare  the  radiating-])ower  of 
the  two  materials,  when  subjected  to  the  same  conditions  of 
tem]ierature. 

The  apparatus  and  the  method  used  have  been  described  in 
detail  in  the  paper  on  the  Colour  of  Pigments,  just  cited.  In 
our  determination  of  colour  at  high  temperatures,  a  film  of  the 
oxide  which  had  been  prepared  Ity  smoking  a  strip  of  platinum 
foil  over  the  flame  of  burning  zinc  was  heated  to  the  desired 
degree  by  the  action  of  an  electric  current  upon  the  foil.  The 
surface  of  the  oxitle  was  illuminated  by  means  of  an  incandes- 
cent lamp,  and  the  spectrum  of  the  reflected  light  was  compared 
with  that  of  another  lamp  similar  to  the  first.  In  the  experi- 
ments to  be  described  in  this  paper,  the  first  lamp  was  dispensed 
with,  and  a  study  was  made  of  the  light  from  the  glowing 
surface  itself.  Since  the  rays  to  be  measured  were  for  the 
most  part  \evy  feeble,  it  was  necessary  to  carry  on  the 
experiments  in  a  perfectly  dark  room.  Temperatures,  as  in 
our  study  of  colour,  were  determined  from  the  expansion  of 
the  foil. 

The  measurement  of  the  temperature  of  incandescent  foil 
by  means  of  the  expansion  of  the  metal  is  somewhat  less 
sensitive  than  the  method  of  change  of  electric  resistance,  but 
it  is  much  to  be  preferred  to  the  latter  whenever  a  direct 
cafibration  of  the  metal  by  I'eference  to  the  air-thermometer, 
or  to  the  melting-point  of  metals,  is  impracticable  ;  for  the 
reason  that  the  coefficient  of  expansion  is  much  less  afFecteil 
by  traces  of  impurity  than  the  resistance  coefficient  is.  A 
comparison  of  the  various  formulse  pro})osed  for  the  calcu- 
lation of  the  temperature  of  platinum  from  its  electrical 
conductivity,  is  in  itself  sufficient  to  show  the  importance  of 
the  direct  calibration.  Two  specimens  of  platinum,  which 
had  been  ordered  for  the  purpose  from  two  well-known 
dealers,  who  had  been  informed  of  the  use  to  which  the;  wire 
was  to  be  put  and  requested  to  pay  especial  attention  to  the 
matter  of  the  purity  of  the  samples,  were  thus  tested  in  the 
physical  laboratory  of  Cornell  University  by  Mr.  Ernest 
Merritt.  The  curves  for  resistance  and  temperatures  obtained 
were  widely  different,  the  one  being  convex  and  the  other 
concave  to  the  base-line  of  temperatures.  Any  single  formula 
for  temperature,  apj)lied  to  these  two  wires,  would  have  given 


22  Messrs.  Nichols  and  Snow  on  the  Character  of 

values  which  at  one  thousand  degrees  were  more  than  one 
ImiKh-od  dc<j;roes  apart.  We  think  that  the  well-known 
I'onnula  of  Matthiosen, 

/=/o(l  + -00000851  ^  +  -0000000035  t^), 

which  we  made  use  of  in  these  experiments,  may  be  applied 
to  any  commercial  specimen  of  platinum,  of  reasonable  ])urity, 
withont  the  introduction  of  such  serious  errors,  and  that, 
whatever  may  be  the  oeneral  correction  which  it  may  be 
found  necessarv  to  apply  to  that  formula,  in  order  to  obtain 
temperatures  in  absolute  measure,  it  will  always  be  possible 
for  any  one  knowing  the  formula  used  to  be  sure  of  the 
approximate  temperatures,  without  reference  to  the  character 
of  the  individual  piece  of  platinum  employed. 

Table  I.  contains  the  relative  intensities  of  the  platinum 
spectrum  between  700°  and  1000°  C.  The  reference  standard 
was  the  incandescent  lamp  already  referred  to,  and  the 
intensity  of  the  region  of  the  U  line  of  the  platinum  spectrum 
was  taken  as  unity  throughout.  Table  II.  gives  the  intensities 
of  the  spectrum  of  the  film  of  zinc  oxide  for  the  same  wave- 
lengths and  the  same  range  of  temperatures.  The  results  are 
presented  graphically  in  figs.  1  to  (5,  six  of  the  nine  wave- 
lengths being  plotted.  In  these  figures  the  isochromatic  curves 
of  platinum  and  of  the  oxide  are  plotted  side  b\'  side  to  facili- 
tate comparison.  The  curves  for  platinum  are  smooth  and 
all  of  the  same  type.  They  agree  in  all  essentials  with  those 
obtained  from  the  measurements  described  in  the  articles 
already  cited  (Nichols,  1879,  and  Violle,  1881).  The  corre- 
sponding curves  for  zinc  oxide,  however,  are  all  broken  at  a 
point  in  the  neighbourhood  of  880",  at  which  temperature  the 
radiating-power  evidently  undergoes  sudden  and  marked  in- 
crease, continuing  with  further  rise  of  temperature  to  follow 
a  law  different  from  that  which  prevailed  at  lower  tem- 
peratures. It  will  be  noticed,  moreover,  that  in  the  extreme 
red  (A,=  -713)  the  platinum  is  brighter  throughout  the  entire 
range  of  temperatun^  tlutn  the  oxide.  The  succeeding  curves, 
however,  cut  each  other  at  1000°  (?i  = -638],  at  920"  (X  =  -587), 
at  755°  (X-=-511),  and  at  some  lower  temperature  than  700° 
for  the  blue  and  violet.  Throughout  the  entire  range  the 
colour  of  the  oxide  is  whiter,  that  is  to  say,  it  is  relatively 
richer  in  the  shorter  wave-lengths  than  the  light  from  platinum 
at  the  same  temperature  There  is  in  the  case  of  the  oxide  a 
region  of  comparative  fe(>bleness  in  the  yellow  and  green, 
corresponding  to  the  region  of  maximum  reflecting-power  in 
the  heated  solid.  To  every  one  who  has  watched  the  striking- 
behaviour  of  zinc  oxide  under  the  blowpipe-flame,  the  effects 
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of  whicli  these  curves  give  lis  definite  graphical  expression 
are  familiar  phenomena.  The  fading  away  of  the  beautiful 
white  glow  of  the  film  into  the  greenish-yellow  of  the  cooler 
oxide,  without  the  intermediate  redness  which  most  bodies 
display  as  they  pass  from  higher  temperatures  through  the 
range  of  temperature  which  goes  by  the  name  of  the  red  heat, 


Fis.  1. 


Fiff.  2. 


Fig.  3. 
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Fig.  4.  Fig-.  '■).  Fig.  6. 

Isochromatic  Curve.^i  for  Zinc  Oxide  and  Platinum  (700°  to  1000"\ 

is  caused  bvthe  gradual  overpowering  of  the  rapidly  diminish- 
ing radiated  light  by  that  due  to  reflexion.  A  remarkable 
feature  brouf^ht  out  by  these  isochromatic  curves  is  the  ])er- 
formance  of^'the  film  between  800°  and  880°.  Within  that 
rano-e  the  change  of  radiating-power  increases  but  slowly  as 


1000" 
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tli(>  temperature  rises.     Suddenly,  then,  follows  the  outburst 
of  radiant  energy  which  honins  at  the  latter  temperatui'e. 

Table  1. — Intensity  of  the  Radiation  from  Platinum  at  various 
Toinperaturos,  in  terms  of  the  radiation  of  like  wave-lengths 
from  an  incandescent  lamp.  The  intensity  of  the  region 
X  =  '587  in  the  spectrum  of  platinum  at  1000°  is  taken  as 
unity. 


Wave- 
lengths. 

1CKX)°. 

950°. 

900°. 

850°. 

800°. 

750°. 

700°. 

650''. 

•713 

2-78 

202 

133 

•802 

•409 

•121 

•033 

•638 

1^56 

111 

•795 

•489 

•229 

■073 

•008 

•003 

•587 

1-00 

•725 

•482 

•253 

•101 

•035 

•005 

•544 

•659 

•479 

•316 

•174 

•0.59 

■010 

•002 

1 

■511 

•444 

•330 

•2'22 

•121 

•042 

•484 

•333 

•232 

•139 

•069 

■021 

•461 

•278 

•180 

•101 

•042 

•010 

•444 

•229 

•149 

•080 

•028 

•430 

•201 

•135 

•069 

•021 

Table  II. — Intensity  of  the  Radiation  from  the  Oxide  of  Zinc 
at  various  Temperatures,  in  terms  of  the  radiation  of  like 
wave-lengths  from  an  incandescent  lamp.  The  intensity  of 
the  region  X=*587  in  the  spectrum  of  glowing  platinum  at 
1000°  is  taken  as  miity. 


Wave- 
lengths. 

1038°. 

1013°. 

925°. 

884°. 

868°. 

848°. 

739°. 

707°. 

•713 

•638 
•587 
•544 
•511 
•484 
•461 
•444 
•430 

2"66'5 

2-778 
2-504 

rsso 

2^013 

2'b54 
2-002 

3026 
r985 
2443 

2'b64 

i-62b 

1^332 
•891 
•659 
•391 
•565 
•453 

'•'426 
•4-20 

•343 
•281 

•278 
■288 
•283 
■214 
•179 
•097 

'•'313 
•235 
•178 
•190 
•178 
•160 
•108 
•093 

•708 

■250 

•'221 
•185 
•188 
•111 
•091 

•084 
•038 
•019 
•Oil 
•010 
•005 
•003 

•034 
•013 

•007 
•003 
•0015  ! 
•0008 

The  character  of  the  colour  of  the  incandescent  zinc  oxide 
can  he  given  more  explicit  expression  by  means  of  isothermal 
curves,  in  which  the  distribution  of  intensities  throughout  the 
visible  spectrum  is  shown  for  a  given  temperature,  than  in 
tliose  which  have  just  been  presented.  Three  ways  of  drawing 
these  curves  offer  themselves.  The  absolute  distribution  of 
intensities  may  be  given,  the  resulting  curves  being  such 
as    would  be  obtained   by    exploring    the    spectrum    with    a 
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sufficiently  sensitive  thermopile  ;  or  the  intensities  may  l)e 
expressed  in  terms  of  those  of  the  comparison-lamp,  wave- 
length for  wave-length  ;  or,  finally,  one  may  express  the 
cnrve  for  each  temperature  in  terms  of  the  radiation  from 
platinum  at  the  same  tem[)erature,  wave-length  for  wave- 
length. Our  knowledge  of  the  spectrum  of  the  incandescent 
lamp  was  not  accui-ate  enough  to  enahle  ns  to  adopt  the  Urst 
of  these  methods,  which  is  moreover  not  so  well  adapted  for 
the  graphic  expression  of  colour  as  is  the  second  one.  The 
third  method  offers  the  advantage  of  a  direct  comparison 
between  the  light  from  platinum  and  from  the  oxide  under 
like  conditions  of  incandescence. 

In  figs.  7,  8,  and  9  the  second  method  has   been  adopted. 


Isothermal  Curves  for  the  Eadiatiou  from  Ziuc  Oxide  and  Platinum  ; 
showing  three  stages  in  the  development  of  the  radiating-power  of  the 
former  substance.  Ordinates  are  intensities  in  terms  of  those  of  corre- 
sponding wave-lengths  in  the  spectrum  of  the  comparison-lamp. 


Fiff.  7. 


Fis.  8. 


Fiff.  9. 
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Fig.  7  gives  typical  curves  for  a  temperature  below  700°,  at 
which  stage  the  radiation  from  the  oxide  is  weakei-  throughout 
the  spectrum  than  that  from  platinum.  Fig.  8  contains  the 
corresponding  curves  for  848°,  at  which  temperature  the 
green,  blue,  and  violet  are  stronger  in  the  spectrum  of  the 
oxide  than  in  that  of  the  platinum.  In  fig.  9  the  spectrum 
of  the  film  of  the  oxide,  which  has  been  maintained  at  1013° 
for  ten  minutes,  is  com])ared  with  the  platinum  sj)ectrum  for 
the  same  temperature.     The  measurements  of  the  oxide  are 
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simultaneous.  At  this  stage  the  luminescence  of  the  oxide  is 
very  marked.  In  these  diagrams  ordinates  express  the  l)right- 
ness  of  each  wave-length  in  terms  of  that  of  the  corresponding- 
wave-length  in  the  spectrum  of  the  comparison-lamp. 

In  the  course  of  our  experiments  it  was  found  to  be  more 
and  more  difficult  to  obtain  consistent  measurements  as  the 
temperature  of  the  fihu  increased;  and  it  soon  became  evident 
that  we  had  to  deal  with  an  unstable  state  of  incandescence, 
the  oxide  being  much  brighter  when  first  ignited  than  at  any 
later  period.  The  changes  were  most  rapid  during  the  first 
ten  minutes  after  the  foil  was  brought  to  incandescence,  after 
which  time  the  rate  of  change  was  not  such  as  seriously  to 
interfere  with  the  accuracy  of  the  determinations.  All  the 
results  given  thus  far  were  obtained  from  films  which  had 
been  heated  for  a  sufficient  time  to  ensure  their  permanence. 
Values  for  films  freshly  ignited  were  also  obtained.  They 
were  always  higher  than  those  of  the  older  films.  Such 
results,  owing  to  the  fact  that  they  pertained  to  surfaces  the 
radiation  of  which  was  fugitive^  have  been  excluded  from  the 
tables  and  curves.  It  was  deemed  desirable,  however,  to 
determine  as  accurately  as  possible  the  manner  in  which  the 
incandescence  of  fresh  films  diminished  as  a  function  of  the 
time.  For  this  purpose  a  set  of  rapid  readings  were  made. 
A  film  newdy  prepared  was  ignited,  and  settings  of  the  inten- 
sity were  made  at  intervals  of  ten  seconds  from  the  time  when 
the  current  was  applied.  These  readings  were  less  accurate 
than  those  made  at  leisure,  and  one  setting,  instead  of  a 
series  of  five  or  ten,  had  to  be  taken  to  represent  the  radiation 
at  a  given  instant  of  time.  The  same  method  was  then  pur- 
sued for  another  wave-length,  a  fresh  film  being  prepared  for 
the  purpose,  and  this  was  repeated  until  a  series  of  time- 
curves  were  secured  which  included  the  entire  spectrum.  The 
results  for  each  wave-length  gave  a  curve  showing  the  rate 
of  diminution  with  the  time.  The  curves  were  all  of  the  same 
general  type ;  but  they  showed  the  time-effect  to  be  least  in 
the  red,  and  to  increase  as  the  wave-length  of  the  region 
observed  decreased.  From  these  data  it  was  also  possil)le  to 
construct  a  series  of  intensity-curves,  showing  the  relative 
brightness  of  the  spectrum  and  its  character  at  any  given  time 
between  the  limits  covered  by  the  observations.  These  curves 
for  thirty  seconds,  sixty  seconds,  three  hundred  seconds,  and 
six  hundred  seconds  from  the  moment  of  ignition  of  the  oxide 
are  given  in  fig.  10.  They  bring  out  in  the  most  striking  way 
the  evanescent  character  of  the  h'ght  emitted  by  the  oxide  at 
the  temperature  in  question,  which  was  1013°.  This  "  time- 
effect "  became  verv  noticeable  at  about  900°:  and  it  seems 
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most  probable  tliat  it  indieatos  a  peculiarity  of  the  radiation 
whioli  bet^ins  to  show  itself  at  that  toniperalnre  and  which 
causes  the  sudden  rise  in  the  curves  of  figs.  1  to  (i.  In 
fig.  10  the  third  method  of  plotting  was  used.     Platinum  at 

Fig.  10. — Radiations  from  Ziuc  Oxide  at  1013°,  as  a  functiou  of  the 
time.  Ordinates  j^ive  tlie  intensity  of  eacli  wave-length  in  terms  of 
that  of  tlie  radiation  from  platinnm  (wave-length  for  wave-length) 
at  the  same  temperature. 
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1013°,  instead  of  the  comparison-lamp,  was  the  reference- 
standard,  and  the  ordinates  of  the  curves  give  the  ratio  of  the 
intensity  of  each  region  of  the  spectrum  of  the  zinc  oxide  to 
that  of  the  corresponding  wave-length  in  the  spectrum  of  the 
glowing  metal. 

V\e  think  it  evident  from  these  experiments  that  in  zinc 
oxide  one  has  to  do  with  a  material  which,  in  addition  to  the 
ordinary  incandescence  due  to  temperature,  is  highly  hnni- 
nescent  above  880°.  The  phenomenon  is  of  the  class  which 
Becquerel  and  other  of  the  earlier  students  of  the  subject 
have  described  as  "  phosphorescence  by  heat."  Owing  to  the 
presence  of  the  ordinary  incandescence  at  such  temperatures, 
this  propertv  of  zinc  oxide  seems  hitherto  to  have  escaped 
investigation  ;  although  it  has  of  course  been  noticed  by  every 
one  acquainted  with  blowpipe  reactions  that  the  oxide,  when 
heated,  emits  a  light  which  is  very  different  from  that  of 
carbon,  or  of  most  substances  with  the  incandescence  of  which 
we  are  familiar. 

There  are  good  reasons  for  supposing  that  other  of  the 
metallic    oxides    will    show    peculiarities    of  radiation    when 
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heated,  similar  to  those  exhibited  by  the  oxide  of  zinc. 
Cyh'nders  of  lime,  for  example,  when  freshly  i<;nited  in  the 
oxyhydrogen  flame,  attain  a  momentary  brilliancy  and  white- 
ness which  is  not  reached  during  any  subsequent  ignition. 

The  (extraordinary  brightness  of  the  magnesium  flame  also 
is  undoubtedly  to  be  ascribed  to  a  state  of  initial  incan- 
descence such  as  that  which  we  have  observed  in  zinc  oxide. 
W.  H.  Pickering^  found  the  character  of  the  light  of  l^urning 
magnesium  to  be  that  corresponding  to  a  temperature  con- 
siderably above  3000°  C.  Recent  measurements  of  the  actual 
temperature  of  the  flame,  however,  show  that  it  is  not  above 
1400°  0. 

Other  instances  of  abnormal  incandescence  of  the  metallic 
oxides  might  be  cited.  At  what  temperatures  the  effect 
occurs,  and  what  its  precise  nature  is  in  the  case  of  the 
yarious  substances  in  which  the  phenomenon  presents  itself, 
must  be  determined  by  further  experiment. 

Physical  Laboratory  of  Oovnell  Universitv, 
June  1891. 


III.    xi  Method  of  Measuring  Loss  of  Energy  due  to  Chemical 
Union  Sfc.     By  Dr.  G.  GoRE,  F.R.SA 

IN  this  research  a  number  of  pairs  of  electrolytic  sub- 
stances, in  some  cases  acids  and  alkalies,  were  selected, 
and  the  conditions  of  the  experiments  so  arranged  that  the 
relative  mean  amount  of  loss  or  gain  of  energy  of  each  |)air 
of  substances  during  their  act  of  chemical  union,  mixture,  or 
mutual  decomposition  whilst  in  solution,  might  be  measured 
by  means  of  a  small  voltaic  couple  and  the  null  method  of 
balance,  with  the  aid  of  a  suitable  thermoelectric  pile  (see  Proc. 
Birm.  Phil.  Soc.  vol.  iv.  p.  130,  'The  Electrician,'  1884, 
vol.  xii.  p.  •414)  and  an  astatic  galvanometer  having  100  ohms 
resistance  in  its  coils.  The  voltaic  couple  consisted  of  a  suit- 
able positive  metal  and  platinum,  and  was  lowered  into  and 
raised  out  of  the  electrolyte  by  means  of  a  rack  and  pinion. 
The  positive  metals  usually  employed  were  aluminium,  tin, 
cadmium,  zinc,  and  magnesium.  A  little  improvement  in  the 
thermopile  was  used  in  this  research  ;  it  consistetl  in  passing 
a  stream  of  cold  water  through  a  pipe  immersed  in  the  cold 
oil-bath  and  thus  keeping  it  at  a  constant  temperature. 

The  following  is  an  outline  of  the  method  : — 1st.  Take  a  con- 

*  rroc.  Anier.  Acad.  Arts  and  Sci.  1880. 
t  Communicated  by  the  Author. 
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veiiient  quantity  of  an  acid,  such  as  an  equivalent  weioht  in 
grains,  dissolve  itin  about  two  tliousand  trains  by  weight  ofdis- 
tilled  water,  measure  the  electromotive  force  of  a  small  voltaic 
couple  of  aluminium  and  platinum  in  the  liquid  and  call  the 
amount  '*A.'^  2nd.  Take  a  chemically  equivalent  weight  of 
an  alkali,  dissolve  it  in  an  equal  quantity  of  water,  measure 
the  electromotive  force  of  the  couple  in  the  solution  and  call 
the  amount  "  B."'  3rd.  Take  an  equivalent  Aveight  of  the 
salt  resulting  from  the  union  of  the  acid  and  alkali  dissolved 
in  the  same  quantity  of  water,  measure  the  electromotive  force 
in  a  similar  manner  and  call  the  amount  "C."  We  have 
now  the  electromotive  force  "A"  excited  by  the  acid;  "B'^  by 
the  alkali;  and  '*C''  by  the  salt  formed  by  their  union. 
4th.  Multiply  the  electromotive  force  "A"  by  the  equi- 
valent weight  of  the  acid,  and  the  one  ''B''  by  that  of  the 
alkali,  add  the  two  products  together,  and  divide  the  sum  by 
that  of  the  two  equivalent  weights,  and  call  the  quotient  "  D." 
"C^'  represents  the  mean  electromotive  force  excited  by  the 
compound  as  found  by  means  of  experiment,  and  "D"  that 
arrived  at  by  calculation.  5th.  Subtract  the  experimental 
amount  "C^^  from  the  calculated  one  "D"  (or  the  reverse, 
as  the  case  nuiy  be),  and  a  difference  remains  which  repre- 
sents the  relative  amount  of  loss  (or  gain)  of  energy  which 
has  occurred  during  the  act  of  chemical  union,  change,  or 
mixture  of  the  acid  and  alkali  or  other  substances  employc^d, 
as  measured  by  the  particular  positive  metal.  And,  ()tb. 
Ascertain  the  percentage  amount  of  loss  or  gain  of  the  calcu- 
lated electromotive  force  "  D  "  in  various  cases.  Bj^  this 
process  we  obtain  a  series  of  percentage  numbers  which  we 
may  view  as  representing  the  relative  amounts  of  loss  (or 
gain)  of  molecular  energy  which  have  occurred  during  the 
actions  with  the  ditierent  substances  under  the  given  con- 
ditions. 

The  method  is  essentially  one  for  directly  measuring  the 
dilierences  of  mean  amount  of  electromotive  force  excited  by 
two  different  electrolytes,  and  by  the  liquid  produced  by 
mixing  them  together,  with  particular  positive  metals,  before 
and  after  mixing  ;  and  as  these  differences  must  indicate 
the  quantity  of  energy  of  some  kind  lost  or  gained  during  the 
mixing,  the  method  is  to  a  corresponding  extent  a  means  of 
ascertaining  the  amount  of  relative  loss  or  gain  of  energy 
during  the  chemical  union  or  mixture  of  electrolytes.  If  we 
use  only  a  single  kind  of  positive  metal,  the  method  may  be 
regarded  as  a  system  of  measurement  of  the  relative  losses 
and  gains  of  energy  as  obtained  by  means  of  that  particular 
metal.      Each   positive  metal  is    probably   only  atfected    by 
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and  only  measures  the  influence  and  cliangos  of  a  portion  of 
the  molecular  motion  of  the  substances  present,  viz.  that  por- 
tion which  neutralizes  some  of  the  molecular  motion  of  that 
metal  and  converts  it  into  electric  current.  In  a  research  on 
"  Relation  of  Volta  Electromotive  Force  to  Latent  Heat, 
Specific  Gravity,  &c.  of  Electrolytes'"  (Phil.  Mag.,  August 
1891,  p.  l')7),  1  have  shown  that  in  various  cases  of  dilution 
or  mixture  of  such  liquids,  a  gain  of  mean  amount  of  electro- 
motive force  of  the  two  liquids  occurs  simultaneously  with  a 
loss  of  latent  heat  during  the  act  of  mixing,  the  kind  of  energy 
therefore  measured  by  this  method  is  not  identical  with  that  of 
heat  ;  and  as  we  do  not  know  definitely  of  what  "chemical 
affinity"  really  consists,  we  cannot  say  that  what  is  measured 
is  identical  with  chemical  euergy.  Whilst  the  thermocheniical 
method  only  measures  the  proportion  of  energy  which  causes 
thermal  change,  the  present  one  only  measures  that  which 
produces  electric  change  ;  and  it  is  probable  that  the  kind  of 
energy  measured  differs  somewhat  with  each  different  kind  of 
positive  metal.  That  we  are  unable  clearly  to  define  either  of 
the  fundamental  kinds  of  energy,  and  that  the  modifications 
of  them  are  very  numerous,  is  generally  admitted. 

A  number  of  suitable  pairs  of  acids  and  bases,  acids  and 
carbonates,  acids  and  salts,  &c.  were  examined  with  different 
positive  metals  according  to  this  method,  and  the  percentage 
amounts  of  loss  or  gain  of  molerular  energy  ascertained.  All 
the  measurements  of  electromotive  force  are  given  in  volts. 
The  means  employed  of  obviating  undue  influence  of  polari- 
zation have  already  been  described  (Phil.  Mag.,  Dec.  1890, 
p.  484),  and  were  sufiiciently  effectual  in  nearly  all  cases. 

It  would  have  saved  much  labour,  aud  have  yielded  more 
sim})le  aud  apparently  more  important  results,  if  the  measure- 
ments had  been  limited  to  those  obtained  with  a  single  positive 
metal.  But  whilst  taking  great  care  to  obtain  substantially 
reliable  results,  I  have  avoided  making  only  a  small  number 
or  a  very  limited  variety  of  experiments,  because  it  imparts  a 
false  degree  of  apparent  consistency  and  importance  to  the 
results,  and  leads  to  the  common  and  erroneous  conclusion 
that  the  phenomena  of  nature  are  more  simple  than  they 
really  are,  and  consequently  the  conclusions  drawn  have  to  be 
sooner  or  later  corrected.  In  an  extensive  subject  like  the 
present  one,  a  considerable  numljer  and  sufficient  variety  of 
facts  is  necessary  in  order  to  arrive  at  truthful  conclusions. 

The  substances  employed  were  in  nearly  every  case  of  a 
high  degree  of  purity.  Distilled  water  was  used  in  making 
all  the  solutions.  The  cassium  cai-bonate  was  obtained  from 
Dr.  H.  Troinmsdorff,  of  Erfurt,  and  both  it  and  the  carbonate 
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of  rubidium  were  oonvorted  into  caustic  by  means  of  sul- 
phuric acid  followed  by  barytii.  The  solution  of  caustic  soihi 
was  jirej)ared  by  addin«i"  small  fragments  of  sodium  to  water 
in  a  covered  nickel  crucible.  Chlorate  of  rubidium  could  not 
be  used,  becanse  it  was  not  sufficiently  solnble;  carbonic  acid, 
chlorine,  and  iodine  were  too  insoluble  to  form  solutions  of 
the  usual  degree  of  strength,  and  weaker  solutions  had  to  be 
employed. 

The  results  are  given  in  series  of  tables.  The  (piantiiies  of 
substances  used  in  each  single  table  were  chemically  equiva- 
lent to  one  another,  and  those  of  one  table  were  iisually  so  to 
those  of  other  tables,  except  in  certain  cases  which  the  reader 
will  have  to  observe.  ''  Strong  solutions  "  contained  1  equi- 
valent weiiiht  in   orains  dissolved   in  1800  grains  of  water  ; 

•  ..  ••11 

in  consequence  of  the  sparing  solubility  of  carbonic  acid,  the 
"  weak  solutions "  were  arranged  to  contain  only  one  tenth 
that  quantitv  or  1  equivalent  weight  in  18,000  grains  of 
water.  In  Tables  XYI.,XYIII.,  XIX., XX.,  XXII., XXIII., 
XXIV.,  XXV.,  XXVIII..  and  XXIX.  still  weaker  liquids 
were  used,  in  all  the  tables,  as  the  amounts  of  variation  of 
electromotive  force  due  to  ditference  of  atmospheric  tempera- 
ture were  usually  small  (see  page  42),  and  the  insertion  of 
the  temperatures  would  enlarge  the  tables,  the  temperatures 
are  omitted. 

In  most  of  the  tables  of  Sections  A,  B,  C,  and  D,  the  sub- 
stances are  arranged  in  the  usual  chemical  groups  in  order  to 
enable  the  results  to  be  more  conveniently  compared  with  the 
atomic  weights,  specific  gravities,  amounts  of  chemical  heat, 
&c.  of  the  elementary  constituents  of  the  compounds. 

The  tables  of  Section  A  relate  to  the  Formation  of  Salts 
from  Acids  and  Alkalies,  and  give  with  each  pair  of  substances 
the  separate  amounts  of  electromotive  force  excited  by  the 
acid,  the  base,  and  the  saline  product  of  their  union  ;  then  the 
mean  electromotive  force  as  calculated  from  those  of  the  two 
separate  substances  and  corrected  for  difference  of  equivalent 
weight  ;  the  amounts  of  loss  of  energy  due' to  the  chemical 
union  of  the  acid  and  base,  and  the  percentages  of  such  loss 
upon  the  calculated  mean  amounts.  In  some  of  these  tables, 
the  numbers  of  (.'entigrade-granune  units  of  heat  evolved  by 
the  chemical  union  of  some  of  the  same  ingredients,  as  deter- 
mined i)y  J.  Thomsen,  are  given  for  the  purpose  of  comparison 
with  the  amounts  of  loss  of  electromotive  force. 

The  influence  of  the  positive  metal  was  examined  by  em- 
ploying several  different  positive  metals  with  the  same  solu- 
tions in  different  sections  of  the  research.  The  effects  of 
difference  of  acid,  base,  salt,  halogen,  strength  of  solution, 
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temperature,  and   lieatiiig   the   liquids   were   also    examined. 
Alumiiiiinii  is  a  suitable  positive  metal  to  use  with  the  alkalies. 

Section  A. — Formation  of  Salts  feom  Acids  and  Alkalies. 
Table  I. — Positive  metal,  Aluminium.     Strong  Solutions. 


Ingredii'iils. 

E.M.F. 
1-44146 

Com]iounds. 

E.M.F. 

Calculated 
E.M.F. 

Change  of       Per 
E.M.F.          cent. 

Units  of 

Chemical 

Heat. 

Csiro. 

RbHO. 

1-41000 

KHO. 

1-.",S140 

NallO. 

1-30140 

AinllO. 

l-3lil38 

HCl. 

1-12980 

CsCl. 

■9238 

1-3838 

Less  -460     =33-33 

RbOl. 

1-0090 

1-3361 

„     -3271       24-48 

KCl. 

1-0096 

1-2821 

„     -2725      21-25 

202,320 

NaCl. 

•9953 

1-2666 

„     -2713      21-40 

193,020 

AmCl. 

•9381 

1-2585 

„     -3204      25-45 

HBi-. 

10954 

EbBr. 

-9810 

1-2707 

Loss  -2897  =22-80 

KBr. 

1  -0382 

1-2123 

„     -1741       14-35      180.40(1 

NaBr. 

•95526 

1-1106 

„     -15534     13-98     171,160 

HI. 

AmBr. 

-8952 

1-1818 

„     -2866      24-25 

-9(i67 

Rbl. 

-8809 

1-1623 

Loss  -2814  =24-21 

KI. 

•9095 

10983 

„     -1888       17-19 

150,040 

Nal. 

•89506 

1-0678 

„     -17274    16-18     140,600 

Ami. 

•86374 

1-1160 

„     -25226    22-60 

H..SO,. 

1-08390 

Cs,SOj. 

-92094 

1-3570 

Loss  -436     =32-13 

Rb.,SO,. 

•92952 

1-3022 

.,     -372(58    28-62 

K.SO,. 

•92080 

1-2426 

„     -3218      25-95 

267,180 

Na„SO,. 

-91808 

1-2221 

„     -30402    24-87 

257,V)70 

HNO,. 

10382 

Am.SOj. 

-9095 

1-1976 

„     -2881       24-05 

CsNO,. 

-91236 

1-3267 

Loss  -414.34=31-23 

RbNOg. 

•91236 

1-26S0 

„     -35564    28-04 

KNO,. 

-9095 

1-20812 

„     -29862    24-71 

225,930 

])faNO,. 

•9095 

1-1850 

„     -2755      21-24 

216,450 

AmNOg. 

•906() 

1-16178 

.,     -25518    21-98 

HCIO3. 

1-0382 

KCIO,. 

•88948 

1-1750 

Loss  -2855  =24-30 

NaClOg 

-8S948 

1-1516 

,.     -26212    22-76 

•7379 

AmClO., 

-8952 

1-1309 

..,     -2357      20-84 

Formic  acid 

Cs  Formiate. 

•73504 

1-2832 

Loss  -54816=42-72 

Rb 

•74934 

1-2011 

„     -45176    37-61 

K 

-7552 

1-0911 

„     -33.59      30-78 

Na 

-75506 

1-0416 

„     -28654    27-52 

Am        „ 

•75506 

1-0028 

„    -24774    '24-70 
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Table  II. — Positive  metal,  Alu minium.     Weak  Solutions. 
Injiuence  of  Dilution. 


Ingredients.     E.M.F. 

Compounds. 

E.M.F. 

Calculated 
E.M.F. 

Change  of           Per 
E.M.F.             cent. 

HCl.               10096 
HBr.                 -9(567 
HI.                   -86946 

KCl. 
KBr. 
KI. 

•9180 

•89234 

•85516 

1-2035 
1-1179 
1-0122 

Loss  -28542=23-71 
„     -22565    20-17 
„     -15704     15-51 

H,SO^.            1-0382      X^SO^. 

•87232 

1-1938 

Loss -3215  =26-93 

HNO3.              •9S10 

KNO3. 

•85802 

1-14.52 

Loss  -2872  =.25-07 

Formic  acid.     -7818 

K  Formiate. 

•78080 

10827 

Loss -3019  =-27-88 

The  degree  of  strength  of  the  sokitious  mn 

nifestly  affected  the  results. 

H..C03. 

RbHd. 

KHO. 

NaHO. 


•80368 
1  -3242 
1-3299 
1-3385 


Rb.,C03. 

K.,C03. 

^'a.CO,, 


•92094 
•89520 
•89806 


1-1673 
1-0983 
1-0583 


Loss^2463  =21-15 
„  -2031  18-31 
„     -16024     1514 


Table  III. — Fositice  metal,  Tin.     Strong  Solutions. 
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Table  III.  {coiUimied). 


Ingredients.     E.M.F. 

Compounds.      E.M.F. 

Calculated 
E.M.F. 

Change  of           Per 
E.M.F.             cent. 

Units  of 

Chemical 

Heat. 

HNO,.             ^8352 

RbNOj.             -08648 
KNO.,.               -68302 
NaNO,.             -08010 
AmNO^.            -08016 

•9367 

-8755 
•8618 
-8532 

Loss  -2502  =26-71 
„     -1919      21-91 
„     -18164    2107 
„     -1730      20-28 

225,930 
216,450 

HCIO.,.            -8123 

KCIO,.             -0030 
NaClO,,.            -6636 
AmClOa.           -60932 

•8863 
-8417 
•8336 

Loss  -2227  =25-13 
„     -1781       21-10 
„     -1643      19-70 

Formic  acid.    -5492 

Rb  Formiate.    -4862 
K         „            -4920 
Na       „            -4920 
Am      „            -51774 

-8054 
•7533 
•7077 
-6926 

Loss -3192  =39-63 
„     -2613      34-69 
„     -2757      35-90 
„    -1749      2510 

Table  IV. — Positive  metal,  Cadmium.     Strong  Solutions. 


Ingredients.    E.M.F. 

Com- 
pounds. 

E.M.F. 

Calculated 
E.M.F. 

Change  of 
E.M.F. 

Per 

cent. 

HCIO3.          1-0645 
KHO               -88432 
NaHO.             -87860 
AmHO.           -87288 

KCIO.,. 

NaClOg. 
AmClOg. 

-89004 
•88146 
-88432 

•9902 
10128 
1-0080 

Loss  -10616 
„     -1313 
„     -12368 

=  10-65 
12-97 
12-27 

Formic  acid.  1-0645 
RbHO.            -88432 

Rb  Formia 
K 

Na       „ 
Am      „ 

e.  -Cu^i 
•()784 
•68126 
-7070 

■8448 
•8172 
•8021 
-7939 

Lo.ss  -1664 
„     ^1388 
„     -12084 
„     -0809 

=  19-20 
10-98 
1506 
10-94 

Acetic  acid.      10645 

K  Acetate. 

•9644 

1-008 

Loss  -0436 

=    4-32  i 

1 

Table  V. — Positive  metal,  Zinc.     Strong  Solutions. 


Ingredients.    E.M.F. 


HCIO,. 
KHO. 
NaHO. 
AmHO. 


1-3558 
1-2185 
1-21556 
1-1985 


Formic  acid.  1-0098 
RbllO.  1-24426 


Acetic  acid.    1  "3844 


Com- 
pounds. 


E.M.F. 


KCIO,. 

NaCIOg. 

AmClO,. 


11009 
11 9278 
118992 


Rb  Formiate  1 -04406 
K  „         1-04978 

Na         „         104()92 
Am        „         10.3204 


Calculated 
E.M.F. 


l-320() 
1-2500 
1-2088 


1-0520 
1-1514 
10591 
10024 


K  Acetate.     120136       1-3905 


Change  of 
E.M.F. 


Per 

cent. 


Loss  -1501 
„  -0632 
„     -0789 


11-37 
503 
6-22 


Loss 


•0079 
-10162 
-01218 
-00976 


10 
8-82 
1-15 

-91 


Loss  -1892    =  13-60 
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Table  VI. — Positive  metal,  Zinc.     Weak  Solutions. 


Com- 


Ineredieuts.    E.M.F.  , 

°  pounds 


E.M.F. 


Calculated 
E.M.F. 


Change  of        Per 
E.M.F.  cent. 


H.,C03.  1- 1.3844! 

RbHO.  1018a)    Rb.COg.  100974 

KHO.  l0i:)4G    KX'Oj.  0840 

NaHO.  1-00688    Ka.CO,.  -yOUT 


1-054O 

1-00957 

1-0757 


Loss  -04476 
„  -08557 
„      -1060 


4-21 

8-0 

9-85 


Table  YII. — Positive  metal,  Magnesium.    Strong  Solutions. 


Ingredients.    E.M.F. 


Com- 
pounds. 


E.M.F. 


KHO.  1-4929  j 

Formic  acid.    1-641(5    K  Forniiate.    1-55.58 

Acetic     „       1-9592    K  Acetate.       17131 


Calculated 
E.M.F. 


1-5600 
1-7427 


Change  of       Per 
E.M.F.         cent. 


Loss  -0042      =    -28 
,.     -0296  1-12 


Table  VIII. — Positive  metal,  Magnesium.    Weak  Solutions. 


Ingredients.    E.M.F. 


H^COg.  116416 

KHO.  1-2412 


Com- 
pounds. 


K,CO,. 


E.M.F. 


1-3985 


Calculated      Change  of       Per 
E.M.F.  E.M.F.  cent. 


1-2073    t  Gain   -1912  =  1583 


Conclusions  from  the  Results  of  Section  A. 

1st.  In  nearly  every  instance  with  Acids  and  Alkalies, 
whether  the  electromotive  force  was  measured  by  means  of 
a  positive  metal  of  aluminium,  tin,  cadmium,  zinc,  or  mag- 
nesium, there  was  a  loss  of  that  force  due  to  the  act  of 
chemical  union  ;  and  the  proportion  of  losses  to  gains  in  the 
entire  series  was  81  to  1.  2nd.  The  amount  of  such  loss 
depended  upon  five  different  conditions,  viz.  the  kind  of  acid, 
of  base,  of  positive  metal,  the  degree  of  dilution,  and  to  some 
extent  the  temperature.  The  losses  were  usually  greater 
with  all  the  other  acids  employed  than  with  carbonic  ;  they 
were  larger  with  caesia  than  with  any  other  base  ;  they  were 
usually  greater  with  aluminium  than  with  any  other  positive 
metal,  and  with  very  weak  solutions  than  with  more  concen- 
trated ones  ;  but  the  order  of  magnitude  of  loss  with  salts  of 
potassium  was  nearlv  the  same  with  strong  solutions  as  with 
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weak  ones.  Srd.  The  losses  were  often  laroest  with  the,  sul)- 
stances  of  greatest  chemical  eneroy,  though  several  striking 
exce])tions  exist  to  this  statement.  Whilst  they  were  usually 
larger  with  hydrochloric  than  with  hydriodic  acid,  and  with 
sulphuric  than  with  nitric,  chloric,  carbonic,  and  the  halogen 
acids,  they  were  greater  with  formic  acid  than  with  either  of 
these  ;  and  whilst  they  were  larger  with  aluminium  than  with 
tin  as  a  positive  metal,  they  were  usually  larger  with  tin  than 
with  cadmium,  and  with  cadmium  than  with  zinc  or  mag- 
nesium. A  reasouable  explanation  of  the  more  feeble  energy 
of  union,  and  consequently  smaller  loss  of  energy,  during  the 
act  of  union  of  stronger  substances  than  with  weaker  ones  in 
certain  cases  is,  that  the  energv  of  action  and  amount  of  loss 
depend  upon  the  mutual  relations  of  the  inherent  molecular 
motions  of  each  of  the  two  substances  ;  that  when  these  are 
so  related  that  they  cannot  coexist,  but  must  freely  neutralize 
each  other,  the  loss  of  energy  is  the  greatest.  The  incom- 
patible motions  of  carbon  and  oxygen,  and  the  compatible 
ones  of  carbon  and  chlorine,  at  a  red  heat  are  familiar 
examples.  4th.  The  order  of  magnitude  of  loss  of  electro- 
motive force  was  in  the  majority  of  cases  substantially  tlie 
same  with  different  positive  metals.  5th.  In  nearly  all  the 
cases  in  which  thermochemical  data  are  given,  the  loss  of 
electromotive  force  varied  directly  as  that  of  chemical  heat, 
as  if  the  two  forms  of  energy  were  concomitant  effects  of  the 
same  cause,  viz.  decrease  of  molecular  motion.  And,  6th. 
The  amount  of  loss  did  not  vary  regularly  with  the  atomic 
weights.  As  the  amounts  of  loss  of  electromotive  force 
depend  in  every  case  upon  each  of  the  two  uniting  substances 
and  upon  the  relations  of  their  molecular  motions  to  each 
other,  it  is  not  probable  that  they  would  vary  regularly  with 
the  magnitude  of  the  atomic  weight  of  the  ])ositive  ingredient 
alone  in  its  chemical  series,  or  with  that  of  the  negative  one 
alone  in  its  series,  but  would  be  affected  by  both.  The  general 
relations  of  the  amounts  of  electromotive  force  of  the  in- 
gredients and  of  their  compounds  in  the  various  groups  to  the 
atomic  weights  of  the  substances,  when  measured  by  different 
positive  metals,  have  already  been  partly  examined  (see  Proe. 
Birm.  Phil.  Soc.  1891,  vol.  vii.  p.  253).  By  arranging  the 
series  in  each  group  in  the  order  of  the  halogen  acids,  the 
agreement  with  the  atomic  M-eights  was  less  conspicuous  than 
when  the  order  was  that  of  the  alkali  metals. 

The  next  section,  "  B,"  relates  to  the  Formation  of  Salts 
from  Acids  and  Carbonates,  and  gives  in  each  instance  the 
separate  amounts  of  the  electromotive  force  of  the  acid,  of  the 
carbonates,  and  of  the  salt  produced  by  them,  also  the  calcu- 
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lateJ  meiiu  amounts  timl  the  actual  and  percentage  losses  ot" 
that  force  due  to  tiie  decomposition  of  the  carbonates  by  the 
acid. 


Section  B. — Formation  of  Salts  from  Acids  and 

(yARBONATES. 

Table  IX. — Positive  metal,  Aliwiinium.     Strong  Solutions. 


Ingredionts. 

E.il.F. 

Compounds 
formed. 

E.M.F. 

Calculateci 
E.M.F. 

Change  of 
E.M.F. 

Per 

ceut. 

Cs.,CO,*. 
Rb'.Cda. 
K,CO,. 

1  ■00388 
l-()0',l(> 
10:^39 
10239 

flCL 

1-12986 

CsCl. 
RbCI. 
KCl. 
NaCL 

-9238 
1-0096 
1-0096 

■9953 

103028 
103850 
107070 
1-0670 

Loss  -10648 
„      -0289 
„      -0611 
„      -0717 

=  10-33 
2-78 
5-71 
6-72 

HBr. 

1-0954  '  RbBr. 
KBr. 
NaBr. 

r9S10 
10625 
•95526 

10450 
1-0382 
10664 

Loss  -064 
„     -0343 
„     -11114 

=    612 

3-22 

10-42 

|HI. 

•9667 

Rbl. 

KI. 

NaT. 

-8809 
-9095 

•89806 

•9820 
•9856 
•9S22 

Loss  -1011 
„     -0791 
„      -0841 

=  10-29 
802 
8-56 

H,SO,. 

1-08396 

Cs^SO,. 
Rb,SO,. 
K,SO,. 
Na,S04. 

•92094 
-9295 
•9238 
•9181 

10244 
1-0318 
1-0488 
10523 

Loss  -10346 
„       1023 
„      -1250 
„      -1342 

=  1009 

9-91 

11-90 

12-75 

HNO,. 

1-0382 

C9NO3. 
RbNO,. 
KNO3; 
NaNOg. 

-91236 
-91236 
-9095 
•9095 

1-0144 

1-0198 
10307 
1-0316 

Loss  -10204 
„      -10744 
,;      -12120 

=  10  05 
10-53 
11-75 
11-85 

HCIO3. 

10382 

KCIO3. 
NaClOg. 

-88948 
•88948 

10317 
1-0302 

Loss  -14222 
„      -10302 

=  13-78 
13-66 

Formic  acid. 

•7379 

CsFormiate. 

Kb 

K 

Na 

•735104 
-74934 
-7522 
-75506 

-9476 
-9319 
•9094 
•8910 

Loss  -21256 : 
„      -18256 
„      -157-20 
„      -13.594 

=  22-43 
19-57 
17-28 
15-25 

*  A  specimen  of  ca;sium  carbonate,  contaiaing  silica,  gave  an  electromotive 
force  of  only  -9924  volt. 
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Table  X. — Positive  metal,  Aluminiiun.     Weak  Solutions. 
Influence  of  Dilution. 


Ingredients 

E.M.F. 

Compounds 
formed. 

E.M.F. 

[Calculated 
E.M.F. 

Change  of 
E.M.F. 

Per 
cent. 

K,C03. 

•8952 

HCI. 
HBr. 
HI. 

1-0096 
•9()67 
•86946 

KCl. 
KBr. 
KI. 

-9180 

•89234 

•85516 

1-0676 
-9338 

-8784 

Loss  -1496 
„      -04146 
„      -02324 

=  140 
4-44 

2-64 

H.SO^. 

r0382 

K,SO, 
KNO3. 

•87232 
•85802 

1-0733 

1-0423 

-9717 

Loss  -2010 

=  18-72 

HNO3. 

•981 

Loss  -1843 

=  17-68 

Formic  acic 

.  -7818 

K  Formiate. 

•78080 

Loss  -1909 

=  19-68 

Table  XI. — Positive  metal,  Tin.     Strong  Solutions 

Ingredients. 

E.M.F. 

Compounds 
formed. 

E.M.F. 

Calculated 
E.M.F. 

Change  of 
E.M.F. 

Per 

cent. 

Eb.CO,. 
K,C03. 

Na.,C03. 

•6213 

-6178 
•6178 

HCi. 

•8066 

EbCl. 

FCl. 

NaOl. 

-75512 

•7494 

•7351 

-6660 
-6831 
-6947 

Gain  0891    = 
„      -0663 
„      -0404 

13-37 
9-70 
5-81 

HBr. 

•79802 

RbBr. 

KBr. 

NaBr. 

•7351 
•7494 
-73796 

•6943 
■7662 
•72674 

Gain -0408    = 
Loss  -0168 
Gain  01122 

5-87 
2-19 
1-54 

HL 

•73510 

Rbl. 

KI. 

NaL 

-()779 
•6893 
-6922 

•6812 
•6940 
■7008 

Loss  -0033    = 
„      ^0047 
„      -0086 

-48 
•67 
-12 

H,SO,. 

•8209 

Rb.SO^. 
K2SO4. 

Na.SU^. 

•71794 
•71794 
70364 

-6809 
•7071 
•7153 

Gain  -03704  = 

„      -01084 
Loss  -01166 

5-44 
1-53 
1-63 

HNO3. 

•8352 

Rb^'Oj. 
KNO3. 

NaNOj. 

-68648 
•68632 
•68016 

-6970 
•7215 
•7358 

Loss  -0105    = 
„      -03518 
„      -05564 

150 
4-87 
7-56 

HCIO3. 

•8123 

KCIO3. 

Na0103. 

•6636 
•6636 

•7201 
•7373 

Loss  -0565    = 
„      -0737 

7-84 
1000 

Formic  acid 

-5492 

f— 

Rb  Fcrmiate 
Na        „ 

.   -4862 
•492 
•492 

•6007 
-5903 
•5859 

Loss  -1145    = 
„      -0983 
„      0939 

1906 
16-65 
1603 
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Table  XII. — Positive  metal,  Cadmium.     Strong  Solutions. 


Ingredients. 

E.M.F. 

Compounds 
formed. 

E.M.F. 

Calculated 
E.M.F. 

Change  of 
E.M.F. 

Per 

cent. 

Rb.COj. 
K,C03. 

^a,CO,. 

•8048 
■78994 

•75848 

HCl. 

11215 

RbCl. 

KCl. 

NaCl. 

■93008 
■98156 
•99586 

•8811 
•8800 
•9726 

Gain  -04898 
,,      ^10156 
„      -0232 

Loss  -02666 
„     -0673 
„      -1366 

=    555 

U-r>4 

2^38 

=    2^86 

6-98 

13-45 

HBr. 

1-11020 

EbBr. 

KBr. 

>^aBr. 

•90434 
•89560 

•878G0 

•9310 

•9(i29 

10152 

HI. 

1-0931 

Ebl. 

KI. 

Nal. 

•88432 
•88146 

■8786 

•9566 

-9908 

10279 

Loss  -07228 
„     -1093 
„      -1493 

=    7-55 
11-03 
14-56 

H^SO^. 

1-1646 

Eb,SOj. 
Na.SO,. 

-94438 

-9644 

•9930 

•9123 

•9458 

1-0115 

Gain  -0320 

„      -0186 

Loss  -0185 

=    3-51 
2-0 
1-82 

HNO3. 

1-1330 

RbNOj. 

KNO3. 

AaNOg. 

101016 

1-0073 

-9844 

-9210 

•0537 

1-0129 

Gain  0891 

„      -0536 

Loss   02848 

^   967 
5-63 

2-8 

HCIO3. 

1-0645 

KCIO3. 

NaClO,,. 

■89004 
■88146 

•9410 
-9895 

Loss  •0510 
„      -10804 

=    5-42 
10-91 

Formic  acid 

-7356 

Rb  Formiate 
K 

Na 

.  ^6784 
■6784 
■68126 

•7850 
•7681 
-8075 

Loss  -1066 
„      -0897 
„      -12624 

=  13-58 
11-67 
15-(i4 

Table  XIII. — Positive  metal,  Zinc.     Strong  Solutions. 


Ingredients. 

E.M.F. 

Compounds 
formed. 

E.M.F. 

Calculated 
E.M.F. 

Change  of 
E.M.F. 

Per 

cent. 

RbX'O,. 

K,CO,. 

Na,C63. 

•8583 

•74089 

•74089 

HCl. 

1-46734 

RbCl. 
KCl. 

NaCl. 

1-23082 
1-22710 
1-25570 

1-0027 

•9922 

1-0382 

Gain  -2281 
„      -2349 
„      -2175 

=  22-74 
23-67 
20-95 

HBr. 

1-3844 

RbBr. 

KBr. 

NaBr. 

1-20708 
1- 19850 
ri842 

1-0739 
r0883 
11300 

Gain  -13318 
„      -1102 
„      -0542 

=  12-4 
10  12 
4-79 
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Table  XIII.  [continued). 


Ingredients. 

E.M.R 

CompoundB 
formed. 

E.M.F. 

Calculated  Change  of 
E.M.F.       E.M.F. 

Per 

cent. 

HI. 

1-3129    Ebl. 
KI. 

Nal. 

1-1699 

1-16418 

11413 

1-0963 
1-1125 
1-1454 

Gain  -0736 

„      -05168 
Loss  -0041 

=    6-71 
4-64 
3-59 

H.SOj. 

1-38726 

Rk.SO,. 
Na,SO,. 

1-30146 
1-29002 
1-2700 

1-0142 
1-0092 
1-0514 

Gain  -2872 
„      -2808 
„      -2186 

=  28-30 
27-83 
20-79 

HNO... 

1-4720 

RbNOg. 

KN03. 

NaNOg. 

1-19278 
1-17848 
1-1721 

10740 
1-0814 
10370 

Gain  -1187 
„      -09708 
„     -1351 

=  11-05 
8-97 
309 

HCIO3. 

1-3558 

KCIO,. 

NaClOa- 

11699 
1  19278 

1-079 
1-1188 

Gain  -0909 
„      -0739 

=    8-42 
6-61 

Formic  acid. 

1-0698 

EbFormiate 

K 

Na       „ 

.1-04406 
1-04978 
1-04G92 

-9223 

-8724 
•8936 

Gain  -1217 
„      -17738 
„      -1533 

=  13-20 
20-33 
1714 

Table  XIV. — Positive  jnetal,  Magnesium.    Strong  Solutions, 


Ingredients.    E.M.F. 


K.CO^.  1-2.5836 

Formic  acid.  1-6416 
Acetic      „     1-9592 


Compounds  j;  j^j  p 
formed. 


Calculated 
E.M.F. 


K  Formiate.    1-5558 
K  Acetate.       1-7131 


1-4116 
1-5843 


Change  of  Per 

E.M.F.  cent. 


Gain  -1442    =  10-21 
„      -1288  8-13 


Conclusions  from  the  Residts  in  Section  B. 

1st.  In  all  the  cases  with  acids  and  carbonates,  whatever 
kind  of  positive  metal  was  employed,  there  was  either  a  loss 
or  gain  of  electromotive  force  due  to  the  chemical  chancre. 
2nd.  The  losses  were  more  frequent  than  the  gains.  8rd. 
Whilst  in  Section  A,  where  the  energy  of  chemical  union 
was  much  greater,  the  number  of  cases  of  loss  was  81,  and  of 
gain  only  1,  in  the  present  Section  the  numbers  were  57  and 
13  respectively.  4th.  The  amount  of  loss  or  gain  depended 
upon  the  same  conditions  as  in  Section  A.  5th.  The 
losses  were  greater  with  formic  acid  and  with  csesia  than 
with  all  other  substances,  the  same  as  in  Section  A  ;  and 
were  usually  larger  with  very  dilute  solutions  than  with  more 
concentrated  ones,  but  the  order  of  loss  with  salts  of 
potassium  was  nearly  the  same  with  strong  solutions  as  with 
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■weak  ones,  tbe  same  as  in  Section  A.  6tb.  They  were 
smaller  with  the  carbonates  than  with  the  hydrates  ;  whilst 
with  aluminium  as  the  positive  metal,  the  losses  with  hydrates 
varied  from  42-7  to  i:3^98  per  cent.,  with  the  corresponding 
carbonates  they  varied  from  22'43  to  2'78  per  cent.  ;  they 
were  smaller  with  the  carbonates,  because  the  energy  of 
chemical  union  was  less,  and  because  a  portion  of  the  energy 
hatl  alreadv  been  lost  durino-  the  act  of  union  of  the  base  with 
the  carbonic  acid  ;  the  same  circumstances  explain  to  some 
extent  the  occurrence  of  gains  instead  of  losses  of  electro- 
motive force  in  some  of  the  cases.  And  7th.  The  magnitude 
of  losses  was  largely  affected  by  the  kind  of  positive  metal  ; 
whilst  with  aluminium  the  losses  with  carbonates  varied  from 
22*43  to  2" 78  per  cent.,  with  tin  the  variation  was  from  a  loss 
of  19-0  to  a  gain  of  13-4  per  cent.  ;  the  order  of  magnitude 
of  loss,  however,  was  in  the  majority  of  cases  substantially 
the  same  with  different  positive  metals.  The  proportion  of 
gains  to  losses  was  much  larger  with  zinc  than  with  cadmium. 
The  next  section,  C,  consists  of  Salts  +  Salts,  and  in- 
cludes mixtures  of  substances,  the  ingredients  of  which,  in 
most  of  the  cases  at  least,  are  not  usually  considered  to 
chemically  unite  with  each  other,  and  in  which  the  energy  of 
action  is  very  feeble,  and  consequently  the  loss  of  electro- 
motive force  may  be  expected  to  be  very  much  less  than  in 
Sections  A  and  B.  In  this  section,  as  in  the  previous 
ones,  the  ingredients  of  each  pair  are  in  equivalent  proportions 
to  each  other,  and  the  comj)ouuds  ai-e  arranged  in  chemical 
series  so  as  to  facilitate  comparison  with  the  atomic  weights, 
&c.  of  the  metallic  bases. 

Section  C. — Salts  +  Salts. 

Table  XV. — Positive  metal,  Cadmium.     Strong  Solutions. 


Ingredients. 

E.M.F. 

Mixture. 

E.M.F. 

Calculated 
E.M.F. 

Change  of 
E.M.F. 

Per 

cent. 

KCl. 
CaCL. 
SrCl,. 
BaOfj. 

•97870 
•96154 
•96440 
•97298 

2KCl  +  CaCl.,. 
„     +.SrCi;. 
„     +BaC4. 

•9501 
•9501 
•94152 

•9713 
■9713 
•9753 

Loss  ^021 2 
„      •0212 
„      ^0337 

=  2-18 
218 
3-46 

MgCl.,. 
ZnCi; 
CdClj. 

•96726 
•96726 
•9(;440 

2KGl4-MgCl,. 
„      +ZnCl2. 
„     +CdCl,. 

•9501 

•95727 

•9358 

•9742 
■9732 
•9708 

Loss  -0241 
„      •0159 
„      -0350 

=  2-47 
1-63 
3-60 

K,SO,. 
MgSO,. 
ZuSO, 
CdS04. 

•96440 
•96154 
•97298 
■97870 

K2SO,+MgS04 

+  ZUSO4. 

„       +CdS04. 

•95296 
•95382 
•95382 

•9625 
•9685 
•9722 

Loss    0095 
„      -0147 
„      -0184 

=     ^99 
1-51 

1-89 
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Table  XV.  [continued). 


Ingredients.      E.M.F. 

Mixture.                E.M.F. 

Calculated 
E.M.F. 

Change  of              Per 
E.M.F.                cent. 

NaCl.                -99586 

2NaCH-CaCl.,.    -97298 
„      +SrCl.,.    -97298 
„      +BaCl2.    -9787 

-9791 
-9778 
-9812 

Loss  -006      =     -61 
„      -0048            -49 
„      -0025            -25 

2NaCH-MgCl,.  -9787 
„      +ZnCl2.   -9787 
„      +CdCl2.    -97584 

•9830 
•9804 
-9766 

Loss  -0043    =     -43 

„    -0017        •n 

„      -0008            •OS 

2NaCl+MgS0,.  -9787 
„      +ZnSOj.  •9815() 
„      +CdS04.  •9«442 

■9785 
-9826 

•9848 

Gain  -0002     =     -02 

Loss  -001              -10 

„      -0004            '04 

Ka.SO,.            -9930 
AmCl.               -90148 

Na,,S04+2KCl.    -98442 
"„      +2NaCl.  -9930 
„      +2AraCl.-9501 

•9855 
•9942 
-9536 

Loss  -0011     =     -11 
„      -0012            -12 
„      -0025            -36 

Na.2S04+MgS04.  -97584 
„      +ZnSO^.  -97870 
„      +CdSO.p  -98L")6 

•9785 
-9823 
•9845 

Loss  -0027     =    -27 
„      ^0036            -36 
„      ^0029            ^29 

Na.P.O,.          -8214 

4KCl+Na,P,0-.  -89862 

-9039 

Loss  ^00528  =    •SS 

K.,CO,.            -78994 

Na^OOg.            -75848 

K.,C03+  NaaCOg.  "77564 

•7762 

Loss   0005     =     064 

KHO.              -8843 

KHO+KCl.         -9072 

•9417 

Loss  •0345     =  367 

Influence  of  Temperature.  . 

The  mixture  Na2S04  +  2KCl  in  the  above  table  was  re- 
examined with  each  of  the  three  solutions  at  about  98°  C. 
The  electromotive  force  of  the  KCl  solution  was  '9501,  of  the 
NagSO^  •90-44  ;  and  of  the  mixture  of  the  two  -95382  ;  the 
calculated  electromotive  force  of  the  latter  was  "9570.  and 
the  loss  '00048  or  'BGS  per  cent.  The  rise  of  temperature 
therefore,  whilst  diminishing  somewhat  the  electromotive  force 
of  each  of  the  throe  liquids,  had  very  little  effect  upon  the 
percentage  of  loss  in  this  case. 

Table  XVI. — Positixe  metal,  Zinc. 

Strength  of  Solution  1  equivalent  weight  in  grains  in  31,000 
grains  of  water. 


Ingredients.     E.M.F.  I  Mixture. 


E.M.F. 


KCl. 
KNO, 


r295 
M4988 


KCl  +  KNO,.  1-1413 


Calculated 
E.M.F. 


r2ii6 


Change  of 
E.M.F. 


Per 

cent. 


Loss  ^0703 


Loss  of  K/iergt/  due  to  C/iontral  Union  (^-c. 
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The  following  iviuarks  may  be  made  respecting  the  results 
in  Section  V  : — 1st.  In  all  the  twenty-six  instances,  excej)t 
one  ot"  Table  XV.,  there  is  a  loss  of  electromotive  force.  2n(l. 
The  amounts  of  change  of  that  force  are  all  very  small,  ord. 
They  are  much  smaller  than  those  obtained  with  the  same 
positive  metal  in  Sections  A  and  B,  where  chemical 
action  is  much  more  energetic.  If  we  compare  them  with 
those  in  Tables  IV.  and  XII.,  we  find  that  whilst  the  changes 
in  Section  C  vary  only  from  a  maximum  loss  of  o'G  to  a  gain 
of  '02  per  cent.,  in  Table  IV.  the  losses  vary  from  19*2  to 
1UM)5  per  cent.,  and  in  Tal)le  XII.  the  amount  of  change  is 
from  a  loss  of  15'G4  to  a  gain  of  11*54  per  cent.  And,  4th, 
the  results  show  that  the  method  of  measurement  is  sufficiently 
delicate  to  be  employed  with  mixtures  of  neutral  salts  which 
are  not  considered  usually  to  act  chemically  upon  each  other. 

Section  D. — Acids  4-  Salts. 
Table  XVII. — Positive  metal,  Cadmium.    Strong  Solutions. 


Ingredients. 

E.M.F. 

Mixture. 

E.M.F. 

Calculated 
E.M.P. 

Change  of 
E.M.F. 

Per 

cent. 

nci. 

CsCL 
RbCl. 
KCl. 

NaCl. 

11217 
•9381  ;6 
•93008 
•98156 
•99586 

HCl  +  CsCl. 
„    4-RbCl. 
„    +KC1. 
,     +NaCl. 

107308 
104734 
r03590 
r02732 

•9713 

■9747 

10276 

10442 

Gain 
Loss 

•10178= 
•0726 
•0083 
•0169 

10^47 

7^47 
•807 
1-616 

BaCL,. 

SrCl,. 
1  CaCi;. 

•97298 
•9()440 
•95868 

2HCl+BaClo 

„       +SrCi; 
„      +CaCl2 

1-05878 
1-05592 
105020 

00116 
0  0140 
00233 

Gain 

•0472  = 

•0419 

•0269 

4-666 
4- 136 
2-648 

MgCl,. 
ZiiCl.,. 
CdCl,. 

■96726 
•96726 
■9644 

2HCl+MgCl.,. 
„      -fZiiCI," 
„      +CdCl,. 

104448 
r05592 
r06i64 

13333 
10212 
1-0092 

Gain 

•0112  = 
•03472 

•06072 

-   1-083 
3-40 
6016 

HBr. 
RbBr. 
KBr. 
NaBr. 

!• 11026 
•90434 
•89516 
•87860 

HBr  +  RbBr. 
„     +KBr. 
„     +NaBr. 

1-08452 
1^05306 
1^07880 

•9721 

•9822 
■9800 

Gain 

•1124  = 
•0707 

•0988 

11  ■.56 

719 

1008 

H2SO4. 

Rb.SO^. 

K,S04. 

Na,SO,. 

Am.SO^. 

11646 
•94438 
•9644 
•9930 
•9501 

H,SO,  +  Rb,SO,. 
„      +K,S04. 
„      +Na,SU,. 
„      +Am,S04. 

1^08452 
1  •10168 
M074 
10645 

10036 
1-0365 
ri216 
1-0415 

Gain 

Loss 
Gain 

•0809  = 
•0651 
•0142 
•023 

:   8  061 
6-287 
1-266 
220 

ilgSO,. 
ZnS04. 
CdSO,. 

■9644 

•9787 
•9673 

H^SO.  +  MgSO,. 

+ZnSU,. 

„       +CdS04. 

107594 
1-08452 
1-08166 

1-0544 
10490 
1-0030 

Gain 

•0215  = 

•03552 
•07866 

=  2-039 
3-386 
7-842 

HNO3. 
Citric  acid. 

113314 
108166 

2HC1     +Rb,S04. 
H,SO,  +CdCI., 
2HiV03  -\-  Rb,,SO,. 
Citric  acid+3KCl. 

10931 
109024 
109024 
1-06164 

•9825 
10342 
1-0050 
1-0262 

Gain 

•1106  = 
-056 
-0852 
•0354 

=  11-25 
5-41 
8-47 
3-45 
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Table  XVIII. —  Positive  metal,  Zinc. 

Strength  of  Solution  1  equivalent  weight  in  grains  in  31,000 
grains  of  water. 


Ingredients. 

E.M.F. 

Mixture.              E.M.F. 

Calculated 
E.M.F. 

Change  of 
E.M.F. 

Per 

cent. 

ir.CrO,. 
K.>0,. 

1  -41)88 
1-2843 

H,Cr04-fK,S0,.    -1441G 

1-3711 

Gain  -0705 

=    514 

Conclusions  from  Results  of  Section  D. 

1st.  A  sufficient  number  and  variety  of  instances  of  what 
are  generally  considered  to  be  mere  mechanical  mixtures  are 
here  given  to  show  that  such  cases  are  attended  some  by  a 
loss  and  others  by  a  gain  of  energy.  2nd.  The  gains  were 
more  frequent  than  the  losses  in  tlie  proportion  of  23  to  2, 
and  were  of  greater  magnitude.  Whilst  with  cadmium 
in  Table  XII.  of  Section  B,  where  the  energy  of  chemical 
union  was  much  larger,  the  number  of  cases  ipf  loss  was  14 
and  gain  6,  in  this  section  the  numbers  were  2  and  22 
respectively  ;  and  whilst  in  the  cadmium  table  of  the  former 
section,  the  largest  loss  was  15*64  per  cent.,  in  this  one  it  was 
only  1*6  per  cent.  ;  in  this  section  there  was  no  case  of  large 
loss  because  there  was  none  of  strong  chemical  union.  And 
3rd.  In  this  series,  as  in  Sections  A  and  B,  the  order  of 
magnitude  of  the  results  appears  to  agree  with  that  of  tlie 
majinitudes  of  the  atomic  weights  of  the  metallic  bases. 

Section  E. — Acids  +  Acids. 

Table  XIX. — Positive  metal,  Zinc. 

Strength  of  Solution  1  equivalent  weight  in  grains  in  31,000 
grains  of  water. 


Ingredients.    E.M.F. 


II  CI. 

II.SOj. 

UNO.,. 

Citric  acid. 
Formic  ,, 

IloCrO^. 
Oxalic  acid. 


1-41014 
l-413l»U 
1-3844 
1-372% 
1 -21560 

1-4988 
1-3701 


Mixture. 


E.M.F. 


H2SO4+2HCI.  1-41014 

„      +2HN0,.  1-3924 

Citric  acid +3HC1.  1-3924 

2    „       .,  +3H.,S0^.  1-3924 

Formic  „  4-HCl.  l-3ir)7C) 

2    „       „    +H.,SOj.  1-3129 
3H„CrO,4-2  Citric  acid.1-4845 

Oxalic  acid+H„SO,.  13844 


Calculated 
E.M.F. 


1-4117 
1  39(!9 
1-3864 
1.3903 
1-3015 
1-3174 
1-4333 
1-3924 


Change  of 
E.M.F. 


Loss  -0015 

„      -0045 

Gain  -0060 

„      0021 

„     -0142 

Los.s  -0045 

Gain  0512 

Loss  -008 


Per 

cent. 


•106 
•322 
•43 
•15 

109 
■34 

3-57 
•.57 


Loss  of  Knertjii  due  to  C/wnu'cal  Union  S)C. 
Table  XX. — Positive  metal,  Magnesium. 
Strength  of  Solution  same  as  in  Table  XIX. 
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Ingredients.     E.M.F.       Mixture. 


E.M.F. 


HCl. 
H..SO,. 
H:\O3. 
I  Formic  acid 


20134 
201(i2 
19848 
1-6130 


0.\alic  acid.      17274 


H„S0,+2TIC1.  20ir,2 

„      +2HN0,.  2  001'J6 

Formic  .ncid  +  HCl.  l-8'.XIO 

2     „         „    +H2SO4.  1-'.K)18(> 

HoSO^+Oxalie  acid.  1-93046 


Calculated     Change  of 
E.M.F.    !     E.M.F. 


Per 

cent. 


201. ^lO 
1-998.^) 
1-7901 
1-8200 
1-8780 


Gain 


0012  =  -06 


00346 
]()9 
0818 
05246 


-17 
(>09 
4-49 
2-79 


The  amounts  of  change  of  energy  in  these  experiments  are 
are  all  very  small,  as  in  the  experiments  with  Salts  +  Salts, 
and  the  general  conclusions  to  be  drawn  from  the  results  arc 
largely  similar  to  those  in  Section  D.  In  the  present 
.'section,  as  in  some  others,  the  gains  of  energy  are  more 
fretpient  and  larger  with  a  positive  metal  composed  of  mag- 
nesiiun  than  with  one  of  zinc. 

Section  F. — Alkalies  +  Alkalies. 

Table  XXI. — Positive  metal,  Aluminium. 

Strength  of  Solution  1  equivalent  weight  in  grains  in  18U0 
grains  of  water. 


Ingredients.     E.M.F. 


KHO. 
KallO. 


1-3814 
1-3914 


Mixture. 


TT  \f  17    '  Calculated    Change  of 
^-^^■^-       E.M.F.     I     E.M.F. 


Per 

cent. 


KnO+>'aHO.    1-3871        13855         Gain   0016     =     -11 


Section  G. — Halogens  +  Halogens. 

Table  XXII. — Positive  metal^  Zinc. 

Strength  of  Solution  1  ecpiivalent  weight  in  grains  in  511, .500 
•jrains  of  water. 


Ingredients.     E.M.F.     Mixture. 


V  iw  17   !  Calculated    Change  of 
^•^•*-       E.M.F.     I     E.M.F. 


Per 
cent. 


CI. 
Er. 
I. 


1-92.00     Cl+Br. 
1-8706  '  CI  4-1. 
1-4416     Br+L 


1-8992  1-8873 
1-7133  1  1-5471 
1-69328       1-6074 


Gain  0119  =  -(13 
„  -1602  10-74 
„       -0859  5-33 
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Section  H. — Halogens  +  Acids. 

Table  XXIII. — Positive  metal,  Zinc. 

Strength  of  Solution  same  as  in  Table  XXII. 


Ingredients. 

E.M.F. 

Mixture. 

E.M.F. 

Calculated 
E.M.F. 

Change  of 
E.M.F. 

Per 
cent. 

Ci. 

HOI. 

H,SO,. 

1-9250 
1-3558 
1-33578 

CI+HCl. 
C1+H,S0,. 

1-76478 
1-77622 

1-6364 
1-5833 

Gain  -12838 
„       -19292 

=  7-84 
12-18 

Br. 

1-8706 

Br  +  HCl. 
2Br  +  H,S0^. 

1-79338 
1-78480 

1-7093 
1-6674 

Gain  -084 
„        1174 

=  4-91 
7  042 

Formic  acid. 

1-27858 

CH- Formic  acid. 

1-80482 

1-5601 

Gain  -24472 

=  15-68 

I. 

Citric  acid. 

1-4416 

1-24998 

31 -f  Citric  acid. 

1-3987 

1-3773 

Gain  -0214 

=   1-53 

Section  I. — Halogens  +  Salts. 

Table  XXIV. — Positive  metal,  Zinc. 

Strength  same  as  in  Table  XXII. 


Loss  of  Knerai/  due  to  C/wniicol  Union  S\C. 
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Table  XXV. — Po/dive  metal,  Magnesium. 

Strength  of  Solution  1  equiv;il(Mit  \veinlit  in  grains  in  5115 
iirains  of  water. 


Ingredients.     E.M.F.    Mixture.  E.M.F. 


Calculated 
E.M.F. 


Change  of 
E.M.F. 


Per 

cent. 


Br.     .         2-2565 
EbCl.  158726 


Br+KCl.         2-1850 


1-8604        Gain  -3246  =   1745 


The  sohitions  used  in  this  case  were  100  times  stronger  tlinn 
in  Tables  XXIL,  XXIII.,  and  XXIV.  The  electromotive 
force  in  so  strong  a  solution  was  very  variable. 

In  all  the  cases  of  Sections  F,  G-,  H,  and  I  only  gains  of 
energv  occurred.  The  largest  gain  was  27*0  per  cent.  The 
amount  of  gain  usually  varied  inversely  as  the  atomic  weight 
of  the  halogens. 


Section  J. — Halogens  +  Alkalies.     Strong  Solutions. 
Effect  of  Heating. 
Table  XXVI. — Positive  metal,  Aluminium. 


Ingredients.     E.M.F. 


Mixture.      E.M.F. 


Calculated  Change  of       Per 
E.M.F.        E.M.F.         cent. 


Br. 
KIIO. 


1-5816  I 

1-3814  I  Br+KHO.     15241     |      1-4991       Gain  -0250=166 

After  heating  1  minute  to  above  90°  C.  and  cooling. 

I  Br4-KH0.     1-5101     |      1-4991     I  Gain  -0110=  -73 


The  amount  of  change  produced  by  heat  w;is  =a  loss  of 
about  "93  per  cent. 

Table  XXVII. — Positive  metal,  Tin. 


Ingredients.     E.M.F.       Mixture.      E.M.F. 


Calculated 
E.M.F. 


Change  of      Per 
E.M.F.        cent. 


Br.  1-2213  I 

KHO.  -9210  I  Br+KHO.       -9496  10976      Loss -1480=1348 

After  heating  1  minute  to  above  90°  C.  and  cooling. 

i  Br  +  KHO.       -9067     I      10976     I  Loss -1909  =  17-40 
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The  ;unount  of  clian(2;e  prodiUMnl  by  hent  was  =  a  loss  of 
8"92  per  cent.  The  electromotive  force  with  aluminium  and 
with  tin  in  the  mixture  of  Br  +  KHO  was  rather  variable. 


Table  XXVIII. — Positive  metal,  Zinc. 

Strength  of  Solution  1  equivalent  weight  in  grains  in 
511,500  grains  of  water. 


Ingredients.     E.M.F.        Mixture.      E.M.F. 


01. 
KHO. 


1-9250 

r07552    CI  4- KHO. 


1-8420 


Calculated 
E.M.F. 


1-4055 


Change  of      Per 
E.M.F.        cent. 


Gain -4365  =3106 


After  heating  05  min\ites  to  98°  C.  and  cooling. 


Cl+KHO.     1-1327 


1-8706    I  Br+KHO.     1-69614 


1-4055 


1-4696 


Loss  -2728  =19-40 


Gain -22654=15-41 


After  heating  65  minutes  to  98°  C.  and  cooling. 


1-441G 


Br+KIIO.     11270 


I+KHO.        1-3844 


1-4696     I  Loss  -34-26  =2331 


1-3295    I  Gain -0549  =  4-136 


After  heating  35  minutes  to  98°  C.  and  cooling. 

I  I+KHO.       1-1270    1      1-3295     I  Loss -2025  =15-23 


In  each  of  these  cases  the  process  of  heating  converted  a 
gain  into  a  loss,  thus  indicating  chemical  change.  The 
amount  of  change  produced  bv  heat  in  these  three  cases  was 
=  r)0"4(>,  38*72,  and  19-o7  per  cent,  of  loss  respectively,  and 
varied  inversely  as  the  atomic  weights  of  the  halogens.  In 
Table  XXVJII.  the  amount  of  original  gain  varied  inversely 
as  the  atomic  weights  of  the  halogens,  the  same  as  in  Sections 
F,  G,  H,  and  I.  Whether  the  mixtures  were  permanently 
affected  by  light,  or  were  spontaneously  unstable  and  changed 
by  mere  lapse  of  time,  Avas  not  ascertained.  Probably  some 
of  the  mixtures  in  Sections  G,  H,  and  I  were  also  changeable 
by  heat. 

The  results  given  in  this  Section  and  iu  the  following  one 
show  that  the  method  can  be  employed  for  measuring  the 
relative  amounts  of  change  of  energy  caused  by  healing- 
electrolytes. 

In  the  following  experiments  the  effect  of  heating  aqueous 
solutions  of  the  haloiiens  alone  is  shown  : — 
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Section  K. — Effect  oj  Heating  Aqueous  Solutions  of 
THE  Halogens. 

Table  XXIX. — Positive  metal.  Cadmium. 

Strength  of  Solution  1  equivalent  weight  in  grains  in 
449,500  grains  of  water. 


Ingredients.       E.M.F.         Mixture.  E.M.F. 


Water  at  18°  0.     -850      I     Water  +  Cl  at  10°  C.  1-6508 

After  heating  to  90°  C,  during  5  minutes  and  cooling.    1-61076 
5  „  „  1-5650 

5 

15  „  „  1-5078 

15 
30 


There  still  remained  an  odour  of  chlorine,  and  the  liquid 
liberated  iodine  from  potassium  iodide  after  heating.  The 
loss  of  electromotive  force  was  about  8' 6  per  cent. 


Mixture.  E.M.F. 


Water +Br  at  9-5  C.  1-5135 

After  heating  to  90°  C.  during  5  minutes  and  cooling.  1-50208 

5  „  „  1-48492 

o  „  „  1-4220 

15  „  „  1-0902 

1)  »  >i  15  ,,  ),  '^93 


The  liquid  was  now  colourless  and  odourless,  and  showed 
no  acid  reaction  with  test-paper.  The  loss  of  electromotive 
force  was  about  34-3.5  per  cent.  The  last  amount  of  electro- 
motive force  was  slightly  larger  than  that  obtained  with  dilute 
hydrobromic  acid  of  equivalent  strength. 


Mixture.  E.M.F. 


Water + 1  at  10°  C.  11646 

After  heating  to  90°  C.  during  5  minutes  and  cooling.   1-14458 
5 

15 
15 


The  degree  of  colour  of  the  liquid  was  diminished  about 
50  per  cent.  The  loss  of  electromotive  force  was  about  1*72 
per  cent. 

In  each  of  these  three  cases  a  loss  of  electromotive  force 
Phil.  Mag.  S.  5.  Vol.  33.  No.  200.  Jan.  1892.  E 
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wiis  produced  by  heating  and  then  cooling  the  hquid,  and  was 
greatest  with  bromine  and  least  with  iodine. 

The  electromotive  force  at  17'^  C,  in  a  solution  of  35-5 
grains  of  chlorine  in  511,500  grains  of  water,  of  a  voltaic 
couple  of  magnesium  and  jdatinum  was  2-6124,  and  of 
aluminium  and  platinum  1'553  volt. 

Relations  of  Electromotive  Force  to  Dilution  and  Specijic 
Gravity  of  Electrolytes. 

In  a  previous  research  on  "  Relation  of  Volta  Electromotive 
Force  to  Latent  Heat,  Specific  Gravity,  &c.  of  Electrolytes^^ 
(Philosophical  Magazine,  August  18*J1,  p.  157),  the  results 
obtained  by  diluting  about  twenty  different  liquids  showed  an 
increase  of  mean  amount  of  electromotive  foree  in  nearly  all 
cases;  and  that  if  the  amounts  of  such  change  were  arranged 
in  the  order  of  their  respective  magnitudes,  all  the  strong 
acids  were  at  one  end  of  the  series,  all  the  alkalies  at  the 
other,  and  the  neutral  salts  in  the  middle,  thus  forming  a  kind 
of  volta-teusion  series.  Dilution  of  strong  solutions  of  acids 
largely  increased,  and  of  those  of  alkalies  only  feebly  in- 
creased, the  mean  amounts  of  their  volta-electromotive  force. 

With  regard  to  any  relation  of  volta-electromotive  force  to 
specific  gravity,  in  cases  of  chemical  tinion,  various  investi- 
gators have  already  shown  that  contraction  of  total  volume  of 
the  ingredients  nearly  always  occurs,  and  that  it  is  usually 
attended  by  evolution  or  loss  of  heat ;  and  the  results  of  the 
present  research  show  that  these  effects  are  very  generally 
accompanied  by  decrease  of  mean  amount  of  electromotive 
force.  But  in  cases  of  mere  dilution,  the  increase  of  mean 
specific  gravity  which  usually  takes  })lace  is  nearly  always 
attended  by  increase  of  mean  electromotive  force. 

Remarks  and  Conclusions. 

The  following  are  the  chief  results  obtained  in  this 
research  : — 1st.  In  every  instance  either  a  loss  or  gain  of 
electromotive  force  occurred  during  the  mixing  of  any  tAvo 
electrolytes.  2nd.  The  amount  ut  loss  or  gain  differed  in 
every  different  case,  and  depended  upon  the  nature  of 
each  of  the  constituents  of  the  mixture,  the  kind  of  positive 
metal,  and  the  degree  of  concentration  and  temperature  of  the 
liquid,  ord.  The  loss  or  gain  of  mean  amount  of  elec- 
tromotive force  coincided  with  the  presence  or  absence  of 
flicmical  change.  The  amounts  of  loss  and  the  proportion  of 
number  of  cases  of  loss  arc  largest  in  Section  A,  in  which 
the  degree  of  chemical  action  is  the  greatest,  and  in  Section  J, 
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where  chemical  change  by  heating  occurred.  The  gains  are 
largest  and  most  frequent  in  those  mixtures  in  \vhich  no 
recognized  chemical  change  took  place,  and  in  which  an  acid 
or  halogen  existed  in  a  tree  state  to  act  strongly  upon  the 
jiositive  metal,  as  in  Sections  H,  I,  and  J.  -itli.  in  cases 
of  c/iemical  nnion,  increase  of  mean  specitic  gravity  of  the 
uniting  substances  was  usually  attended  by  decrease  of  mean 
electromotive  force,  and  in  those  of  mere  dUution  it  was 
accompanied  by  increase  of  mean  electromotive  force  of  the 
ingredients.  5th.  In  certain  cases  heating  the  liquid 
permanently  altered  the  amount  of  change  of  energy,  and 
converted  a  gain  into  a  loss,  evidently  because  it  produced 
chemical  change.  These  instances  may  be  viewed  as  ones  of 
unstable  mixture,  the  chemical  equilibria  of  which  are  per- 
manently upset  by  elevation  of  temperature,  and  the  molecular 
changes  of  which  are  not  reversible.  6th.  As  action  and 
reaction  are  always  equal  and  contrary,  we  may  conclude  that 
the  losses  of  energy  suti'ered  by  the  two  mutually  reacting 
substances  are  always  equal  in  amount  ;  this  remark  would 
aj)])ly  equally  to  the  two  soluble  substances  during  the  act  of 
n)ixing,  and  to  the  positive  metal  and  the  substance  which 
acts  upon  it.  And  7th.  As  the  whole  of  the  cases  of 
change  of  mean  amount  of  electromotive  force  in  this  research 
may  be  arranged  in  an  unbroken  series,  beginning  with  those 
of  strongest  chemical  action  and  ending  with  those  of  simple 
physical  mixture  and  dilution,  and  as  the  relative  amount  of 
change  of  mean  electromotive  force  in  this  series  varies  by 
insensible  degrees  from  a  large  percentage  of  loss  to  a  con- 
siderable one  of  gain,  we  may  conclude  that  essentially  the 
same  fundamental  kind  of  energy  operates  in  all  the  cases  ; 
and  the  entire  order  and  its  energy  may  be  compared  with 
those  of  a  volta-tension  series  of  metals. 

The  results  in  general  indicate  the  existence  of  an  extensive 
system  of  quantitative  relations  between  voltaic  electromotive 
force  and  the  atomic  weights  of  the  positive  metals  and  of  the 
negative  and  positive  constituents  of  the  compounds  acting 
upon  them  ;  and  largely  also  between  the  losses  of  electro- 
motive force  and  the  amount  of  chemical  heat  ;  the  latter  is 
already  known  to  a  considerable  extent.  With  the  zinc  series 
of  positive  metals  the  electromotive  force  was  usually  greater 
the  smaller  the  atomic  weight  of  the  positive  metal  and  of  that 
of  the  halogen,  of  the  acid  or  salt,  and  the  larger  that  of  the 
metallic  base  of  the  salt.  With  the  halogens  and  their  acids 
it  was  greater  the  smaller  the  atomic  weight  of  the  halogen. 
With  the  alkali  salts  of  the  haloijens  it  was  larger  the  smidler 
the  atomic  w(;iglit  of  the  halogen  and  the  greater  that  of  the 
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alkali  luctal  ;  but  witli  tlio  lialo^cn  salts  of  the  cak'iuiii  and 
inagnesiuni  trroup  of"  metals,  and  with  oxygen  salts  of  the 
alkali  metals,  the  influence  of  the  atomic  weight  of  the  metal 
was  less  manifest.  (See  also  "  Some  Relations  of  Electro- 
motive Force  to  Atomic  Weight'^  &c.,  Proc.  Birni.  Phil.  Soc. 
1891,  vol.  vii.  part  2,  p.  258.) 

I  beg  to  offer  the  following  simple  ex[)lanation  of  the  chief 
result,  viz.  that  the  loss  or  gain  of  inean  amount  of  electro- 
motive force  coincided  with  the  presence  and  absence  of 
chemical  action.  1"he  electromotive  force  appears  to  depend 
essentially  u})on  the  degree  of  freedom  of  molecular  motion. 
The  substance  which  most  strongly  attacks  the  })ositive  metal, 
and  by  neutralizing  some  of  its  molecular  motion  excites 
eh^ctromotive  force,  is  the  most  electronegative  constituent  of 
the  liquid.  When  this  substance  (acid  or  halogen)  cJieinically 
combines  with  any  ingredient  of  the  mixture  it  usually  loses 
heat  and  energy  freely  ;  by  this  act  of  union  its  molecules 
acquire  less  freedom  of  motion,  and  consequently  can  only 
excite  a  decrensed  mean  amount  of  electromotive  force  with 
the  electropositive  metal.  But  when  the  solution  of  this  sub- 
stance is  only  diluted  by  the  second  liquid,  a  much  less  amount 
of  its  molecular  motion  is  neutralized  or  lost,  and  the  mole- 
cules of  the  substance  acquire  by  the  dilution  a  larger  s})here 
of  action  and  an  increased  degree  of  freedom  of  motioii, 
which  usually  more  than  compensates  the  small  amount  of 
loss  of  enero'y  and  of  contraction  of  total  volume  of  the  two 
liquids,  so  that  the  molecules  of  the  substance  can  now  excite 
an  increased  mean  amount  of  electromotive  force.  These 
remarks  must  aj^ply  in  some  degree  to  the  oxygen  of  the 
water,  because  the  water  itself  excites  some  degree  of  "»'olta- 
electromotive  force. 

All  the  results  obtained  appear  to  be  consistent  with  a 
kinetic  theory  of  chemical  action,  and  the  magnitudes  of  the 
amounts  of  electromotive  force  obtained  appear  to  be  deter- 
mined by  the  amount  of  incompatible  molecular  motions  of 
the  mutually  acting  positive  metal  and  the  electronegative 
constituent  of  the  li<iuid.  As  the  amounts  of  action  and 
reaction  are  e(jual,  the  degree  of  energy  excited,  both  between 
the  two  liquitls  on  mixing,  and  between  the  positive  metal 
and  the  liquids  before  mixing  and  after,  must  be  limited  by 
the  amount  of  incompatible  molecular  motion  ;  the  greater 
the  amount  of  such  motion  in  the  two  liquids  before  mixing 
the  larger  the  quantity  of  energy  lost  by  neutralization  of 
those  motions  during  mixing,  and  the  less  the  total  amount 
of  energy  left  in  the  liquid  substances.  According  to  these 
views,  voltaic  electromotive  force  is  directly  proj)ortional  to 
the  degree  of  I'reedom  of  the  incompatible  molecular  motions 
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of  the  oloctropo>;itive  luotal  and  of  the  electronegative  acitl  or 
halogen  of  the  Hcjuitl. 

We  may  rooard  every  instance  of  chemical  union,  mixture, 
or  dilution  in  this  research  as  a  case  of  balance  and  change  of 
molecular  motion  of  all  the  substances  composing  the  liquid 
in  the  particular  case.  Previous  to  mixing,  the  molecular 
movements  of  the  liquid  are  mutually  compatible,  and  there- 
fore coexist  without  neutralizing  one  another  :  they  are  in  a 
balanced  condition,  the  liquid  is  in  a  state  of  "  rest,"  and  no 
heut  or  other  form  of  energy  is  being  evolved  or  absorbed. 
/hiring  mixing,  a  moi'e  or  less  profound  change  and  redistri- 
bution of  the  movements  takes  place,  those  portions  of  them 
in  the  two  liquids  which  are  mutually  incompatible  neutralize 
one  another,  heat  is  either  evolved  or  absorbed,  contraction  or 
expansion  of  the  total  volume  of  liquid  occurs,  and  a  change 
of  the  mean  amount  of  those  portions  of  molecular  motion  of 
the  liquid,  which  are  incompatible  with  some  of  the  molecular 
motions  of  the  positive  metal,  takes  place. 

I'he  amount  of  each  of  these  several  alterations  differs  in 
every  different  case  ;  in  cases  of  chemical  union  there  nearly 
always  occur  contraction  of  volume,  evolution  of  heat,  and 
decrease  of  the  mean  amount  of  incompatible  molecular  motion 
in  relation  to  that  of  the  positive  metal,  but  in  those  of  simple 
dilution  an  increase  of  the  latter  effect  very  usually  takes 
place.  After  mixing,  a  new  state  of  balance  of  molecular 
motion  occurs,  and  the  amount  of  change  which  has  happened, 
and  the  point  or  state  of  balance  attained,  depend  upon 
the  various  conditions  already  mentioned.  In  a  few  cases,  a 
temporary  or  unstable  intermediate  state  of  balance  occurs, 
and  the  more  fixed  or  final  condition  is  only  attained  on  the 
application  of  heat  &c.  (see  Sections  J  and  K).  Immer- 
sion of  the  positive  metal  and  closing  the  electric  circuit 
introduce  new  conditions,  which  again  disturb  the  balance. 

Applications  of  the  Method. — -The  examples  given  show  that 
the  method  is  applicable  to  the  examination  of  a  large  variety 
of  chemical  and  physical  changes  in  dissolved  electrolytic 
substances,  including  cases  of  chemical  union  and  decom- 
position by  whatever  causes  determined  ;  simple  physical 
mixture  and  dilution  ;  the  investigation  of  the  relations  of 
voltaic  electromotive  force  to  temperature,  specific  gravity, 
atoinic  weight,  amount  of  chemical  heat,  &c.,  and  that  it  is 
capable  of  detecting  small  amounts  of  molecular  change  in 
electrolytes,  such  as  those  which  occur  when  neutral  salts  are 
dissolved  together  without  any  manifest  chemical  action. 
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IV.    On  the  Connexion  hetiveen  Recurrinff  Formuke  involnng 
Sums  of  Dh'isors  and  the  Correspundlng  Formuke  iiicolving 
'     Differences  between  Sums  of  Even  and  Uneven  Divisors.    Bij 
J.  W.  L.  Glaisher,  Sc.D.,  F.E.S* 

§  !•   f^^  !ill  the  numerous  recurring  formulae  relating  to 
^^     the  divisors  of  numbers  perhaps  the  simplest  is 

^{u)+i;{n-l)  +  ^(n-S)  +  ^{n-G)  +  ^{n-10)+&C.  =  0t, 
where  ^{ji)  denotes  the  excess  of  the  sum  of  the  uneven 
divisors  of  /;  above  the  sum  of  the  even  divisors  (this  excess 
being  of  course  negative  when  n  is  even)  ;  and  ^(0),  which 
occurs  when  n  is  a  triangular  number,  is  to  have  the  conven- 
tional value  — n. 

This  theorem  asserts  that,  n  being  any  number,  the  sum  of 
the  uneven  divisors  of  n,  n  —  1,  n  —  S,  &c.  is  equal  to  the  sum 
of  the  even  divisors  of  these  same  numbers,  if  n  is  not  a  ti-i- 
angular  number  ;  and  that  when  n  is  a  triangular  number, 
the  former  sum  exceeds  the  latter  sum  by  n. 

For  example,  let  n  =  9,  which  is  not  a  triangular  number. 
The  uneven  divisors  of  9,  8,  6,  3  are  1,  3,  9  ;  1  ;  1,3;  1,  3, 
the  sum  of  which  is  22.  The  even  divisors  of  the  same 
numbers  are  2,  4,  8  ;  2,  6,  the  sum  of  which  is  also  22. 

As  another  example  let  n=10,  which  is  a  triangular  num- 
lier.  The  uneven  divisors  of  10,  9,  7,  4  are  1,5;  1,  3,  9  ; 
1,7;  1,  the  sum  of  which  is  28.  The  even  divisors  are 
2,  10 ;  2,  4,  the  sum  of  which  is  18.  The  excess  of  the 
former  sum  over  the  latter  sum  is  therefore  equal  to  ii. 

§  2.  The  corresponding  formula  (?'.  e.  the  formula  having 
the  same  arguments)  which  relates  to  the  sums  of  divisors  is 

a-{n)-3a-{n-l)+5cr(n-3)-7a{n-(^)+da(n-10)-&c.=0t, 
where  a-{n)  denotes  the  sum  of  all  the  divisors  of  n,  and  cr(0) 
when  it  occurs,  is  to  have  the  value  ^  n. 

§  3.  The  object  of  this  note  is  to  point  out  that  the  two 
formulae  are  derivable  from  a  single  general  theorem  relating 
to  the  actual  divisors  of  the  numbers  n,  n—1,  n  —  3,  &c.  It 
is  especially  interesting  to  notice  how.it  comes  about  that  ihe 
coefficients  are  1,  —3,  5,  —  7,  etc.  in  the  one  case  and  that  they 
are  all  unity  in  the  other. 

§  4.  The  general  theorem  may  be  stated  as  follows  : — Let 
Gr{<}>(d),  ■«/^(c/), . . . }  denote  the  group  of  numbers 

*  Commuuicated  bv  the  Author. 

t  Proc.  Loud.  Math.  Soc.  vol.  xv.  (1884)  p.  110;  or  Proc.  Camb.  Pliil. 
Soc.  vol.  v.  (1SS4)  p.  11(). 
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Soc.  vol.  V.  (1884)  p.  100. 
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where  1,  c?i,  do,. . . ,  d,  are  all  the  divisors  of  r,  the  suffix 
of  Gr ;  then  the  numbers  given  by  the  formula 

G,.((/)-G„_.((/,  d±l)  +  G„_,(d,  d±l,  d±2) 

-  Gn~6{d,  d±l,d±2,d±S)+&c. 

all  cancel  each  other  if  n  is  not  a  triangular  number  ;  but 
\vhen  n  is  a  triangular  number,  igQ/  +  l),  there  remain 
uncancelled 

one  1,  two  2^s,  three  3's, . . . ,  g  g's, 

these  numbers  having  the  positive  or  negative  sign  accordino" 
as  ff  is  uneven  or  even, 

§  5.  As  an  example  of  this  theorem,  let  n  =  9.  We  write 
down  in  a  central  line  the  divisors  of  9,  8,  6,  and  3.  In  the 
line  above,  beginning  with  the  divisors  of  8,  we  write  the 
numbers  obtained  by  adding  unity  to  the  divisors,  and  in  the 
line  below  the  numbers  obtained  by  subtracting  unity  from 
the  divisors  :  in  the  second  line  al)Ove,  beginning  with  the 
di^^sors  of  the  next  number,  G,  we  write  the  numbers  obtained 
by  adding  2  to  the  divisors,  and,  in  the  second  line  below,  the 
numbers  obtained  by  subtracting  2,  and  so  on.  The  scheme 
of  numbers  thus  formed  is 

4,6 

3,  4,  5,  8  3,  5 

2,  3,  5,  9       2,  3,  4,  7  2,  4 

1,3,9;     1,2,4,8;     1,2,3,6;         1,3. 

0,  1,  3,  7       0,  1,  2,  5  0,  2 

-1,0,1,4       -1,1 

-2,0 

"We  then  change  the  signs  of  all  the  numbers  in  the  second 
and  fourth  groups,  thus  finally  obtaining  the  system  of 
numbers 

-4,-6 

3,  4,  5,  8,  -3,  -5 

-2,-3,-5,-9,  2,3,4,7,  -2,-4 

I,  3,  9,  -1,  -2,  -4,  -8,  1,  2,  3,  6,  -1,  -3, 

0,  -1,  -3,  -7,  0,1,2,5,       0,  -2 

-1,0,1,4,       1,-1 

2,      0 


5G       Dr.  Glaislier  on  Arithmetical  Recurring  Fornmlie. 

all  of  which  cancel  one  another  ;  i.  e.  there  are  five  I's  and  five 
(-l)'s,  four  2's  and  four  (-2ys,  four  3's  and  four  (-3)'s, 
three  4's  and  three  (— 4)'s,  two  5's  and  two  ( — 5)'s,  one  6 
and  one  —6,  one  7  and  one  —7,  one  8  and  one  —8,  one  9 
and  one  — 9. 

§  6.  As  a  second  example  let  /i=10,  so  that  g  is  4.     We 
form,  as  before,  the  groups 


4, 

5,   7 

3,9 

3, 

4,  6 

2,  4,  10 

2,8 

2, 

3,  5 

,  2,  5,  10 ; 

1,3,    9; 

1,7; 

1, 

2,   4, 

0,2,    8 

0,  6 

0, 

1,  3 

-1,5 

-1, 

-2, 

0,  2 
-1,  1 

-4,  -5, 

-7 

3,9, 

-3,  -4, 

-G 

-2, 

-4, 

-10,  2,  8, 

-2,  -3, 

-5 

-1, 

-3, 

-   i),  1,  7, 

-1,  -2, 

-4, 

0, 

-2, 

-   8,  0,  6, 

0,-1, 

-3 

-1,5, 

1,  0, 

2,  1, 

-2 
-1 

and,  changing  the  signs  in  the  second  and  fourth  groups,  we 
obtain  the  numbers 


1,  2,  5,  10, 


all  of  which  cancel  one  another  except  one  —1,  two  (-  2)'s, 
three  (  — 3)'s,  and  four  (  — 4)'s. 

§  7.  In  the  general  theorem  the  actual  divisors,  and  num- 
bers formed  from  them,  cancel  one  another  (with  certain 
exceptions  when  n  is  a  triangular  number).  We  may  there- 
fore replace  these  di^-isors  and  numbers  by  any  functions  of 
themselves,  the  functions  being  the  same  for  all  and  changing 
sign  with  the  arguments :  and  we  may  further  combine  these 
functions  by  addition,  thus  obtaining  numerical  theorems 
which  connect  together  functions  of  the  divisors  of  the 
numbers  n,  n  —  1,  n  —  3,  &c. 

§  8.  The  simplest  method  of  deducing  a  numerical  formula 
from  the  general  theorem  is  merely  to  add  together  all  the 
numbers  in  each  of  the  groups.  It  is  evident  that  the  sum  of 
the  numbers  in  the  first  group  is  the  sun.  of  the  divisors  of  n. 
In  the  second  group  the  sum  of  the  numbers  is  equal  to  thi-ee 
times  the  sum  of  the  divisors  of  n—1  ;  for,  d  being  any 
divisor  of  n  —  \,  the    numbers  in  the  upper  line  are  of  the 
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form  d-\-\,  and  those  in  the  lower  line  of  the  form  d — 1,  so 
that  the  sum  of  the  three  hnes  is  32f/.  In  the  third  group 
the  sum  of  the  numbers  is  five  times  the  sum  of  the  divisors 
of  n — 3  ;  and  so  on. 

"We  thus  obtain  as  result  that 

<r(«)-3o-(«-l)  +  5o-(/i-3)-7(7(n-G)  +  9o-(?i-10)-&c. 

is  equal  to  zero  if  n  is  not  a  triangular  number,  and  is  equal  to 

(_l).-.(P  +  2'-'  +  3-^  +  ...+^^'), 

when  n  is  the  triangular  number  2^(^  +  1). 
We  know  that 

P  +  2-^  +  3^  +  ...+/=i^(5'  +  l)(2^  +  l); 

and  since  the  coefficient  of  o"(0),  when  it  occurs,  is 
(  —  1)^(2^  +  1),  we  may  evidently  equate  the  cr-expression 
to  zero,  for  all  values  of  n,  if  we  put  o-(O)  equal  to  \g{y+  1), 
that  is,  equal  to  \n. 

§  9.  Since  the  general  theorem  is  merely  concerned  with 
the  mutual  cancellation  of  a  system  of  numbers,  /.  e.  since  it 
merely  asserts  that  a  number  which  occurs  any  number  of 
times  with  the  positive  sign  will  occur  exactly  the  same  num- 
ber of  times  with  the  negative  sign  (except  in  the  case  of 
certain  numbers,  when  n  is  a  triangular  number),  it  is  evident 
that  we  are  at  liberty  to  change  the  signs  of  all  the  even 
numbers  throughout  (or,  indeed,  the  signs  of  all  the  numbers 
of  any  particular  form). 

Changing  the  signs  of  the  even  numbers,  and  adding 
together  the  numbers  in  each  group,  we  evidently  obtain 
^(/i)  from  the  first  group.  The  sum  of  the  numbers  in  the 
middle  line  of  the  second  group  is  ^(n  — 1),  and  the  sum  of 
the  numbers  in  the  upper  and  lower  lines  is  — 2^(n  — 1). 
Similarly  in  the  third  group  the  sum  of  the  numbers  in  the 
middle  line  is  fOi— 3),  the  sum  of  the  numbers  in  the  next 
upper  and  next  lower  lines  is  —  2^(/t  — 3),  and  in  the  highest 
and  lowest  lines  is  2^(/i— 3);  and  so  on. 

Finally,  changing  the  signs  of  the  alternate  groups,  we 
obtain  the  expression 

^(n)  +  C(/i-l)  +  J:(M-3)  +  ^(n-n)  +  i:(n-10)  +  &c. 
When    the    signs    of  the    even    numbers    are    changed,    the 
numbers  which  remain  uncancelled  in  the  general  theorem 
are 

(-l)^-'{one  1,  two  (-2)'s,  three  3%...,  K±^)'s}. 

Adding  these  numbers  we  obtain  the  series 

(-l)^-'{l2-22  +  32-4-2  +  ...  +  (-l)^-y}, 
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the   sum  of  which  is  i//f//  +  l).      We  may  tlierofore  equate 
the  above  ^-expression  to  zero  for  all  values  of  n,  if  we  put 

§  10.  In  thus  deriving  the  two  iormula3  from  a  common 
origin  we  obtain,  so  to  speak,  an  arithmetical  reason  for  their 
general  similarity  of  form,  and  for  the  dissimilarity  in  their 
coefficients  :  in  fact,  we  see  that  the  one  result  arises  in  the 
form 

a(//)-(l  +  2)o-(/i-l)  +  (l  +  2  +  2)(7(/i-3) 

-  (1  +  2  +  2  +  2)o-(m-G)  +  &c. 

=  0  oii-iy-'{V  +  2'  +  ?>^  +  ..  .  +  </}, 

and  the  other  in  t\u)  form 

?(/0-(l-2)?(/.-l)  +  (l-2  +  2)rU-3) 

-(l-2  +  2-2)^0^-G)+&c. 
=  0or  (-l)^->{l'-2=^  +  3--...  +(-1)^-'/}. 
§   11.    Between   the   a-   and    ^-formulae  which   involve  as 
arguments  all  the  numbers  from  unity  to  n,  the  resemblance 
is  even  closer. 

The  o--formula  may  be  written 

o-(n)-2o-(/t-l)-2o-(«-2)  +  3o-(M-3)  +  3o-(/i-4) 
+  3(T(/i-5)-4cr(«-G)-4cr(?i-7)-...  +  (-l)''-'p(7(0)  =  0, 

where   o"(0)   is  to  receive  the  conventional  value  -§ip^—^), 
2)  being  defined  as  the  coefficient  of  o"(0). 
The  corresponding  ^-formula  is 

^(/0  +  2r(«-l) +2  r(n-2) +3^(^-3) +3?(«-4) 

+  3?(n-5)  +  4^(n-())  +  4t(/i-7)  +  ...+po-(0)  =  0, 

where  ^(0)  has  the  value  —  ^.(p^— 1)^. 

The  two  formuke  have  the  same  coefficients,  /.  e.  the  first 
term  has  the  coefficient  unity,  the  next  two  have  the  coefficient 
2,  the  next  three  3,  and  so  on  ;  and  they  differ  only  in  the 
signs  of  the  groups  with  even  coefficients,  which  are  negative 
in  the  o--formula.  The  values  assigned  to  o-  (0)  and  ^(0)  are 
the  same  in  magnitude  for  the  same  value  of  n  or  p,  and 
differ  only  in  sign. 

§  12.  As  before,  we  find  that  both  formulai  may  be  deduced 
from  a  general  theorem  relating  to  the  actual  divisors  of  the 
numbers  n,  n — 1,  ?i  — 2,  &c.  by  adding  the  numbers  in  the 
groups,  and  by  adding  the  numbers  in  the  groups  after  chang- 
ing the  signs  of  the  even  numbers. 

*  These  formula3  were  given  in  Proc.  Lond.  Math.  Soc.  vol.  xv.  (1884) 
pp.  118,  119;  and  Proc.  Camb.  Phil.  Soc.  (1884)  p.  119. 
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§  18.    Usinrr  the   saino    notation    as    in    §    4   the    general 
tlu'oreni  may  be  stated  : — 

The  numbers  given  by  the  formula 

G  0/j-(G„_i  +  G„.o)(^  +  l)  +  (G„_3  +  G,._4  +  G„_5)0/,(/±2) 
-(G„_6  +  ...  +  G„_9)  {d±\,d±?,) 

+  (G„_io  +  ...  +  G„_i4)(^/,^^±2,f?±4)-&c. 
all  cancel  one  another  with  the  exception  of 

one  1,  three  3's,  five  ^^i,  •  •  -j  (p  —  1)  p'^^j  ^^ P  ^^g  even, 
and 
two(-2)'s,four  (-4)'.,  six(-6)'s,...,0.-l){-0>-l)}^s, 


if  jD  be 


uneven 


4,6, 

4, 

5, 

4 

2,4, 

2 

3, 

2 

(1.3; 

1, 

2  • 

1) 

0,2, 

0, 

1, 

0 

--',  0, 

_2 

-1, 

_2 

where  ^p{p  +  l)  is  the  triangular  number  next  superior  to  n. 

§  14.  As  an  example  let  ?i=  9,  so  that  ^p{p +  1)  =  \0,  and 
therefore  />  =  4. 

We  first  form  the  groups  of  numbers 

2,  3,  5,  9,    2,  8  3,  4,  5,  8,       3,  7,        3,  4,  6, 

1,3,  9;  (1,2,  4,  8;  1,7);        1,2,3,6;       1,5;       1,2,4; 

0,1,3,7,   0,6       -1,0,1,4,    -1,3,    -1,0,2, 

in  which  the  central  line  contains,  in  the  first  group,  the 
divisors  of  9,  in  the  second  group  those  of  8,  7,  in  the  third 
group  those  of  the  next  three  numbers  G,  5,  4,  and  in  the  fourth 
group  those  of  the  remaining  numbers  3,  2,  1.  The  numbers 
derived  from  them,  i.e.  d  +  i  and  d  —  1  in  the  second  group, 
d  +  '2  and  a  — 2  in  the  third  group,  and  d+1,  d  +  3,  and  <^/— 1, 
d  —  S  in  the  fourth  group,  are  then  written  above  and  below. 
The  divisors  in  the  second  and  fourth  groups  are  enclosed  in 
brackets  to  indicate  that  they  do  not  belong  to  the  scheme  of 
numbers,  being  merely  written  down  for  the  sake  of  deducing 
from  them  the  numbers  d+1,  &c.  Changing  the  signs  of  the 
numbers  in  the  second  and  fourth  groups,  we  obtain  the  system 
of  numbers 

-4,  -6,  -4,  -5,  -4 
3,  4,  5,  S,      3,  7,      3,  4,  G, 
-2,  -3,  -5,  -9,  -2,  -8,  -2,  -4,  -2,  -3,  -2 

1,3,9,  1,2,3,6,      1,5,      1,2,4, 

0,  -1,  -3,  -7,      0,  -6,  0,  -2,      0,  -1,      0 

-1,0,  1,  4,  -1,3,  -1,0,2, 

2,      0,      2,      1,      2 

all  of  which,  the  theorem  asserts,  cancel  each  other  with  the 
exception  of  1,  3,  3,  3. 
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§  15.  AJdin<>;  the  minil)(;rs  in  each  group,  we  evidently 
obtain  tlie  expression 

flr(?i)-2{a0i-l)  +  o-(M-2)}+3{(7(n-3)+a-(«-4)  +  o-(/i-5)} 

—  i\<T{n  —  ^)+ +  o-(n  — 9)}+  &c.; 

and  the  sum  of  the  numbers  which  remain  uncancelled  is 

P  +  32  +  52+...  +  (y>-l)^ 
or 

-{22  +  4'^  +  6^  +  ...+  (/'-l)n 
according  asp  is  even  or  uneven. 
Now,  p  being  even, 

and,  p  being  uneven, 

2^  +  4-^  +  0^  +  ... +  (^,_l)-^^i(y_^,), 

so  that,  for  all  values  of  p,  the  cr-expression  is  equal  to 
(  — l)''Jr(jo^  — ^>).  It  is  easy  to  see  that  p,  defined  by  the 
fact  that  ^p(^p  +  V)  is  the  triangular  number  next  supei'ior  to 
n,  is  the  same  as  the  p  of  §  11,  which  was  defined  as  the 
coefficient  of  +a'(0)  in  the  formula  :  we  may  therefore  equate 
the  o--expression  to  zero  if  we  put  o-(O)  =  ,V(y>^  — 1). 

1^  1().  Similarly  by  changing  the  signs  of  the  even  numbers 
and  then  adding  the  numbers  in  each  group  we  find  that  the 
expression 

+  4{^(n-6)  +  ...  4-n«-9)K&c. 
is  equal  to 

1^  +  32  +  5^'  +  ... +  0^-1)2  or  22  +  4-'  +  62  +  ...  +  (y,-l)2 

according  as  p  is  even  or  uneven.  By  replacing  these  series 
by  their  sums,  as  in  the  preceding  section,  we  obtain  the 
result  in  the  form  given  in  §  11. 

§  17.  The  general  theorems  of  §§  4  and  13  were  proved  in 
a  paper  which  was  communicated  to  the  London  Mathe- 
matical Societ}^  last  May."^  They  are  there  deduced  from 
analytical  formulae  connected  with  the  Zeta  Functions.  A 
purely  arithmetical  proof  of  them  would  be  very  interesting,  and 
it  is  probable  that  it  would  be  easier  to  obtain  such  a  proof  for 
the  general  theorems  than  for  the  recurring  formulae  which  are 
deducible  from  them  by  addition. 

There  are  various  other  general  theorems  relating  to  the 
actual  divisors  which  reduce  to  the  recurring  formulae  of 
§§  1,  2,  and  11  when  the  numbers  in  each  group  are  added 

*  "  Relations  between  the  Divisors  of  the  first  n  natural  numbers : " 
read  May  14,  1891. 
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too;etluM-.  Some  of  tlioso  theoronis  arc  given  in  the  ])ap(M- 
just  referred  to,  and  others  in  a  continuation  wliieli  will 
shortly  he  eonnnnnieateil  to  the  same  iSoeiety.  In  this  note  1 
have  onlv  mentioned  rhe  two  theorems  Avhich  i{ive  rise  to 
CT-formula?  by  simple  addition,  and  to  the  corresponding 
^-formula)  by  addition  after  changing-  the  signs  of  the  even 
numbers,  my  object  being  merely  to  supply  an  arithmetical 
explanation  of  the  general  resemblance,  and  diflterences  in 
detiil,  \>hich  are  observable  in  corres})onding  pairs  of  o-- and 
^-formulae. 

§  18.  The  recurring  formulas  which  are  dedufible  from  the 
general  theorems  by  adding  the  cubes  and  higher  uneven 
powers  of  the  numbers  in  each  group,  and  adding  the  same 
powers  after  changing  the  signs  of  the  even  numbers,  neces- 
sarily exhibit  tlie  same  kinds  of  resemblance  and  discrepancy 
as  the  <7-  and  ^-formuljB  of  §§  1,  2,  and  11. 

§  19.  Thus,  for  example,  by  adding  the  cubes  of  the  numbers 
in  the  general  theorem  of  §  4  we  tind 

o-3(«)  — 3<T3(n  — 1)  +00-3(71  — 3)  — TcTgf/t  —  l))  +  \)a-^{n  — 10)  —  (kc. 

-6{<r(«-l)-(l-  +  2-)o-(;;-3)  +  (P  +  2-  +  32)a(«-6)-&c.} 

=  [{-iy-^l''  +  2'  +  3'  +  ...+g'}'}, 

where  o:^(n)  denotes  the  sum  of  the  cubes  of  all  the  divisors 
of  //,  and  the  term  enclosed  in  square  brackets  only  occiu's 
when  n  is  a  triangular  number,  ^g{g  +  l)-  When  n  is  not  a 
triangular  number  the  right-hand  member  of  the  equation  is 
zero. 

By  adding  the  cubes  of  the  numbers,  after  changing  the 
signs  of  the  even  numbers,  we  find 

+  6{^{n-l)-{V--2')^(n-'d)+{V-2''  +  d')K(n-ij)-&C.\ 

=  [(-l).^-Ml^-2'  +  3*-...  +  (-l/-V'n, 
where  ^^Ot)  denotes  the  excess  of  the  sum  of  the  cubes  of  the; 
uneven  divisors  of  n  above  the  sum  of  the  cubes  of  the  even 
divisors,  and  the  square  brackets  have  the  same  meaning  as 
in  the  case  of  the  cr-foi-mula. 

Reducin<T  the  expressions  on  the  left-hand  side  of  these 
equations,  tney  become  respectively 

0-3(70 -3o-3(n-l)  +  5a3(n-3)- 70-3(71-6) +  9o-3(n-10)-&c. 
-2{3a(/t-l)-5.3o-r7i-3)  +  7.6o-(/i-6)-9.10o-(7i-10)+&c.} 
and 

+-  (j{?  («-  1)  4-  3t(«-3)  +  6^{n-  6)  +  10^(/<- 10)  +  etc.] . 


[     C2     ] 

V.  On  the.  Calculation  of  tlie  Indnctlon- Coefficients  of  Coils, 
and  the  Construction  of  Standards  of  Inductance,  and  on 
Ahsoliiie  Electrodiinauionieters.  By  Andrew  Gray,  M.A., 
Profesor  of  Physics  in  the  Universitij  College  of  North 
Wales*. 

IT  is  well  known  that  the  electrokinetic  energy  of  the  cur- 
rents in  two  circular  conductors  can  be  expressed  bv  a 
stu'ies  of  zonal  harmonics.  This  series,  when  used  in  the 
ordinary  way  to  find  the  energy  of  the  currents  in  two  cylin- 
drical coils  (and  hence  also  tlio  induction-coefficients  of  the 
coils)  by  expansion  of  each  term  of  the  series  and  subsequent 
integration,  does  not  yield  expressions  which  are  convenient 
for  practical  a})plications,  as  the  work  of  calculation  is  long 
and  tedious.  I  have  found,  however,  that  it  is  possible  very 
simply  to  integrate  each  term  without  expansion  ;  and  the 
result  shows  that  a  ])air  of  coils  may  be  constructed  in  such  a 
way  that  the  zonal  harmonic  expression  reduces  to  a  very 
manageable  form,  and  the  energy  of  the  currents,  and  there- 
fore the  induction-coefficients  and  mutual  action  of  the  coils, 
can  be  very  readily  obtained. 

With  regard  to  the  construction  of  coils  it  is  possible,  by 
using  fine  wire  wound  by  a  screw-cutting  lathe  in  a  close 
single  layer  on  an  accurately  turned  cylindric  surface,  to 
make  a  coil  of  a  large  number  of  turns  the  dimensions  of 
which  can  be  determined  very  exactly,  and  in  which  the  dis- 
tribution of  the  wire  is  perfectly  definite.  Such  a  single- 
laver  coil  I  have  long  advocated  for  use  in  absolute  gal- 
vanometers. It  has  sufficient  uniformity  of  field  to  render 
the  placing  of  the  needle  at  the  exact  centre  quite  un- 
essential, and  it  can  be  made  sufficiently  sensitive,  so  that  it 
possesses  the  advantages  of  the  Helmlioltz  double-coil  arrange- 
ment, without  the  uncertainty  which  exists  in  the  latter  as  to 
the  distribution  of  the  different  turns  of  wire  in  the  two 
multiple-laver  bobbins,  or  requiring  the  correction-terms 
W'hich  these  bobbins  involve  on  account  of  their  finite  cross 
section. 

By  integrating  the  zonal  harmonic  expression  for  two 
circles  with  intersecting  axes,  in  order  to  find  the  corresj)ond- 
ing  expression  for  the  mutual  energy  of  two  single-layer  coils, 
I  have  obtained  a  series,  the  even  terms  of  which  all  vanish 
when  one  at  least  of  the  coils  is  placed  with  its  centre  at  the 
intersection  of  the  axes.  The  third  term  vanishes  if  the 
smaller  of  the  two  coils  is  so  placed,  and  has  its  length  and. 

*  Commuuicatcd  by  the  Author. 
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iliaiiu'ter  in  the  ratio  of  \/o  to  2  :  and  tlio  fifth  term  also 
disappears  whon  the  larger  coil  i'uliils  the  same  conditions. 
Further,  if  both  coils  are  thus  proportioned  and  placed,  the 
even  terms,  so  to  speak,  doubly  vanish,  so  that  any  litth; 
inaccuracy  in  the  placing  of  the  coils  can  only  very  slightly 
aft'ect  the  result. 

We  are  thus  left  with  the  first,  seventh,  ninth,  eleventh, 
kc.  terms  of  the  series.  If  one  coil  has  half  the  radius  of 
the  other,  the  error  made  by  taking  only  the  first  term  in 
calculating  the  inductance  dice,  of  the  pair  of  coils  is  only 
about  1  in  20,000  ;  and  if  the  ratio  of  the  radii  is  as  great  as 
I,  only  1  in  4500. 

This  result  is,  it  seems  to  me,  of  importance  both  as  regai-ds 
the  construction  of  coils  to  serve  as  mutual  or  self-induction 
standards,  and  the  choice  of  the  proper  arrangement  of  coils 
for  use  in  an  electrodynamometer  for  the  absolute  measure- 
ment of  currents. 

The  mutual  electrokinetic  energy  of  two  circles  carrying- 
unit  currents  is  given  hy  the  equation 

T  =  47rV  sin^  c^  sin--'  (/>'  2  j~-)  2''(^) '  ^^'(^') '  ^'<^)  (;)''   ^^^ 
where,  as  shown  in  the  figure,  (/>,  ^'  are  the  angles  which  the 


radii  of  the  circles  subtend  at  the  intersection,  c,  of  the  axes, 
which  is  taken  as  the  origin  of  the  zonal  harmonics ;  Z/(<^)  the 
differential  coefficient  with  respect  to  cos^  of  the  zonal  har- 
monic of  the  ith  order  for  the  angle  j>;  Z/(^')  the  corre- 
sponding function  for  <^';  Z,(^)  the  zonal  harmonic  of  the  ix\\ 
order  in  terms  of  the  angle  6  between  the  axes  of  the  circles  ; 
and  r,  p,  (p<r)  are  the  distances  of  the  circular  arcs  from 
the  origin. 

Now  instead  of  two  circles  take  two  narrow  circular  elements 
of  two-single  layer  coils  the  axes  of  which  intersect,  and  the 
numbers  of  turns  in  which  ])er  unit  of  length  along  the  axis 
are  n.  n.     Let  a  be  the  radius  of  one  element,  and  .r  its  axial 
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distance  from  the  origin  ;  a,  ^  the  corresponding  quantities  for 
the  other,  so  that  r  =  \/.x^  +  a^,  p  =  \/^'^  +  ei^;  and  let  dx,  d^ 
be  the  axial  lengths  of  the  elements.  Then  if  unit  current 
flow  in  each  turn  of  the  coils  the  currents  in  the  elements 
are  nd.r,  n'd^.  Writing  down,  then,  by  (1)  the  expression 
for  the  energy  of  the  two  elements,  and  integrating  from 
;r  =  a'i  to  .r  =  t/;2  in  the  one  case,  and  from  ^  =  ^i  to  ^=^2  i'^ 
the  other,  we  get  for  the  mutual  electrokinetic  energy  of  two 
coils  of  lengths  .rj  — .t'j,  ^2~?ij  ^'i<i  carrying  unit  currents, 
the  expression 


T  —  4.7r-nn'a'aP  2 


i{i+l) 


z.w{j;^''.^}{jy%(m}-(^) 


Z/(^')  is  found  by  differentiation  with  respect  to  cos  (f>' 
from  the  well-known  expression,  and  ^/p  then  written  for 
cos  (f)'  converts  the  result  into  a  fraction  the  numerator  of 
which  is  a  rational  integral  function  of  f  only,  and  the  deno- 
minator of  which  is  p'~K  This  denominator  is  cancelled 
by  the  multiplier  p*~\  and  the  second  integral  can  thus  be 
found  at  once  in  all  cases  without  any  difficulty.  Z/(0)  can 
also  be  found  by  differentiation  in  the  same  manner,  and  the 
integral  then  found  by  direct  integration  for  each  value  of/; 
but  the  following  process,  which  gives  by  successive  differen- 
tiation of  a  simple  fimction  at  once  the  indefinite  integrals 
required  for  the  evaluation  of  the  first  definite  integral,  and 
the  values  of  Z/(^'),  is  much  more  convenient. 

The  solid  angle  subtended  by  one  of  the  circles,  say  that  of 
radius  a  and  axial  distance  ■?•,  at  a  point  distant  p  from  the 
origin  is  given  if  p<r  by  the  equation 

0)  =  27r  1 1  -  cos  </,  +  sin2  <^  2  i  Z/{<f>)  Zi{d)  (^  J  I ,      .     (3) 

where  6  is  the  angle  between  the  axis  of  the  circle  and  the 
line  from  the  origin  to  the  point  in  question. 

Now  let  the  angle  0  be  90°,  and  a  be  zero,  so  that  p  is  the 
distance,//,  of  the  point  considered  from  the  axis;  then  all  the 
harmonics  Z,(^)  of  odd  order  vanish,  and  the  general  expres- 
sion for  the  harmonic  of  even  order  2/  is 

,1.3...(2/-1) 
^     ^2.4    ...     2i     ' 
Hence 

"'  =  ^-[l-^-«^{i-.fJz/W-2^4^Z/(«  +  -}].(4) 
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But  this  is  of  the  form 

a)  =  27r(Ao  +  Ai//-  + A,/ +  ...),       ...     (5) 

where  27rAo  is  the  vahie  of  w  for  ?/  =  0,  so  that  Ao=l  — a'/?\ 
Now  0)  must  satisfy  Laplace's  equation,  which,  since  there  is 
symmetry  round  the  axis  of  the  circle,  is  for  the  present  case, 

^'';  +  |!^  +  V|i-=o (6) 

Differentiating  (5)  and  substituting  in  (6)  we  find 

+  2A1  +  3.4A2/  +  5.6A3/  +  ... 
+  2  Ai  +      4A2?/2  +      6 Ag^^  + . . .  =  0. 

The  coefficients  of  the  different  powers  of  ?/  in  this  series 
equated  separately  to  zero  give 

A   --1^0        ,__J_^^o       ,_       _1_B% 
^^-      2-B.r'        -~2^4-'  B.^;*'    "^2-      2^  4^  G^  ^t^' ' '  * 

so  that 

a,-27r(^Ao-  22-^  +  22.  42  §P  -•  •  •>    •      •      (7) 
Comparing  this  with  (4)  we  have 

Z/(<^)_B^Ao 


Thus  we  have,  neglecting  constants, 
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and    we    are    able   to   calculate  the   inteorals   of  even   order 
required  for  (2)  by  successive  differentiation  of  Aq ( =  1  —  .^Z*") . 
To  find  the  integrals  of  odd  order  let  us  assume  that 

where  A  is  a  constant.     Differentiating,  we  obtain  from  this 
equation  and  (8)  the  relation 

and  therefore  also 

A{(l-/.^)ZVi(<^)-(^^'  +  3)/.Z'2,-+,(<^)f 

=  (2^•+l)!a-ZW2(</>), (10) 

where  /u,=  cos  </>. 

The  assumption  made  in  (9)  will  be  justified  if  the  relation 
expressed  in  (^10)  holds  for  a  constant  value  of  A.  Now  if 
Zj  denote  a  zonal  harmonic  of  any  order  i,  we  have  by  the 
fundamental  relations  of  zonal  harmonics 

/^Zj-Z,_i  =- J  (1 -;.'-') z/, 

z,-/.z,._,  =  -i(i-/.2)Z',_,. 

From  these  equations  we  find  by  elimination  of  Z,_i, 
and  by  elimination  of  Z,-, 


Z,=  J(/.Z/-Z',_,);     ....      (11) 


Z.v,=  l(Z/-/.Z',_,) (110 

Differentiating  (11)  and  (11')  with  respect,  to  jj,  and  elinii- 
uatino-  Z/',  we  get  the  relation 

(l-^'-')Z",_.-/*(/+l)Z',_,=  -(i-l)Z/; 

which,  with  2/  rl-  2  written  for  ?",  agrees  with  (10)  if  we  put 
A=-(2/-l)!a^ 

This  verifies  the  assumption. 
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Tlm>.  we  \\ii\e,  neglectino:  constants  as  before, 


„^J^«  ,/.,.= -A., 
2  :  a^  f^f )</.,.= -3;A»_ 
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Thus  (8)  and  (8')  give  by  the  same  process  all  the  required 
integrals.     Taken  together  they  give  the  theorem 


rM>),,„.=(_i,,_L3^. 


;i^) 


where  /  is  any  positive  integer.  A  similar  theorem  holds  of 
course,  mutatis  mutandis  (that  is,  with  a  substituted  for  (f, 
^  for  •■?•,  and  p  for  r) ,  for  the  harmonics  in  <^' ,  and  can  be  used 
as  indicated  above  for  the  calculation  of  the  second  integrals 
in  (2). 

The  first  seven  derived  functions  of  Aq  are  as  follows: — 

r 

BAo_    _c^ 

■dx  ~         r^' 

B!Ao 

— -J-  =         ,-3.0  -^{\x'-6a-), 
O  •«'  ' 

^'4"=    -32.5^(8.f^-12A-V.2  +  rO, 

%-.»  =    - 3'-^.  5  4^;  (448.i-*^ - 1  tJ80.i-*a'^  +  SiO.i-^a* - 35a«). 

Substituting  these  values  in  (8),  (8'),  or  (12),  and  using  the 
results  in  (2),  we  obtain 

T  =  7r2»«VV{Ki^,Zi(^)+K2^2Z2(^)  +  ...},     .     (13) 
F2 


,  =    -3-,(4.7-^-«=^), 
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where 

^3= -  K? - ^>  ^^= - H ^ ^'^^^-^^^ - ^ ^'^-'-''^ }' 

K,=  _  1  {  ^|(4^./-3a^)-  ^:^(4^,2-3a2)  }  , 

K~  -  ^{  ^^3(4.r/-10Va^+  |a*)-  ^-:%(4.,^-10^>,V+  \a^)  }  ' 

If  one  of  the  coils,  say  that  of  radius  a,  have  its  centre  at 
the  origin,  0^2—  ~^ij  and  the  terms  of  even  order  all  vanish 
since  k^,  k^,  &c.  vanish.  If,  besides,  the  other  coil  have  its 
centre  at  the  origin,  ^2=~lij  ^^^  ^^^  even  terms  doubly 
vanish. 

Further,  if  besides  being  so  placed  the  second  coil  be  con- 
structed so  that  its  length  2|^2=s/3«,  the  third  term  of  the 
series  in  (13)  will  vanish  ;  and  similarly  the  fifth  term  will 
disappear  if  the  first  coil  fulfil  the  relation  2x2=^\/3a.  Thus, 
under  the  conditions  specified,  all  the  terms  in  (13j  between 
the  first  and  seventh  disappear. 

The  first  term  will  give  T  to  a  sufficient  degree  of  approxi- 
mation for  all  practical  purposes  if  a  ^^  2a/3,  as  then  the  coeffi- 
cient of  7i';(6)  does  not  amount  to  more  than  1/4500  of  that  of 
Zi{6) ,  and  the  terms  of  higher  order  are  relatively  unimportant. 
If  a  ■:jp>  a/2  the  seventh  coefficient  in  (13)  is,  at  most,  only 
about  1/26,000  of  that  of  the  first. 
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Since  the  currents  in  tlie  coiU  are  encli  unity,  the  cx[)re<- 
sion  in  (13)  is  the  coefficient  of  mutual  induction  M  of  the 
two  coils.  By  constructino-  the  coils  in  the  manner  here 
specified,  and  placing  them  so  as  to  be  concentric  and  coaxial, 
Z,  (^)  =  1 ,  and  the  coefficient  of  mutual  induction  is,  if  x:jf>2a/o, 
practically  given  by  the  equation 

M  =  87r^,/(V^, (14) 

where  Xo,  la  ^^i"^'  tjie  half-lengths  of  the  coils. 

Accurate  standards  of  mutual  inductance  could  thus,  I 
venture  to  think,  be  very  conveniently  constructed. 

Equation  (13)  gives  of  course  also  the  coefficient  of  self- 
induction  of  a  coil.  It  is  only  necessary  to  make  the  coils 
equal  in  size  and  coincident  and  take  the  value  of  T  so  given 
as  the  required  coefficient.  The  first  term  will  not  in  this  case 
suffice  for  so  high  a  degree  of  approximation,  although  the 
series  is  still  fairly  convergent. 

The  application  of  these  results  to  the  construction  of  abso- 
lute electrodynamometers  is  also  obvious.  By  making  one 
coil  small  enough  to  be  suspended  concentrically  within  the 
other,  but  not  so  small  as  to  render  the  exact  measurement  of 
its  dimensions  difficult,  we  can  construct  an  instrument  the 
constant  of  which  is  easily  calculated  with  great  accuracy. 
The  couple  0  turning  the  suspended  coil  would  then  for  unit 
current  in  each  be  given  by 

Should,  instead  of  single-layer  coils,  coils  of  several  layers 
be  employed,  the  channels  in  which  the  wire  is  wound  might 
be  so  shaped  as  to  cause  each  layer  to  fulfil  as  nearly  as  pos- 
sible the  ratio  of  length  to  diameter  stated  above.  This  might 
be  done  by  making  the  ends  of  each  channel  segments  of  a 
cone  the  vertex  of  which  is  at  the  centre  of  the  coil,  and  the 
semi-vertical  angle  of  which  is  tan~'\/3/2.  Then,  by  calcu- 
lating for  all  the  difierent  pairs  of  layers  which  can  be  obtained 
by  taking  one  layer  in  each  coil,  the  energy  of  the  arrange- 
ment and  the  action  of  one  coil  on  the  other  might  be  found. 
The  accuracy  of  such  an  arrangement  would  of  course  be 
limited  by  the  fact  that  if  one  layer  (as  would  always  be 
arranged)  fulfilled  the  required  relation  of  length  to  diameter 
with  an  exact  number  of  turns,  the  rest  might  only  more  or 
less  closely  approximate  to  such  fulfilment.  There  would  also 
be  uncertainty  as  to  the  distribution  of  the  wire,  which  would 
be  more  or  less  irregular. 
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VI.  The  Influence  of  Flaxes  and  Air-cavities  on  the  Strength 
of  Materials.  Bij  J.  Larmor,  J/.J.,  Fellow  of  St.  Johns 
College,  CamI nidge* . 

IN  practical  estimates  of  the  strength  of  materials  it  is  usual 
to  take  the  greatest  compressive  or  tensile  stress  which 
the  material  is  found  in  experiment  to  sustain,  and  divide  it 
hy  a  factor  of  safety  to  insure  against  sudden  applications  and 
reversals  of  the  load,  and  against  flaws  or  sources  of  weakness 
that  cannot  be  foreseen.  Among  the  latter,  cavities  or  air- 
bubbles  in  the  material  hold  a  ])lace  ;  and  these  may  also  be 
taken  in  a  general  way  for  purposes  of  calculation  as  the  type 
of  flaws  consisting  of  a  defect  or  weakening  which  is  confined 
to  a  limited  volume  of  the  substance. 

Thus,  in  the  case  of  a  shaft  transmitting  a  torque  or  couple, 
the  shearing-stress  is  annulled  over  the  volume  of  the  cavity, 
and  this  may  lead  to  greater  than  average  shearing-sti-css  in 
some  part  of  its  immediate  neighbourhood.  In  the  case  of  a 
colunm  supporting  a  load,  the  supporting  thrust  is  absent 
over  the  part  of  the  cross  section  occupied  by  the  cavity,  and 
this  defect  of  support  must  be  compensated  by  a  greater 
thrust  elsewhere. 

When  the  cavity  or  flaw  is  at  a  great  distance  from  the 
surface  of  the  casting  compared  with  its  linear  dimensions, 
the  changes  produced  by  it  in  the  intensity  of  the  stress  are 
the  same  at  corresponding  points,  whatever  be  the  dimensions 
of  the  cavity.  For  when  the  latter  is  altered  in  linear  dimen- 
sions but  not  in  form,  and  the  displacement  of  the  material  at 
corresponding  points  is  altered  in  the  same  ratio,  the  com- 
l)onenls  of  the  strain  will  maintain  their  intensities  unaltered  at 
corresponding  points,  and  so  will  the  components  of  the  stress. 
Thus  the  traction  over  the  surface  of  the  cavity  will  be  un- 
altered, and  therefore  remain  zero ;  while  the  displacements 
over  the  surface  will  be  changed  in  the  above  ratio.  The 
piactical  statement  of  this  principle  of  similarity  is  that  tlie 
effect  which  is  produced  b}^  a  cavity  on  tlu^  strength  of  a  piece 
under  uniform  stress  is  dependent  on  the  form  but  not  on  the 
size  of  the  cavity,  provided  the  distance  of  the  nearest  part  of 
the  surface  from  it  is  at  least  two  or  three  times  its  greatest 
diameter. 

The  amount  of  this  increase  of  internal  stress  determines 
the  theoretical  I'actor  of  safety  which  the  possibility  of  a  flaw 
of  the  type  in  question  would  necessitate  ;  and  it  is  possible 
to  arrive  at  an  estimate  for  the  case  of  spherical  or  cylindrical 

*  Communicated  by  the  Author. 
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cavities,  which  may  be  of  use  as  a  general  indication  of  the 
order  of  magnitude  involved  in  other  similar  cases  also.  Even 
for  the  actual  cases  worked  out  the  result  is  not,  however,  to 
be  interpreted  exactly.  For,  in  the  first  place,  to  make  cal- 
culation possible  the  proportionality  of  stress  to  strain  (Hooke's 
law)  is  assumed,  and  this  ceases  to  hold,  the  material  some- 
times even  begins  to  flow,  before  the  critical  condition  is 
attained ;  and,  secondly,  the  conditions  that  produce  a  break- 
down of  the  material  are  but  vaguely  understood. 

A  spherical  portion  of  the  mass  becomes,  when  strained,  an 
ellipsoid  of  which  the  principal  axes  determine  the  three  prin- 
cipal elongations  which  constitute  the  strain.  Now  it  is 
sometimes  assumed  that  a  simple  change  of  volume  by 
compression  or  expansion  cannot  produce  or  atfect  rupture, 
and  therefore  this  ellipsoid  need  only  be  compared  with  the 
sphere  of  equal  volume  from  which  it  is  derived  by  three 
simple  shears  in  mutually  rectangular  planes.  The  value  of 
the  greatest  of  these  shears  may  then  perhaps  be  taken  to  be 
the  circumstance  determinin<T  the  limitino;  strength  of  the 
material.  It  may,  however,  be  remarked  that,  as  the  forces 
of  cohesion  between  the  elements  of  the  material  are  not 
infinite,  it  must  be  possible  to  break  it  down  or  pull  it  asunder 
by  a  tension  uniform  in  all  directions  (say  a  negative  hydro- 
static pressure) ;  and  it  is  quite  conceivable  that  a  pressure 
equal  in  all  directions  may  by  the  opposite  displacement  loosen 
the  bonds  of  cohesion  and  so  produce  a  plastic  condition  which 
will  give  other  forces  play  to  act.  The  experiments  of 
W.  >S[)ring,  in  wliich  an  intimate  mixture  of  two  solid  sub- 
stances which  do  not  combine  chemically  under  ordinary 
circumstances  is  caused  to  combine  by  the  application  of 
great  pressure,  may  have  a  bearing  on  this  question.  The 
fact  that  cast  iron  supports  compression  much  better  than 
tension  is  also  in  point.  If  it  is,  however,  the  case  with  any 
material  that  the  range  of  tension  uniform  in  all  directions 
which  it  can  stand  is  very  much  greater  than  the  range 
of  stresses  involving  shear,  the  rupture  would  depend  for 
that  material  on  the  shears  only,  and  the  greatest  of  them 
might  be  taken  to  be  its  determining  cause.  Thus  rupture 
would  be  determined  by  the  ditFerence  between  the  greatest 
and  least  axes  of  the  ellipsoid  into  which  a  sphere  of  unit 
radius  is  strained.  When  this  supposition  is  not  valid  the 
greatest  elongation  would  be  a  more  likely  criterion  ;  but  in 
any  case  the  assumed  law  will  be  a  sufficient  indication  for 
our  purpose,  because  any  more  precise  speciiication  would  be 
vitiated  in  its  application  by  the  causes  above  mentioned, 
wliich  render  elastic  calculations  illustrative  rather  than  exact 
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when  pushed  towards  the  Hmit  of  strength  of  the  materials. 
In  the  most  important  examples  we  shall  be  concerned  only 
with  shears. 

It  will  appear  on  consideration  that  a  small  spherical  cavity 
in  a  column  or  other  mass  under  tension  or  compression 
cannot  seriously  affect  its  strength.  For  its  strength  could 
be  reduced  only  by  an  increase  of  shear  in  the  neigh hoiu'hood 
of  the  cavity.  Now  this  shear  must  act  all  round  it  in  the 
planes  containing  that  diameter  which  lies  along  the  direction 
of  the  stress,  and  at  the  free  surface  of  the  cavity  it  must  be 
zero,  in  the  absence  of  surface-tractions  there  ;  hence  the 
shear  is  diminished  in  the  neighbourhood  of  the  cavity.  The 
compression  may  be  slightly  increased  in  a  ratio  depending  on 
that  of  the  area  of  the  section  of  tbe  cavity  to  the  area  of  the 
section  of  the  shaft.  The  same  argument  applies  of  course  to 
any  synnnetrical  form  of  ca\4ty,  and  generally  to  any  cavity 
of  regular  shape. 

The  case  is  different,  however,  when  the  cavity  exists  in  a 
shaft  which  transmits  a  couple.  If  we  suppose  the  cavity  to 
consist  of  a  narrow  tunnel  bored  down  the  length  of  the  shaft, 
we  may  make  use  of  the  result  of  St.  Venant's  torsion  problem. 
The  distribution  of  the  shear  across  the  section  of  the  shaft  is 
simply  and  succinctly  expressed  by  hydrodynamical  analogy*. 
If  a  cylindrical  shell  of  the  same  form  of  cross  section  ;is  the 
shaft  is  filled  with  frictionless  fluid  and  is  set  in  rotation,  the 
velocity  of  the  fluid  relative  to  the  shell  will  at  each  point 
represent  the  shear,  in  direction  and  magnitude  ;  and  the 
momentum  of  the  fluid  relative  to  the  shell,  which  must 
necessarily  have  no  linear  component,  will  be  proportional  to 
the  torsional  rigidity  of  the  shaft.  For  the  present  purpose 
it  is  convenient  to  state  th(!  proposition  in  a  form  less  practi- 
cally realizable  :  suppose  the  shell  fixed  and  the  fluid  circula- 
ting inside  it  withuniform  vorticity,  the  velocity  at  each  point 
will  represent  the  shear,  and  its  resultant  momentum  (augularj 
will  be  proportional  to  the  rigidity  of  the  shaft. 

Now  the  result  of  boring  a  small  tunnel  will  be  to  modify 
the  velocity  system  in  the  neighboindiood  in  the  same  way  as 
a  solid  cylinder  changes  the  velocities  in  a  stream  flowing 
past  it.  The  velocities  in  front  and  rear  are  reduced  to  zero, 
while  those  at  the  sides  are  doubled.  A  tunnel  of  this  kind 
therefore  halves  the  strength  of  the  portion  of  the  shaft  in 
which  it  is  situated  ;  and  the  same  statement  practically 
applies  to  any  cavity  of  elongated  form  and  circular  section 
which  lies  parallel  to  the  axis  of  the  shaft.     The  possibility  of 

*  Thomson  aud  'I'ait'.-^  '  Xatuval  Philosuphy/  §  705. 


Air-cavities  on  the  Strength  of  Materials.  73 

a  tliiw  of  this  kind  near  the  part  of  the  cross  section  where 
the  shear  is  greatest  will  therefore  necessitate  the  use  of  a 
factor  of  safety  equal  to  two.  As  the  cavity  is  taken  shorter 
in  proportion  to  its  diameter,  its  effect  might  at  first  sight  be 
taken  to  diminish  till  we  come  to  the  spherical  form,  which  is 
again  amenable  to  calculation,  though  with  considerable  in- 
tricacy :  we  might  perhaps  expect  for  it  a  factor  considerably 
less  than  two.  The  result  of  the  mathematical  investigation 
for  a  spherical  cavity  which  follows,  for  which  I  am  indebted 
to  Mr.  A.  E.  H.  Love,  gives,  however,  a  factor  w^hich  is  never 
very  far  from  the  value  two,  unless  the  material  is  but  slightly 
compressible,  Hke  a  jelly.  If  we  now  suppose  the  spherical 
ca\'ity  to  elongate  in  a  direction  per[)endicular  to  the  shear 
the  factor  may  be  expected  still  to  diminish  ;  and  when  it  is 
so  long  as  to  be.  sensibly  cylindrical  the  shear  is  itself  dimi- 
nished in  its  neighbourhood,  for  reasons  specified  above.  But 
if  it  elongates  in  the  direction  perpendicular  to  the  axis  of  the 
shaft,  and  in  the  plane  of  the  shear,  the  factor  two  is  recovered. 

If  the  cylindrical  cavity  is  of  flat  cross  section  the  hydro- 
dynamical  analogy  shows  that  its  action  is  intensified.  If  it 
were  absolutely  flat  with  a  sharp  edge  the  strain  would  be 
infinite  there  and  rupture  would  take  place,  unless  in  the  test 
there  is  a  chance  of  smoothing  the  edge  of  the  flaw  by  a  local 
flow  or  adjustment  of  the  material. 

A  semicircular  groove,  running  along  the  surface  of  a  shaft, 
would  (in  the  absence  of  local  flow^)  nearly  halve  its  torsional 
strength. 

Adaptation  o/">St.  Veuant's  /Solution  for  a  Shaft. 

The  displacement  in  St.  Venant's  solution  is 

u  =  C01/Z.     v  =  —  (oxz ,     w  =f{x,  y)  ; 

where  u,  v  represent  a  simple  torsion  round  the  axis  of  z,  and 
w  represents  the  warping  of  the  cross  section  which  is  neces- 
sary to  annul  the  shear  in  a  plane  normal  to  the  free  boundary. 

The  value  of  this  shear  is  -, &)//,    where  p  i^   the   i)eri)en- 

an  ^  ^      ^ 

dicular  from  the  axis  on  the  tangent  plane  to  the  boundary, 

and  dn  is  an  element  of  the   normal.     Thus  the   boundary 

condition  is 

dw 

dn        ^ 

and  these  displacements  maintain  internal  equilibrium  pro- 
vided 
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These  equations  show  that  w  is  the  velocity-potential  of  the 
absolute  motion  in  space  of  liquid  contained  in  a  box  rotatiiig 
with  an<2;ular  velocity  co. 

The  tractions  exerted  across  the  section  of  the  shaft  are 
(witli  unit  nVidity) 

,r  .   (hv      ^j  dw 

A  =&)//+       ,      Y  =—&),/•+   — . 
(('/  dx 

These  must  vanish  when  integrated  over  the  area  of  the 
section  ;  therefore  the  box  containing  liquid  must  be  supi)0sed 
to  rotate  round  an  axis  through  the  centre  of  graAnty  of  the 
section. 

The  coupl(!  transmitted  across  the  section  is 

i^=-\{\y-Yx)d^ 

it  is  therefore  less  than  the  couple  due  to  simple  torsion  by 
the  absolute  angular  momentum  of  the  liquid. 

Also  X,  Y  are  the  component  velocities  of  liquid  circula- 
ting in  a  fixed  box  with  vorticity  «o  ;  its  resultant  velocity 
represents  the  shear  at  each  point,  and  its  angular  momentum 
represents  the  cou]>le  transmitted.  Its  linear  momentum  is 
null. 

The  analysis  of  this  well-knowu  result  has  been  here  indi- 
cated in  full,  partly  in  order  to  point  out  that  in  the  first  form 
of  the  analogy  in  which  the  box  is  made  to  rotate,  the  velocity 
of  the  liquid  relative  to  the  box  represents  the  shear  whatever 
be  the  axis  of  rotation,  but  the  angular  momentum  of  the 
liquid  represents  the  correction  to  the  rigidity  only  when 
taken  about  that  axis  for  which  its  value  is  least,  \\z.  the  axis 
through  the  centre  of  gravity  of  the  section.  If  the  motion 
is  referred  to  any  other  axis,  as  in  the  case  of  a  rectangle 
bounded  by  two  concentric  arcs  and  two  radii  (Thomson  and 
Tait,  §  707),  then  from  the  angular  momentum  round  that 
axis  must  be  subtracted  the  moment  of  the  linear  momentum 
of  the  whole  mass  of  fluid  supposed  collected  at  its  centre  of 
gravity. 

Suppose,  now,  a  cylindrical  tunnel  of  small  circular  section 
bored  down  the  shaft  at  a  place  where  the  velocity  of  the 
rotational  fluid  motion  is  V  ;  the  stream  function  near  it  will 

be  changed  from  the  tbrm  y^^  —  Yf/  to  the  form  ylro  =  ^y  —  ^^y, 
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because  the  boundary  of  the  tunnel,  r  =  a,  must  become  a 
stream  line,  and  therefore  give  a  constant  value  to  yfr.y     The 

velocity  along  the  tunnel  is  —  — — ,  and  is  therefore  2V  at 

the  sides,  as  stated  above. 

The  angular  momentum  of  the  fluid  is  altered,  owing  to  the 
tunnel,  by 


(■(•"(V-^^..., 


that   is    1  {^■2~'^i)  ,    (/•"«  round  the  boundary.      For  a  circuiar 

botindary  this  is  equal  to  Va  \  cos""  6  (f.s,  or  Tra'^V.  The  rigidity 
of  the  surrounding  parts  is  therefore  diminished  by  the  pre- 
sence of  the  cavity,  just  as  if  the  shearing  over  the  material 
which  originally  occupied  its  place  were  reversed  in  direction; 
the  loss  of  rigidity  is  due  in  equal  proportion  to  the  removal 
of  the  matter  and  the  release  on  the  constraint  of  the  sur- 
rounding parts. 

The  case  when  the  section  of  the  cavity  is  an  elliptic  cylinder 
is  of  interest,  as  it  illustrates  the  eliect  of  making  it  more 
and  more  flat  until  it  is  finally  a  mere  crack  for  which  the 
strain  is  theoretically  infinite  at  the  edge.  The  corresponding 
hydrodynamical  j)robIem  has  been  solved  by  Prof.  Lamb*: 
his  value  of  the  stream  function  -v/r,  wliich  may  easily  be 
verified,  is 


t=-v(;;±|jV''>in^-v 


where  a,  //  are  the  se  niaxes  of  the  ellipse,  V  is  the  velocity'  of 
the  stream  past  it  parallel  to  the  axis  b,  and  ^,  r/  are  the  con- 
jugate functions  given  by 

x  +  ti/  =  Csin  (f  +  irj) . 

The  velocity  at  the  end  of  the  longer  axis  is  the  value  of  cl'^/cLv 
when  >/  =  0,  that  is,  when  ^=^7r,  and  is  found  to  be 


(i+?> 


Thus  in  the  elastic  problem  the  increase  of  shear  produced  by 
the  cavity  is  the  original  shear  multiplied  by  a/h. 

*  Quart.  Journ.  of  Math.  187o:  "  Fluid  Motion,"  p.  00. 
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Analysis  for  Spherical  CacUy.     (By  Mr.  Love.) 

To  investigate  the  strain  in  an  infinite  solid  containing  a 
spherical  cavity,  the  displacements  at  an  infinite  distance  being 

nr=ot.yj      r  =  0,      iv='0. 

From  the  spherical  harmonic  solutions  of  Thomson  and 
Tait  it  can  be  shown  that  the  forms  of  the  displacements  at  a 
point  {x,y,  z)  at  a  distance  r  from  the  centre  of  the  cavity  are 

u  =  A*+(B  +  CV);^";;")  +  «.,/,    1 


w  = 


where  A,  B,  C  are  constants  to  be  determined. 
The  cubical  dilatation  h  is 


(^) 


The  equations  of  equiHbrium  are  three  such  as 


which  gives 


or 


-(\+yLi)6(A  +  C)-10/iC;  =  {) 

;';(\+/z)A  +  (8x  +  8/x)C=o. 


(3) 


(^) 


The  remaining  equations  to  determine  the  constants  are  to 
be  found  from  the  condition  that  the  surface  r  =  a  of  the 
cavity  is  free  from  stress.  It  is  shown  in  Thomson  and 
Tait's  Nat.  Phil.,  Partii.,  art.  737,  that  if  F,  G,  H  be  the  com- 
ponent surface-tractions  parallel  to  the  axes  across  a  spherical 
surface  whose  centre  is  the  origin  and  radius  is  r,  then 

r,=x.,.8+^(f +/;"-„), 

\ud'        ar        / 
where  f  =  ?/.»;  +  vy  4-  toz,  and  similar  equations  hold  for  G  and  H. 
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f=(2A-3C)^-3B^+aa;i/, 


d^ 


y     ^'in^ 


x^y 


£  =  (2A-3C)^    _3B^^-(6A-9C)"-^+15B^  +  «V, 

of/'  V'  /'  T  r' 

Hence  the  equations 

-(A  +  6C+ ?!);;  +  «.,- [^(;(A  +  C)  +  (;A-24C--'^T^  =  0; 
and  similarly  from  the  ~  equation 

-  g^A  +  C)  +  6A-24C-^]':^'=0. 

These  three  equations  hold  when  r  =  a. 
Hence 


and 


^+(A  +  (3C)  =  «rt». 


From  which  and  (4)  we  find 


.  oX  +  bit 

''-      9A.+  14/."'''      1^      •     •     •     •     ^') 


3(A,+/i;     , 

v/  =  —  vr.: r-; —  aa 

9\  +  1  \fju 
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The  shear  ^  +  ^  is  given  by 

di/      dx      ^  ^ 


d7i    ,  dt 

"civ 


dx  r   \  ry         r"      \  r     I 

To  see  the  magnitude  of  this  take  .r  =  0,  //  =  0.  r  =  a,  then 

'^''  -   [14-  i<i/^±i(^+/*)l 


du        dv  _       r  l()/X-r6(\  +  /A)' 

15X  +  30At 


which  depends  on  the  value  of  \///.,  but  for  all  known  isotropic 

materials  differs  little  from  2a. 

When    X//U,  =  03,   or    the    material   is  incompressible,    the 

shear  is 

5 
3«. 

When  /Li/\  =  CO  ,  or  the  stretch-squeeze  ratio  vanishes,  the 
shear  is 

15 

When  \  =  iJb  (Poisson's  condition)  the  shear  is 

45 

St.  John's  Coll.,  Cambridge,        -^ 
Oct.  26,  1891. 
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VII.  A  Galvanometric  Method  of  Measuring  H.  By  R.  A. 
Lehfeldt,  B.A.,  B.Sc,  Demonstrator  at  Firth  College, 
Sheffield*. 

IN  the  ordinary  magnetometric,  and  in  Kohlrausch^s  method 
of  determining  the  earth's  horizontal  magnetic  force, 
the  magnetic  moment  or  the  strength  of  current  is  involved, 
and  two  ohservations  are  necessary  to  give  two  equations 
between  which  the  unknown  may  be  eliminated.  If,  how- 
ever, it  is  assumed  that  a  current  can  be  measured  absolutely, 
the  problem  of  measuring  H  is  siin])liiied.  This  may  fairly 
be  assumed  now,  for  not  only  are  there  "sery  reliable  direct- 
reading  ammeters  to  be  had,  but  the  E.M.F  of  the  Clark  cell 
*  Communicated  by  the  Author. 
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ami  the  absolute  value  of  resi!>tau(.'es  are  now  known  with  as 
^reat  a  lU'oree  of  accuracy  as  any  electrical  constants;  so  that 
any  laboratory  possessing  a  resistance-box  and  a  Clark  cell 
has  the  means  of  measuring  a  current  with  sufficient  accuracy 
even  to  replace  the  Kew  magnetometer. 

Starting  with  these  considerations,  I  was  led  to  conclude 
that  the  most  practical  way  of  measuring  the  magnetic  force 
would  be  by  running  a  measured  current  through  an  ordinary 
sensitive  retiecting-galvanometer,  used  either  by  the  tangent, 
or,  preferably,  the  sine  method.  For  this  pur})0se,  a  gal- 
vanometer and  its  lamp  and  scale  were  fixed  on  a  board  and 
the  whole  mounted  on  a  goniometer,  by  which  they  could  be 
set  in  any  required  azimuth  ;  the  instrument  was  first  set 
with  its  needle  [)arallel  to  the  plane  of  the  coils  :  a  known 
current  passed  through  it  ;  the  goniometer-table  rotated  till 
the  needle  became  again  parallel  to  the  coils. 

Let   G  =  the  principal  galvanometer-constant. 
H  =  intensity  of  the  earth's  field. 
y  =  current. 
8  =  angle  of  deflexion  from  the  magnetic  meridian. 

G7=HsinS (1) 

The  first  adjustment  necessary  is  to  set  the  needle  parallel 
to  the  plane  of  the  coils  :  tliis  can  be  done,  sufficiently  nearly, 
by  making  the  reflexion  of  the  light  from  the  mirror  to  coin- 
cide with  that  from  the  brass  face  of  the  instrument.  If  this 
is  done,  it  ensures  that  the  galvanometer  shall  always  be  used 
in  the  same  position  ;  and  though  the  needle  may  make  a 
small  angle  -v/r  with  the  mean  plane,  this  will  only  alter  the 
galvanometer-constant  in  the  ratio  of  cos  i/r  ;  so  that  if 
we  find  G  by  comparison  with  a  larger  measured  coil,  by 
Bosscha^s  method,  using  the  galvanometer  in  the  same 
position,  we  shall  not  make  any  error. 

Next,  the  suspending  fil)re  may  have  some  toi-sion.  Let 
^  =  angle  of  torsion, 

moment  for  unit  angle  of  torsion 
magnetic  moment  of  needle 

Suppose  the  eflPect  of  this  torsion  is  to  make  the  needle  lie 
at  an  angle  6  (of  the  same  sign  as  (j>)  from  the  magnetic 
meridian  ;  then  after  the  goniometer  has  been  rotated  through 
8  the  needle  will  make  with  the  meridian  the  angle  B  +  6,  and 
the  first  equation  becomes 

7G  +  T<^-Hsin(S  +  ^)=0 (2) 

If  now  we  take  two  observations  with  the  galvanometer  in 
positions  at  right  angles  to  each  other  and  on  opposite  sides 
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of  the  meridian,  representing  these  by  the  suffixes  1  and  2, 
we  have 

7i  G  +  T<^-Hsin(Si  +  ^)=0, 

-72  G^  +  T<^  +  H  sin  (82 -  ^)  =  0, 
whence 

H=-'=G^(7'i  +  7'2)  +  ^t2<^'  +  ^t</)G(7,-72)    .     .     ('">) 

By  taking  81  =  82  we  shall  get  71  nearly  equal  to  72,  and  the 
last  term  will  become  almost  neghgibly  small  ;  the  middle 
term  is  always  so.  Biit  it  is  better  to  use  such  a  pair  of 
observations  merely  as  a  preliminary  test,  to  indicate  the 
direction  of  the  torsion,  so  that  it  may  be  removed.  I  found 
that,  using  silk  fibres,  after  turning  the  torsion-head,  the 
results  obtained  were  at  first  very  irregular  ;  but  after 
successive  attempts  had  reduced  the  angle  of  torsion  to  a  small 
amount,  and  the  fibre  had  been  in  use  for  some  days,  the 
elastic  after-effects  disappeared.  So  that  in  a  magnetic 
observatory,  where  the  instrument  was  always  kept  for  the 
same  purpose,  a  silk  fibre  could  be  used,  and  once  well  freed 
from  torsion  would  probably  work  quite  satisfactorily.  The 
only  precautions  necessary  to  note  are  that,  when  the  needle 
is  deflected  by  a  current,  the  galvanometer  should,  without 
delay,  be  turned  to  bring  the  spot  of  light  back  to  zero  ;  and 
that'  the  needle-chamber  should  be  small,  not  only  because 


s^ 


+^=^H 


it  is  convenient  to  work  with  well-damped  vibrations,  but  in 
order  that  no  accidental  shaking  or  current  should  turn  the 
needle  round  360°. 

The  apparatus  was  arranged  as  shown  in  the  diagram  : — 

B,  battery  of  two  storage  cells. 

C,  Clark  cell. 

G,  the  principal  galvanometer. 

H,  auxiliary  gahanometer  for  determining  the  E.M.F. 

K,  four-part  plug-key. 

R,  adjustable  resistance. 

S,   potentiometer  wire-bridge. 
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The  lower  portion  of  the  tigure  represents  the  potentiometer ; 
it  would,  of  course,  be  preferable  if  this  could  be  replaced  by 
•A  battery  of  sufficiently  constant  E.M.F.  capable  of  giving  a 
milliampere  without  })olarizing.  Not  knowing  of  any  such 
battery  I  was  compelled  to  use  accumulators,  which  will  give 
quite  large  currents,  anil  vary  less  than  jq JoTi  P'^^"^  ^"  ^^'^'^ 
an  hour,  and  measure  the  E.M.F.  at  each  observation. 

G  was  generally  a  tripod  galvanometer  of  about  three 
ohms'  resistance  ;  with  the  voltage  used,  R  had  to  be  made 
about  4000  to  give  a  deflexion  of  45°,  so  that  the  current 
used  never  much  exceeded  a  milliampere  ;  this  was  quite 
insufficient  to  change  the  temperature  of  the  coils  appreciably. 
The  resistance  of  G  and  the  leads  to  it  being  a  very  small 
fraction  of  R,  their  temperature-variation  was  of  no  account, 
and  only  that  of  R  in  resistance  and  C  in  E.M.F.  had  to  be 
considered. 

The  usual  procedure  was  to  set  the  galvanometer  G  so  as 
to  bring  the  spot  of  light  to  zero  ;  then  turn  it  45°  one  way, 
and  apply  a  current,  adjusted  by  the  box  R,  sufficient  to  bring 
the  light  back  to  the  zero  ;  then  take  the  potentiometer 
reading  and  temperature  ;  break  current  ;  set  the  galvano- 
meter at  45'  in  the  other  direction  from  the  meridian;  apply 
the  necessary  current,  the  key  K  being  reversed  :  while  this 
flowed,  read  the  potentiometer  again,  then  break  the  current, 
and  turn  G  into  its  original  azimuth,  notino;  that  the  liy;ht 
returned  to  the  exact  position.  The  whole  operation  takes 
scarcely  five  minutes.  Sometimes  a  longer  series  of  observa- 
tions was  taken,  with  deflexions  of  15°,  30°,  45°,  60',  75°,  on 
each  side  of  the  meridian,  and  i)0°  on  one  side.  The  needle 
is  never  stable  at  90°  on  both  sides  at  once,  as  stability 
there  depends  on  the  direction  of  the  torsion.  Pairs  of 
observations  at  90°  apart  were  taken,  and  equation  (o)  applied 
to  calculate  H  and  r^.  The  following  is  a  specimen  of  the 
results  obtained  : — 

II 
(ui  arbitrary  unitd). 


Deflexions. 


mean  8155 


+  75  and  —15 

+  60  ,,  -30 

+  45  „  -45 

+  30  „  -60 

+  15  „  -75 

The  first  result  is  untrustworthy,  because  for  h=  —  15°R  was 
beyond  the  range  of  the  resistance-box  and  had  to  be  found 
by  extrapolation  ;  the  others  agree  well. 

I  made  no  attempt  to  reduce  the  results  to  absolute  mf^asure, 
Phil  .Vnr/.  8.  5.  Vol.  33.  No.  200.  ./<ih.  ls<.)2,  G 
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because  1  luul  no  magnetometer  at  my  disposal  for  compari- 
son, and  because  the  experiments  bad  to  be  carried  on  in  a 
building  containing  a  dynamo  and  other  masses  of  iron. 
There  seems  no  reason  to  doubt,  however,  that  with  a  gal- 
vanoniL'ter  whose  constant  had  been  carefully  determined,  the 
method  would  aivo  reliable  results. 


VIII.  On  the  Theory  of  Electrolytic  Conduct/on  of  Clausius  ; 
and  on  some  recent  Ecidence  for  the  Dissociation  Theory  of 
Electrolysis.     -6y  J.  Brown*. 

THE  original  theory  of  Clausius  regarding  the'  mechanism 
of  electrolytic  conduction  is  contained  in  a  paper  en- 
titled "  Ueber  die  Electricitatsleitung  in  Electrolyten," 
published  in  Poggendortf's  Annalen,  ci.  p.  338,  1857  f. 

As  it  forms  the  basis  of  the  modern  dissociation  theory, 
any  attempt  to  comprehend  the  latter  would  properly  begin 
with  a  study  of  the  former.  In  discussing  the  views  of 
Clausius  we  may  conveniently  consider,  first,  the  reasons  given 
for  the  inadequacy  of  the  then  commonly  accepted  theory  of 
Grotthus,  and,  second,  the  probability  of  the  new  hypothesis 
put  forward  in  its  place. 

Clausius  objects  to  the  Grotthus  theory  chiefly  for  two 
reasons.  He  explains  in  detail  in  §  5  that  considering,  for 
instance,  the  anode,  the  negative  part-molecules  are  here 
retained  while  their  positive  partners  decompose  the  next 
stratum  of  adjacent  molecules,  and  so  on;  and  that  this  results 
in  a  surplus  of  positive  part-molecules  implying  a  surplus  of 
positive  electricity  in  the  liquid,  which,  as  he  has  previously 
shown,  is  inadmissible.  In  like  manner  the  action  at  the 
cathode  would  result  in  a  surplus  of  negative  electricity 
equally  inadmissible. 

Now,  though  it  be  admitted  that  this  reasoning  may 
be  correct  when  a]iplied  to  each  pole  separately,  it  fails,  I 
think,  when  both  are  taken  together.  The  two  charges  of 
o})posite  sign  would  then  combine  and,  in  fact,  may  be  said  to 
constitute  the  current  produced. 

In  other  words,  the  Grotthus  molecular  chains  do  not  end 
in  the  interior  or  at  the  free  surface  of  the  electrolyte,  but 
only  at  the  electrodes,  so  that  the  action  may  be  said  to  be 
hen;  reciprocal  and  complete. 

The   second    objection    to    the   older    hypothesis    (§  G)    is 

*  Coiuniunicated  Ijy  the  Electi'oly.sis  Committee  of  the  British  Assjcia- 
tion,  having  been  read  at  the  meeting  of  the  Association  in  August  1891. 
t  Also  Phil.  iMag.  [4]  xv.  p.  94. 
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practically  that,  accordino-  to  it,  electrolytes  could  not  obey 
Ohm's  law  for  a  gradually  increasing  electromotive  force; 
whereas  according  to  Clausius  tbey  do  obey  Ohm's  law  if, 
as  is  carefully  pointed  out  in  a  footnote,  we  consider  only 
the  force  acting  in  the  interior  of  the  electrolyte,  and  not 
that  at  the  electrodes,  where  the  products  of  decomposition 
are  separated  and  polarization  has  to  be  overcome. 

But  we  may  ask.  Is  this  an  admissible  limitation  ?  Is  it 
allowable,  when  considering  a  process  of  decomposition,  to 
expressly  leave  out  of  account  the  only  parts  of  the  mechanism 
where  decomposition  visibly  occurs,  viz.  the  electrodes  ?  If 
the  whole  system  be  taken  into  consideration,  electrolytes  do 
not  of  course  obey  Ohm's  law,  and  a  more  or  less  abrupt  rise 
in  the  ratio  of  current  to  E.M.F.  does  take  place  when  a 
gradually  increasing  E.M.F.  reaches  a  point  which,  speaking 
generally,  has  a  relation  to  the  heat  of  combination  of  the 
decomposing  body*. 

Below  this  point  the  current  which  accompanies  smaller 
E.M.F.'s  is,  no  doubt,  accompanied  by  decomposition  ;  but 
of  what?  Can  it  be  shown,  for  instance,  that  when  a  minute 
E.M.F.  produces  a  continuous  current  through  HCl  solution, 
it  decomposes  HCM  or  any  orhcr  substance  of  considerable 
heat  of  formation;  and  that  the  current  is  not  more  prol)ably 
conducted  by  decomposition  of  impurities,  hydrates  or  com- 
plex molecules,  whose  parts  have  minute  attractions  for  each 
other  ;  or  that,  supposing  HCl  is  decomposed,  the  action  is 
not  masked  by  the  well-known  secondary  effect  of  dissolved 
oxygen  or  other  "  depolarizer." 

On  considering  the  whole  electrolytic  system,  then,  this 
second  objection  must  also  be  put  aside,  and  in  so  far  Clausius 
cannot  be  said  to  have  shown  the  need  of  a  new  hypothesis  j. 

The  probability  of  tlienewliy[)otliesis  proposed  by  Clausius, 
as  described  in  §§  7  and  8,  may,  however,  be  considered.  In 
§7  we  are  asked,  without  any  previous  explanation,  to  con- 
sider a  positive  part-molecule,  and  to  assume  that  its  electric 
state  remains  the  same  after  separation  from  the  complete 
molecule.  This  is  the  first  reference  in  the  paper  to  such  a 
single  separate  electrified  part-molecule.  It  is  described  as 
moving  about  among  the  other  complete  molecules ;  but  no 
explanation  appears  to  be  given  before  as  to  how  such  a  thing 
came  to  exist.     It  is  explained,  however,  in  detail  that  these 

•  This  was  illustrated  by  a  set  of  curves  for  the  decomposition  of 
various  electrolytes  friveii  by  the  present  author,  Phil.  Mag-.  Jum'  189). 

t  In  pointing  out  the  invalidity  of  these  objections,  it  is  not  intended 
to  acquie.sce  in  the  pare  (xrotthus  theory.  The  in')ditication  of  it  p'lt 
forward  bv  Faraday  is  probably  much  nearer  the  trutli. 
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dissociated  part-molecules  in  the  electrolyte  are  normally 
engaged  in  ousting  other  part-molecules  from  their  partners 
by  a  process  of  exchange  which,  when  directed  by  the  attrac- 
tion of  the  positive  and  negative  j)oles,  constitutes  electro- 
lysis; the  dissociated  part-molecules  finally  becoming  attracted 
to  their  respective  poles  and  evolved  there  in  the  free  state  *. 

It  is  evident,  however,  that  by  this  process  the  original 
number  of  dissociated  part-molecules  is  not  increased,  and 
therefore  must  soon  become  exhausted  at  the  electrodes  by 
the  action  described,  after  which  conduction  would  cease. 
Yet  it  is  evidently  necessary  for  continuous  conduction  that  a 
steady  average  proportion  of  dissociated  part-molecules  be 
supplied. 

A  process  which  would  provide  for  at  least  some  fresh 
dissociation  of  whole  molecules  is  described  in  the  third 
paragraph  of  §  7  as  one  that  may  occur,  but  does  not  seem  to 
be  recognized  as  a  necessity.  It  is  assumed  that  in  the 
course  of  the  heat-vibrations  among  the  molecules  the  nega- 
tive part  of  one  whole  molecule  may  come  so  close  to  the 
positive  of  another  as  to  combine  with  it,  leaving  the  former 
partners  of  each  free.  (It  would  seem  more  likely  that  if  two 
partners  combined,  the  other  two  would  combine  also,  and 
would  not  be  left  free  to  move  apart  against  the  attraction  of 
their  supposed  electric  charges.) 

Granting,  however,  for  the  moment  that  dissociation  of  this 
kind  may  occur,  and  that  thereby  a  certain  steady  average 
proportion  of  molecules  in  the  liquid  is  kept  dissociated,  and 
that  these  are  supposed  to  be  led  away  in  opposite  directions 
by  the  electric  force  acting  on  their  suppose({  electric  charges. 
Now,  if  we  consider  any  given  volume  of  the  electrolyte,  this 
abduction  of  molecules  would  destroy  the  balance  between  the 
associated  and  dissociated  molecules,  and  therefore  would 
lead  to  fresh  dissociation  in  order  to  restore  it.  This  disso- 
ciation requires  a  considerable  amount  of  energy,  whereas  the 
deportation  of  the  molecules  involves  a  very  small  amount  of 
(dectric  work  done  ;  thus  we  should  have  the  heat  of  the 
fluid  used  up  to  produce  energy  of  a  mechanically  utilizable 
type,  in  contradiction  to  the  law  of  entropy  and  also  in 
disagreement  with  experimental  observation. 

*  It  is,  of  course,  very  well  known  that  Faraday  objected  to  calling 
substances  "  electrojjositive  or  electronegative  according  as  they  go  under 
the  supposed  influence  of  a  direct  attraction  to  the  positive  or  negative 
pole,"  and  considered  these  terms  "  much  too  significant  "  (Exp.  Res.  i. 
p.  197). 

Hittorf  also  states  as  a  conclusion  from  his  research  on  the  migration 
of  ions,  "  Es  ist  ganz  I'alsoh  den  Polen  besondere  Anziehungs-  oder  Abstos- 
bung^lviiilte  zu  ertheilen  '"  (Pogg.  Aiui.  ciii.  ]>.  i'O,  18/58). 
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On  the  other  hand,  if  the  work  done  by  the  cnrreiit,  in 
separatino-  from  any  electrolyte  certain  substances,  is  the 
equivalent  of  the  heat  evolved  by  the  recombination  of  those 
substances,  it  seems  simpler  to  assume  that  the  work  is 
directly  applied  to  produce  decomposition  at  the  electrodes. 

The  hypothesis  of  molecular  interchange  as  proposed  by 
Williamson  to  ex])lain  the  ])roeess  of  etherification  is  quoted 
by  Clausius  in  §10  in  sujjport  of  his  theory;  but  Williamson's 
process  was  purely  one  of  molecular  interchange  between  the 
partners  of  whole  molecules,  no  part-molecule  separating  off 
till  in  the  act  of  combining  with  a  new  partner.  It  is  limited 
to  this,  and  there  is  no  mention  of  separate  part-molecules, 
dissociation  theories,  or  so-called  free  ions.  Therefore,  though 
the  dissociation  theory  has  been  frequently  referred  to  as  the 
Williamson-Clausius  hypothesis,  it  is  not  supported  in  any  way 
by  Williamson's  paper. 

From  these  considerations  it  would  appear  that  both  the 
necessity  for  and  the  probability  of  the  hypothesis  put  forward 
by  Clausius  are  very  doubtful. 

Turning  now  to  more  modem  views,  I  have  already  pointed 
out  in  the  '  Electrician  '  for  April  19,  1889,  that  an  experi- 
ment considered  by  Prof.  Ostwald  as  serving  to  remove  the 
last  doubts  as  to  the  validity  of  the  assumption  of  free  elec- 
trically-charged atoms  of  chlorine  and  potiissium  *,  is  of  a 
purely  negative  kind,  and  throws  no  new  light  on  the  subject 
at  all. 

An  experiment  is  described  by  the  same  author  in  the 
Zeitschrift  fur  plvjnkaUsehe  Chemie,  vi.  p.  72,  which  on 
examination  appears  to  be  of  a  similar  kind.  It  is  given  as 
evidence  touching  the  assumption  that  a  semi-permeable  wall, 
interposed  between  two  electrolytes  in  the  path  of  a  current, 
will  permit  certain  ions  to  pass  but  not  others ;  and  it  is 
further  intended  to  decide  as  to  what  \d\\  happen  under  these 
circumstances.  It  is  assumed  that  in  such  a  case  either  no 
current  will  pass,  or  else  the  ions  must  give  up  their  charge 
through  the  semi-permeable  wall,  which  then  acts  as  a  metallic 
electrode. 

Briefly,  the  experiment  is  as  follows  :  — Two  vessels  con- 
taining copper-sulphate  solution  were  joined  by  a  siphon  full 
of  potassium-ferrocyanide  solution,  its  ends  being  closed  by 
parcliment-paper.  A  deposit  of  copper  ferrocyanide  formed 
in  the  pores  of  the  paper.  This  arrangement  was  placed  in 
circuit  with  a  battery  and  galvanometer.     A  current  of  40° 

•  '  Outlines  of  General  Chemistry,'  p.  275. 


86  Mr.  J.  Brown  on  the  Theory  of 

was  observed,  which  decreased,  at  first  rapidly,  and  in  :d)ont  a 
quarter  of  an  hour  became  constant  at  10\  When  the  battery- 
was  cut  out  of  the  circuit  there  was  a  strong  secondary  current, 
and  on  dismounting  the  ajjparatus,  it  was  found  that  copper 
had  been  deposited  on  the  parchment-paper  in  that  vessel  con- 
taining the  y)ositive  pole  of  the  battery. 

From  these  observations  it  was  concluded  that  the  posi- 
tively charged  cop})er  ions,  not  being  able  to  pass  the  partition, 
gave  up  their  electricity  in  order  to  deposit  in  the  metallic 
form.  Certain  electrochemical  actions  are  described  in  detail 
as  having  occurred  at  the  other  portions  of  the  circuit, 
such  as  the  passage  of  potassium  atoms  through  the  other 
partition,  but  ajjparently  no  attempt  was  made  to  ascertain 
if  they  actually  took  place.  One  has  a  right  to  expect  that 
some  evidence  of  their  occurrence  should  be  given,  but  none 
appears.  Simply  the  conclusion  is  drawn  that  the  foregoing 
appears  to  show  the  correctness  of  the  above-mentioned  pro- 
position, that  the  semi-permeable  walls  are  for  certain  ions 
permeable,  and  for  others  not. 

But  it  will,  I  think,  be  admitted  that  in  the  absence  of  any 
investigation  by  analysis  or  otherwise  of  the  actual  products 
at  the  porous  walls,  the  phenomena  actually  described  might 
arise  from  a  certain  degree  of  conductivity  in  the  matter  pre- 
ci])itated  in  the  parchment-paper.  In  fact,  if  the  parchment- 
paper  were  replaced  by  platinum  sheet  with  either  a  small 
amount  of  any  kind  of  porosity  or  none  at  all,  phenomena  the 
same  as,  or  similar  to,  those  actually  observed  would  occur, 
i.  e.  the  initial  decrease  of  current,  the  secondary  current,  and 
the  deposit  of  metallic  cojjper. 

It  remained,  then,  to  test  the  precipitate  for  conductivity. 
I  prepared  it  by  adding  potassium-ferrocyanide  solution  to 
excess  of  copper-suljihate  solution,  filtered  off  and  washed  the 
red-brown  precipitate  (which  is  said  to  strongly  retain  potas- 
sium ferrocyanide,  together  with  the  copper  salt),  and  dried 
it  in  the  air  without  heating. 

Into  one  limb  of  a  small  U-tube,  about  9  millim.  in  diameter, 
was  dropped  a  short  piece  of  carbon  rod  of  nearly  the  same 
diameter  as  the  tube  and  connected  to  a  platinum  wire  passing 
up  the  other  limb  for  connexion  to  battery  and  galvanometer. 
On  the  end  of  the  carbon  was  spread  a  layer  of  the  precipitate 
about  1  millim.  thick.  The  whole  was  then  placed  in  a  small 
glass  jar  containing  strong  sulphuric  acid,  and  closed  by  a 
])araflfin  plug  through  which  passed  a  carbon  rod  that  could  be 
brought  down  on  the  })reci])itate.  After  standing  eight  days 
to  dry  the  preci])itate  and  glass  surfaces,  the  upper  carbon  was 
lowered  into  the  tube,  but  not  in  contact  with  the  precipitate. 
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and  the  arrangement  put  in  circuit  with  two  colls  and  a 
reflecting-galvanometer.  No  deflexion  ensued  ;  but  as  soon 
as  the  upper  carbon  was  pressed  down  on  tlie  precipitate, 
there  was  a  deflexion  of  421*  divisions.  To  estimate  roughly 
the  resistance  of  the  layer  of  precipitate,  a  resistance  of  10,000 
ohms  was  now  interjiosed.  This  reducetl  the  tieflexion  to 
426,  indicating  a  resistance  of  about  three  quarters  of  a 
meffohm. 

On  cutting  out  the  battery  there  was  a  distinct  secondary 
current.  This  secondary  current  would  go  to  show  that  the 
precipitate  was  a  conductor  of  the  second  order,  and  therefore 
perhaps  unlikely  to  act  as  a  metallic  diaphragm.  It  was 
therefore  necessary  to  examine  the  nature  of  its  conductivity 
more  closely;  and  since  the  precipitate  prepared  as  described 
is  complicated  by  the  presence  of  potassium  ferrocyanide,  1 
prepared  a  fresh  portion  of  cupric  ferrocyanide  by  the  method 
of  liamelsberg  for  obtaining  the  pure  substance  "^.  I  mixed 
the  aqueous  solutions  of  hydroferrocyanic  acid  and  ])ure 
copper  sulphate,  filtered  out  and  well  washed  the  precipitate, 
dried  it  in  vacuo  over  sulphuric  acid,  and  tested  it  in  the  same 
apparatus  as  before.  Its  resistance  appeared  to  be  about  half  as 
much  again  as  that  of  the  first  precipitate.  With  an  E.M.F.  of 
about  "01  volt  it  conducted  sensibly;  wath  three  volts  it  gave 
a  deflexion  of  about  700  divisions;  and  when  this  latter  current 
had  passed  for  six  minutes,  on  removing  the  battery  the  only 
evidence  of  polarization  w^as  a  mere  quivering  of  the  index 
over  about  two  divisions  on  making  contact. 

There  would  appear  to  be  no  doubt,  therefore,  that  cupric 
ferrocyanide  is  a  conductor  of  the  first  order,  although  oi" 
somewhat  high  resistance;  and  the  phenomena  of  Prof.  Ost- 
wald's  experiment  (so  far  as  one  can  judge  from  the  merely 
qualitative  data  given)  may  be  explainable  on  a  very  simple 
hypothesis  without  having  to  attribute;  them  distinctly  or 
solely  to  any  semi-permeability  in  the  partition. 

The  polarization  observed  -v^-ith  the  first  precipitate  may  b(^ 
due  to  impurity,  perhaps  to  the  mixture  of  potassium  ferro- 
cyanide. Its  persistence,  notwithstanding  the  short-circuiting 
by  the  conducting  cupric  ferrocyanide,  may  easily  be  due  to 
the  very  high  resistance  of  the  latter. 

In  any  case,  however,  the  conductivity  of  cupric  ferro- 
cyanide must  evidently  be  taken  into  account  in  all  the 
experiments  in  which  it  takes  a  part.  In  those  on  osmotic 
pressure  for  instance,  where  a  porous  partition  containing  a 
deposit  of  this  salt  in   its  pores  is  interposed  between  water 

*  Fogg.  An>i.  Ixxiv.  p.  Go,  1848, 
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and  a  salt  solution,  Ave  may  luivo  in  each  pore  a  small  voltaic 
circuit  composed  of  the  cupric  ferrocyanide  as  metallic  con- 
ductor, and  the  two  liquids  as  electrolytes.  That  very  unusual 
])henonu'na  may  arise  in  a  minute  circuit  of  this  kind  is  already 
slioAvn  hy  the  cop])er-/,inc  couple  of  Gladstone  and  Tribe.  But 
whatever  the  actual  ])rocess  may  be  in  this  osmotic-pressure 
experiment,  it  is  evident  there  is  more  to  bo  considered  than 
the  mere  smallness  of  the  pores. 

In  the  B.  A.  Report,  1890,  p.  333,  Prof.  Ostwald  concludes 
that  one  consequence  of  the  dissociation  hypothesis  is  that 
''in  general  water  must  show  against  ev(;ry  electrolytic 
solution  the  potential  of  the  ftister  ion;"  and  that  this  is 
confirmed  by  the  experiments  of  Nernst  and  of  Planck  at 
references  given.  In  Planck's  paper  he  does  not  appear  to 
have  made  any  experiments  himself,  and  those  of  other  authors 
referred  to  were  carried  out  by  means  of  metallic  poles 
immersed  in  the  liquids,  and  so  introducing  the  unknown 
quantity  of  metal-liquid  contacts.  The  experiments  of  Nernst 
appear  to  have  the  same  defect,  and,  in  addition,  to  refer  only 
to  circuits  containing  three  or  more  liquid  contacts,  and  can- 
not give  any  definite  information  about  individual  contacts. 

This  evidence  is  therefore  also  of  a  purely  indecisive 
character. 

In  the  same  Re])ort,  p.  335,  the  same  author  states  that 
"  according  to  Faraday's  law  all  chemically  equivalent  amounts 
of  positive  and  negative  ions  are  charged  with  equal  amounts 
of  electricity."  One  could  wish  that  Prof.  Ostwald  had  given 
a  reference  to  Faraday^s  statement  of  this  "  law." 

In  the  Philosophical  Magazine  for  August  1891,  Prof. 
Ostwald  describes  some  cases  of  what  he  terms  chemical 
action  at  a  distance  in  the  following  form  of  experiment.  He 
points  out  that  while  pure  zinc  is  scarcely  acted  on  by  a 
solution  of  common  salt  alone,  yet  in  a  circuit  consisting  of 
zinc,  salt  solution,  hydrochloric-acid  solution,  platinum, 
the  zinc  dissolves  when  connected  to  the  platinum,  i.  e. 
by  the  action  at  a  distance  of  the  acid.  There  is  certainly, 
as  Prof.  Ostwald  partly  admits,  nothing  new  in  this  form  of 
experiment.  It  is  as  old  and  familiar  at  least  as  the  Grovels 
battery,  and  the  action  is  commonly  explained  on  the  old 
theory  of  consecutive  molecular  interchanges  coupled  with 
considerations  of  the  thermo-chemical  relations  of  the  acting 
bodies.  Prof.  Ostwald  brings  it  out  as  speaking  forcibly  for 
the  value  of  the  "  free  ion  "  theory,  assuming  that  the  action 
depends  primarily  on  the  passing  into  the  solution  of  posi- 
tively charged  atoms  from  the  zinc,  but  states  that  it  cannot 
be  explained  how  the  charging  takes  place,  or    in  what  it 
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consists.  Are  we,  then,  any  nearer  an  explanation  of  the 
phenomena  than  in  the  older  theory,  seeing  it  does  not  appear 
that  there  is  anythino;  in  this  form  of  experiment  which 
>upports  the  free  ion  theory  in  preference  to  the  older  one? 

Prof.  Ostwald  here  states  that  zinc  [and  by  implication  any 
other  metal  acted  on  by  an  electrolyte]  becomes  negatiye  to 
the  electrolyte,  while,  according  to  his  experiments  with 
mercury-dropping  electrodes*,  the  metals  were  considered 
positiye.  In  a  criticism  of  these  mercm-y-dropping  experi- 
ments already  published  f.  I  pointed  out  that  the  latter  con- 
clusion, in  the  case  of  mercury  when  thus  acted  on,  was 
]irobably  incorrect,  antl  that,  if  so,  the  hypothesis  on  N\hich 
the  results  were  explained  was  erroneous.  It  would  be 
interesting  to  know  if  the  two  theories  can  be  reconciled. 

In  conclusion  it  will,  I  hope,  he  apprehended  that  the  aboye 
criticisms  are  otfered,  not  to  proye  or  disprove  any  particular 
theory,  but  rather  to  point  out  that  in  support  of  certain 
theories  there  is  being  advanced  a  quantity  of  evidence  that 
appears  entirely  indecisive.  So  long  as  no  experimentum 
crucis  can  be  pointed  out,  and  all  the  theories  explain  known 
experimental  results,  we  advance  no  nearer  a  real  knowledge 
of  the  truth,  and  it  seems  a  pity  (supposing  the  dissociation 
theory  contain  any  truth)  to  overweight  it  at  present  with 
evidence  the  inapplicability  of  which  must  be  continually  dis- 
couragino-  to  the  student. 


IX.  On  a  New  Method  for  obtaining  a  Constant  Temperature. 
By  Mr.  Henry  Crew,  Instructor  in  Physics  in  Haverford 
College  %. 

rpHE  following  work  was  suggested  by  an  attempt  on  the 
X  part  of  the  writer  to  determine  the  coefficient  of  ex- 
pansion of  water  by  the  areometric  method  of  Matthiessen, 
using,  instead  of  a  solid  piece  of  glass,  the  hollow  glass  bulb 
of  a  weight  thermometer. 

It  was  very  soon  found,  however,  that  the  errors  introduced 
by  temperature-variation  of  the  water  in  which  the  bulb  was 
weighed  far  surpassed  all  other  errors  involved. 

The  problem  which  must  be  solved,  before  this  or  any 
other  metuod  yet  devised  is  available  for  accurate  work,  is  to 
produce,  throughout  a  certain  limited  space,  a  constant  tem- 
perature, and  to  maintain  this  temperature  for  a  time  sufficient 

*  Zeitschrift  fur  ])hysikalische  Cliemie,  i.  p.  583,  1887. 
t  Phil.  Majr.'^o;^  xxvii.  p.  ;^.1)0,  1889. 
\  Communicated  by  the  Author. 
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for  one  to  make  his  observations.  The  writer  offers  the 
follo\vinf>;  sohition  : — 

Take  the  body  within  which  it  is  desired  to  maintain  a  con- 
stant temperature,  and  wraj)  it  very  closely  with  a  fine 
covered  wire  having  a  high  specific  resistance.  The  wire 
should  not  be  of  iron,  or  any  substance  which  is  liable  to 
sufffT  large  permanent  changes  of  resistance  by  oxidation  or 
heat.  The  body  having  Ijeen  wrapped  as  completely,  as 
closely,  and  as  imiformly  as  possible,  a  constant  electric  cur- 
rent is  now  ])assed  through  it.  By  this  means  can  be  prac- 
tically developed  the  same  amount  of  heat  per  second  over 
every  unit  of  surface  of  the  body. 

If  now  the  body  is  surrounded  l)y  another  and  larger  sur- 
face of  lower  constant  temperature,,  the  amount  of  heat  which 
is  radiated  to  the  latter  per  second  will  keep  on  increasing 
until  it  is  just  equal  to  the  amount  produced  per  second  by 
the  electric  current. 

Between  the  inner  heatino-  wall  and  the  outer  coolino;  sur- 
face  we  shall  then  realize  the  condition  of  steady  flow,  while 
witliin  the  heating  surface,  thus  held  at  a  practically  constant 
temperature,  we  shall  have  exceedingly  small  variations  in 
the  reading  of  the  thermometer. 

An  experimental  test  of  the  method  was  made  as  follows: — 


Raw 
Cotton 


Ice 


Ice 


A  cylindrical  copper  vessel  C  about  10  inches  in  diameter, 
and  having  double  walls,  was  mounted  on  three  legs,  two  of 
which  (/,  /)  are  shown  in  the  figure.  C  can  thus  be  packed 
in  a  cylindrical  wall  of  ice. 

The^  whole  is  then  set  in  a  small  dish-pan,  which   allows 
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ice  to  be  easily  packed  under  the  bottom  of  C.  If  an  ordi- 
nary double  bottom  be  used  it  will  be  found  difficult  to  keep 
ice  there,  and  the  temperature  of  the  water  is  liable  to  rise 
to  4°  C. 

Within  C  is  placed  another  copper  vessel  H,  containing 
wliatever  is  to  be  heated  to  constant  temperature.  In  this 
experiment  I  used  a  large  glass  test-tube  wrapped  with 
No.  22  German-silver  wire.  Some  cork  feet  were  waxed  on 
to  the  bottom  of  H,  and  the  test-tube  was  suspended  in  H 
by  means  of  a  cork  top.  Cork  in  the  figure  is  indicated  by 
diaiional  shading. 

A  little  raw  cotton  placed  about  the  test-tube  in  H  will 
stop  convection-currents  and  much  improve  the  steadiness  of 
the  temperature. 

On  C  is  next  placed  a  metallic  cover  through  which  the 
terminals  of  the  wire  wrapping  are  led  out  and  connected  to 
the  battery.  This  metal  cap  is  covered  with  crushed  ice,  and 
the  wliole  inside  region  is  thus  surrounded  by  a  wall  at 
zero. 

The  test-tube  was  filled  with  water  whose  temperature  was 
measured  with  a  sensitive  Baudin  thermometer  on  which  the 
degrees  (Centigrade)  were  10  millim.  long ;  so  that  with  a 
telescope  there  was  no  difficulty  in  reading  to  ^oo  of  a 
degree. 

In  series  with  the  storage  battery  (in  this  case  12  cells)  is 
placed  a  loop,  r,  of  German-silver  wire  on  which  are  strung 
two  wire  connectors.  A  copper  shunt,  s,  soldered  across 
these  two  connectors,  as  in  the  figure,  makes  of  the  whole  a 
simple  and  excellent  rheostat  by  means  of  which  changes  in 
the  E.M.F.  of  the  batteries,  or  temperature  changes  in  the 
resistance  of  any  part  of  the  circuit,  may  be  compensated. 

A  duplicate  slider,  parallel  to  s,  should  be  added  in  order 
that  one  may  be  clamped  while  the  other  is  moved,  thus  never 
breaking  the  current. 

A  simple  rheostat,  devised  by  Mr.  C.  H.  Bedall,  and  oc- 
cupying much  smaller  space,  is  made  by  ploughing  a  number 
of  longitudinal  grooves  in  a  piece  of  ^  stufi"  and  connecting 
by  U-shaped  copper  connectors.  These  grooves  are  then 
filled  with  mercury,  and  the  resistance  varied  by  sliding  the 
connectors. 

As  a  source  of  constant  current  I  have  used  Julien  storage- 
cells,  and  find  that  they  leave  little  to  be  desired. 

One  does  not  need  a  large  current  even  for  the  production 
of  comparatively  high  temperatures ;  for  the  final  tempera- 
ture of  the  enclosed  space  increases  as  well  with  the  thermal 
conductivity  of  the  packing  between  the  hot  and  cold  walls 
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as  with  the  current  strength,  or  the  resistance  of  the  wrapping, 
the  steady  flow  of  heat  obeying  Ohm's  law. 

For  the  recognition  of  a  constant  current  one  cannot  use 

o  ... 

an  ordinary  tangent-galvanometer,  since,  while  variations  m 
the  direction  of  H  can  be  eliminated  by  commuting  the  cur- 
rent through  the  galvanometer,  the  variations  in  the  intensitij 
of  H  cannot  be  so  eliminated.  Neither  is  a  D'Arsonval  gal- 
vanometer available ;  for  there  is  a  time-variation  in  the 
rigidity  of  the  wire  sus])ension,  and  a  temperature-variation 
in  the  field  of  the  permanent  magnet.  Not  only  so,  but  such 
an  instrument  must  b(i  used  with  a  shunt,  and  unless  the 
shunt  has  the  same  temperature-coefhcient  as  the  suspension- 
wire  and  coil  of  the  galvanonu'tcr,  the  shunt  ratio  loill  vary 
with  the  temperature.  However,  if  one  has  no  better  instru- 
ment at  his  disposal  fair  results  may  be  obtained  with  this. 
A  Thomson  centiampere  or  milliampere  balance,  being  in- 
dependent of  thermal  and  magnetic  changes,  and  needing  no 
shunt  for  ordinary  purposes,  is  an  ideal  instrument  for  this 
work. 

The  rheostat,  r,  should  be  placed  immediately  in  front  of  it 
for  convenience. 

An  additional  convenience  is  obtained  by  placing  a  re- 
latively small  resistance  in  series  with  the  Thomson  balance, 
so  arranged  that  it  can  be  shunted  out  at  will.  In  this  way 
the  current  can  be  temporarily  increased.  Otherwise  it  will 
take  a  long  time  for  the  condition  of  steady  flow  to  be 
reached. 

A  temporary  increase  of  this  kind  is  what  is  meant,  in  the 
observations  which  follow,  by  the  note,  "  current  temporarily 
increased.^^ 

Observation  I. 


Time  of 
Obs. 

Beading 
of 

Current  on 
D'Arsonval 

Thermometer. 

Galvanometer. 

b      m 

o 

div. 

3     10 

38-10 

8-350 

3    20 

3810 

Current 

interrupted. 

3    47 

37  87 

8-350 

3    57 

37-80 

4    05 

37-87 

,, 

4     15 

37-87 

„ 

4    25 

37-87 

„ 

4     31 

37-87 

jj 

4     49 

37-875 

•' 
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Observation  II. 


These  observations  were  made  during  the  past  summer  in 
the  Physical  Laboratory  of  Hayerford  College. 

From  the  first  set  it  will  be  seen  that  the  temperature  was 
held  constant  within  yj-^j  of  a  degree  for  three  quarters  of  an 
hour ;  in  this  case  no  cotton  packing  was  used. 

In  the  second  set  it  will  be  observed  that  the  condition  of 
steady  flow  has  not  quite  been  reached,  for  the  temperature 
continues  to  rise  slowly.  Nevertheless,  there  are  two  separate 
intervals  of  more  than  40  minutes  each,  during  which  the 
variation  does  not  exceed  yJy_  of  a  degree. 

I  regret  having  had  to  leave  the  laboratory  before  I  could 
make  further  experiments,  for  I  feel  confident  the  method  is 
able  to  give  much  greater  constancy. 

Its  chief  advantages  are  that  it  can  be  applied  to  a  vessel 
of  almost  any  shape  in  almost  any  position.  This  feature 
makes  it  especially  valuable  for  the  determination  of  coeffi- 
cients of  expansion  by  the  method  of  Boguski  described  in 
the  Zeitudirift  f.  pliys,  Chem.  ii.  p.  482  ;  in  fact,  it  was  for 
nse  in  this  problem  that  the  method  was  devised. 

Unlike  the  method  of  vapour  baths,  it  will  give  any  tem- 
perature desired.  This  temperature  can  be  obtained  by  trial 
very  quickly,  without  previous  experiment,  or  the  calorimeter 
can  be  calibrated  and  the  ampere-balance  set  for  the  correct 
current  at  once. 

Lick  Obseivatoiv. 
October  1891.' 
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X.    On.  (he  Existence  of  a  Compound  of  Gold  and  Tin. 
By  A.  P.  Lauhie,  M.A* 

MATTHIESSEN,  in  bis  classical  researches  on  alloys, 
divides  the  metals  into  three  classes — namely,  those 
which  when  melted  tof>ether  seem  to  be  merely  mixed  ; 
secondly,  those  in  which  a  complete  change  of  properties 
takes  place  on  the  addition  of  a  very  small  quantity  of  another 
metal  ;  and,  lastly,  those  between  which  something  of  the 
nature  of  chemical  combination  seems  to  take  place. 

He  finds,  on  determining  the  electric  conductivity  of  alloys 
belonging  to  these  different  classes,  that  in  the  case  of  the 
first  grouj)  the  curve  of  conductivity  is  a  straight  line,  that  in 
the  case  of  the  second,  and  by  far  the  largest  grouj),  the 
curve  of  conductivity  resembles  a  U  ;  but  that  in  the  case  of 
the  third  group  the  conductivity  abruptly  rises  at  some  point 
and  then  falls  again,  such  discontinuities,  according  to 
Matthiessen,  indicating  the  existence  of  compounds  formed 
between  the  two  metals. 

It  is,  I  think,  open  to  question  whether  many  of  the  alloys 
placed  by  Matthiessen  in  the  second  group  should  not  be 
removed  to  the  third  group,  as  in  some  instances,  owing  to 
the  difficulties  of  the  research,  he  has  not  made  a  sufficient 
number  of  observations  to  prove  the  absence  of  a  rapid  rise 
and  fall  in  the  course  of  the  conductivity-curve. 

This  view  is  confirmed  Ijy  the  experiments  made  by  Prof. 
Eoberts-Austen  on  the  copper-tin  alloys.  On  examining  the 
conductivity  of  these  alloys  by  means  of  the  induction-balance, 
he  found  that  such  a  discontinuity  existed  lying  between  two 
observations  of  Matthiessen's,  and  which  he  consequently  had 
never  suspected — thus  removing  these  metals  into  the  class 
which  combine  with  each  other. 

Nobody,  ;is  far  as  I  am  aware,  has  attempted  the  task  of 
redetermining  the  electric  conductivity  of  the  alloys  as  a 
whole ;  and  it  is  therefore,  I  think,  of  some  interest  to  search 
for  these  compounds  by  a  new  method,  and  thus  throw  fresh 
light  on  the  results  obtained  by  a  determination  of  the  physical 
properties  of  the  alloys. 

The  method  I  have  adopted  has  been  already  described  in 
former  papers. 

Briefly  it  is  based  on  the  fact  that  if  in,  let  us  say,  a 
Daniell's  cell  the  zinc  plate  is  replaced  by  a  copper  plate,  so 
as  to  reduce  the  E.M.F.  practically  to  zero,  and  if  then  a 
very  minute  portion  of  zinc  be  attached  to  this  copper  plate, 

*  Communicated  bv  the  Author. 
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the  zinc  will  polarize  the  whole  surface  of  the  coi)per,  and  the 
cell  will  give  verv  nearly  the  same  deflexion  on  an  olectro- 
nieter  a>  a  DanioU's  cell. 

We  have  here,  then,  a  delicate  method  for  detecting  the 
presence  of  very  small  quantities  of  a  more  positive  metal 
wlien  merely  mixed  with  a  more  negative  metal. 

If,  however,  these  two  metals  have  entered  into  combination 
with  the  evolution  of  heat,  energy  must  be  absorbed  in  the 
cell  to  break  down  this  compound,  and  we  should  expect  the 
E.M.F.  to  be  correspondingly  lowered. 

Let  us  now  suppose  that  using  the  same  Daniell's  cell  we 
replace  the  zinc  plate  by  an  alloy  formed  by  melting  together 
copper  and  zinc,  for  instance  a  piece  of  ordinary  brass  wire. 
AVe  tind  that  this  brass  wire  behaves  like  a  piece  of  copper  in 
the  cell,  that  apparently  the  zinc  it  contains  is  not  free  to 
enter  into  combination. 

On  now  making  up  a  series  of  alloys,  each  containing  more 
zinc  than  the  List,  and  testing  their  E.M.F.  in  the  cell,  an 
alloy  is  at  last  reached  which  gives  almost  the  same  E.M.F. 
as  zinc,  while  the  alloy  before  it  behaved  like  copper  in  the 
cell,  though  only  containing  2  or  3  per  cent,  less  of  the  more 
positive  metal. 

We  have  evidently,  then,  just  passed  over  the  alloy  con- 
taining exactly  the  right  proportions  of  the  two  metals  to  form 
the  compound,  and  are  now  dealing  with  alloys  which  consist 
of  the  compound  mixed  with  an  excess  of  free  zinc,  while  all 
the  alloys  before  that  point  had  consisted  of  the  compound 
mixed  with  an  excess  of  free  copper. 

In  the  case  of  alloys,  however,  where  the  metals  are  merely 
mixed,  the  introduction  of  a  very  small  percentage  of  the  more 
positive  metal  would  at  once  be  indicated  by  the  electrometer. 

In  this  way  I  have  examined  the  alloys  formed  between  the 
metals  tin,  zinc,  lead,  and  cadmium,  and  the  results  have 
already  Ijeen  published.  In  the  case  of  these  alloys,  a  very 
small  quantity  of  the  more  jjositive  metal  at  once  caused  an 
increase  of  E.M.F.,  thus  confirming  Matthiessen''s  result  that 
these  alloys  are  merely  mixtures  of  the  two  metals  one  with 
the  other.  In  the  case,  however,  of  the  copper-zinc  and 
copper-tin  alloys,  combination  had  evidently  taken  place,  the 
rise  of  E.]\I.F.  of  the  copjier-tin  series  taking  place  at  the 
same  composition  at  which  the  maximum  point  of  the  curve 
of  conductivit}^  occurs,  as  redetermined  by  Prof.  Roberts- 
Austen.  Whether  a  redetermination  of  the  conductivity  of 
the  copper-zinc  alloys  would  show  ;i  similar  discontinuity 
agreeing  with  the  point  at  which  the  rise  of  E.M.F.  occurs 
remains  to  be  seen. 
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Having  thus  dealt  with  alloys  occurring  in  Matthiessen's 
tirst  two  groups,  it  seemed  of  interest  to  examine  next  an 
alloy  in  which  he  believed  chemical  combination  to  have  taken 
place,  and  I  have  therefore  selected  the  gold-tin  alloys  as 
most  suitable  for  this  purpose. 

Matthiessen's  conductivity-curve  for  these  alloys  resembles 
a  ^  in  shape,  and  he  suggests  that  there  are  three  compounds 
formed  by  these  metals,  one  corresponding  to  the  maximum 
point,  and  two  to  the  minimum  points  of  the  curve.  To  these 
compounds  he  gives  the  formula:^  Au4Sn,  AuSn,  and  Au2Sn5 
respectively*.  It  remains  to  be  seen  what  fresh  light  the 
new  method  throws  upon  these  conclusions. 

With  a  view  to  these  experiments  I  obtained  some  pre- 
cipitated gold  and  some  of  their  finest  grain  tin  from  Messrs. 
Johnson  and  Matthey,  and  made  up  with  these  a  series  of 
gold-tin  alloys  by  melting  the  metals  in  a  clay  tobacco-pipe, 
and  after  thorouoh  mixing  drawing  the  melted  metal  into  the 
stem.  The  alloys  so  obtained  were  white  and  brittle,  tue  only 
one  having  a  slightly  yellow  colour  being  the  last  of  the  sei-ies, 
containing  10  per  cent,  of  tin.  The  percentage  composition 
was  calculated  from  the  weights  of  each  metal  taken.  This 
was  found  sufticiently  accurate,  and  was  checked  in  the  case 
of  one  alloy,  as  will  be  presently  explained,  by  an  assay  which 
Prof.  Roberts-Austen  kindly  had  made  for  me  at  the  Mint. 
The  result  of  the  assay  only  differed  by  "2  per  cent,  from  the 
composition  calculated  from  the  weights  of  metal  taken. 

The  alloys  having  been  ])repared,  a  small  voltaic  cell  was 
arranged,  consisting  of  a  solution  of  stannic  chloride  in  the 
outer  cell,  prepared  by  passing  chlorine  into  stannous  chloride, 
and  a  solution  of  gold  chloride  in  the  inner  cell,  in  which  was 
iunnersed  a  plate  of  pure  gold.  A  brass  clip  tipped  with  })la- 
tinum  and  connected  to  mercury  ])oles  in  a  jiaraiiin  block  was 
used  to  hold  the  little  rods  of  alloys.  Each  rod  of  alloy  was 
carefully  cleaned  with  a  fresh  })iece  of  glass-paper  just  before 
Ijeing  immersed  in  the  cell. 

The  measurements  were  made  with  a  Thomson^s  quadrant- 
electrometer  and  checked  against  a  standard  Latimer-Clarke 
cell. 

Two  or  three  peculiarities  showed  themselves  with  this  cell 
which  I  have  not  observed  in  the  case  of  my  experiments 
with  other  alloys.  In  the  first  place,  a  considerable  deflexion 
was  obtained  between  tw-o  plates  of  gold,  one  in  the  outer  and 
one  in  the  inner  cell,  apparently  owing  to  an  E.M.F.  between 

*  Dr.  A.  Mattbiessen  on  "The  Electric  Condiicting-power  of  Alloys," 
riiilosophical  Transactious,  1860,  vol.  cl.,  Part  I.,  p.  107,  Tiu-(Jold  Series. 
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the  two  liquids.  Then,  on  immersino-  the  first  alloy,  contain- 
ing 10  per  cent,  of  tin,  a  further  rise  of  E.M.F.  was  obtained, 
showing  quite  a  marked  diiierence  between  the  gold  and  the 
alloy.  In  other  cases  where  a  compound  has  been  found  in 
the  series,  very  little,  if  any,  rise  of  E.M.F.  has  taken  place 
until  that  compound  has  been  passed.  This  seems  to  indicate 
that  in  the  case  of  these  alloys  the  energy  required  to  decom- 
pose the  compound  is  not  so  great  as  to  reduce  the  E.M.F.  of 
the  cell  to  that  obtained  with  gold  alone. 

Another  peculiarity  of  a  more  objectionable  kind  was  the 
fluctuations  in  the  readings  taken  on  different  days.  These 
were  small  and  did  not  affect  the  relative  positions  of  the 
alloys  one  to  another,  all  rising  or  falling  together  in  E.M.F., 
and  was  doubtless  due  to  changes  in  the  unstable  solutions 
used.     The  results  obtained  are  given  in  the  foUowino-  Table: — 


Weight  of  Metals  taken. 

Percentage  of 
Tin  in  Alloy. 

E.M.F.  in  volts. 

Gold— Gold    

•667 

Gold  1-803  grins.     Tin     -202  grms.... 

ibo7 

•923 

Gold  2U00  gruiB.     Tin     -602  gnus.... 

23-1 

•932 

Gold  2-002  grms.     Tin     -704  grms.... 

26-01 

■923 

Gold  2  000  grms.     Tin     -800  grms.... 

28-5 

-941 

Gold  1-303  grms.     Tin     -700  grms.... 

34-9 

•932 

Gold  1-284  grms.     Tin     -722  grms.... 

35-9 

•950 

Gold  1-201  grms.     Tin     -801  grms.... 

40-0 

1-215 

Gold  3-001  grms.     Tin  3-001  grms.... 

50 

1^279 

Gold— Tin  

1-425 

On  looking  at  this  Table  it  will  be  noticed  that  the  readings 
remain  nearly  the  same  from  the  first  alloy  up  to  the  one 
wliich  contains  'S5'd  per  cent,  of  tin  ;  but  in  pa.ssing  from  that 
to  the  alloy  containing  40  per  cent,  of  tin,  a  rapid  rise  in  the 
E.M.F.  takes  place.  From  this  point  up  to  pure  tin  the 
E.IM.F.  only  rises  "21  volt,  the  curve  being  approximately  a 
straight  hue.  This  shows  that  between  these  two  alloys"  an 
alloy  exists  containing  the  metals  in  the  right  proportion  to 
form  a  compound,  and  that  on  reaching  the  alloy  of  40  per 
cent,  of  tin  the  compoimd  has  been  passed  and  free  tin  is 
present.  In  order  to  push  this  point  closer  home  I  prepared 
an  alloy  which  is  not  given  in  the  Table  and  which  I  made  up 
to  contain  88"  1  per  cent,  of  tin.  This  alloy  was  assayed  at 
the  Mint,  with  the  following  result : — 

Gold    61*7  per  cent. 

Tin 38*3       „        by  difference. 


100-0 
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This  alloy  was  remarkahly  brittle,  so  brittle  that  1  could 
only  prepare  it  in  short  ])ieces.  On  testing  the  E.M.F.  of 
small  pieces  of  tliis  alloy  they  behaved  in  a  curious  way,  some  of 


them  irivino-  the  E.M.F.  1-2  volt,  others  the  E.M.F. 


•95  volt, 


Gold 


40  60 

Percenta.ges    oF     Tin 


and  others  intermediate  numbers.  Fresh  sand-papering  the 
surface  also  affected  the  results.  This  behaviour  is  just  what 
might  be  expected  to  hajipen  on  testing  an  alloy  containing  a 
very  small  excess  of  free  tin  scatteretl  through  the  compound 
and  sometimes  absent  altogether,  and  sometimes  eaten  fi-om  the 
surface  by  local  action.  Evidently,  then,  the  compound  had 
just  been  passed  over.     On  now  comparing  these  results  with 
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those  obtained  by  Matthiessen,  we  find  that  he  fixes  tbe  maxi- 
mum point  of  his  curve  at  an  alloy  coutainincv  37  per  cent,  of 
tin.  This  number  agrees  pretty  closely  with  the  formula  AuSn 
if  we  take  tin  as  having  an  atoniic  weight  of  118,  and  gold  as 
having  an  atomic  weight  of  197.  The  formula,  then,  AuSn, 
the  maximum  jioint  of  the  electric  conductivity-curve,  and 
the  point  where  the  E.M.F.  abruptly  rises,  lie  between  the 
alloys  containingoG  per  cent,  and  o8  per  cent.  res{)ectively  of  tin. 
This  method,  then,  confirms  the  existence  of  one  of  Matthiessen's 
supposed  compounds,  but  has  not  confirmed  the  existence  of 
the  other  two.  it  agrees,  however,  with  the  results  obtained 
with  the  copper-tin  alloys,  and  taken  in  conjunction  with 
them  shows  that  the  point  of  maximum  conductivity  is  the 
l)oint  where  a  compound  exists.  This  does  not  seem  an  un- 
reasonable result.  Compounds  of  the  formula  Au^Sn  and 
AugSug  are  not  very  probable.  Furthermore,  the  most  common 
form  for  the  curve  of  electric  conductivity  to  take  in  the  case 
of  metals  not  combining  is  a  U-  If  '^^'S  regard  the  compound 
AuSn  as  practically  a  new  metal  of  fairly  good  conductivity, 
we  should  expect  two  regions  of  depression  between  AuSn 
and  gold,  and  between  AuSn  and  tin  to  make  the  results  corre- 
spond to  those  usually  obtained.  But  we  may  derive  a  further 
conclusion  from  the  E.M.F.  measurements  in  the  case  of  these 
alloys.  The  change  in  E.M.F.  in  passing  over  the  compound 
amounts  to  '25  volt.  Now  this  is  a  measure  of  the  energy 
absorbed  in  the  cell  in  decomposing  the  compound  and  may, 
therefore,  be  taken  as  an  approximate  measure  of  the  heat  of 
formation  of  the  compound  itself. 


XL    llie  Variation  in  the  Density  of  Water  icith  the 
Temperature.     DyD.  Mendeleeff"^. 

THE  expansion  of  water  with  change  of  temperature, 
although  presenting  great  scientific  interest,  both  for 
the  comprehension  of  the  action  of  heat  upon  matter  and  also 
for  many  experimental  investigations,  cannot  yet  be  considered 
as  elucidated  in  its  theoretical  asjject  nor  sufficiently  worked 
out  experimentally.  It  will  lie  seen  from  Tables  I.  and  II.  that 
in  the  best  existing  determinations,  and  after  the  introduction 
of  possible  corrections  f,  we  encounter  discrepancies  which, 

*  Translated  bv  G.  Kamensky.  Communicated  bv  Prof.  Criim  Brown 
F.R.S. 

t  For  instance,  possible  corrections  for  the  value  of  tbe  true  coefficient 
of  expansion  of  mercury,  for  the  readings  of  the  mercury  thermometer, 
for  weighing  in  air,  for  the  increase  of  the  expannon  of  the  vessel  with  a 
rise  of  tempeiature,  &c.     Further  on  I  consider  certain  of  these  corrcc- 

H2 
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even  for  ordinary  temperatures,  exceed  hundred-thousandths  * 
while  the  accuracy  of  gi-avimetric  and  vohunetrie  measure- 
ments can  now  be  carried  to  millionths. 

The  publication  of  the  ])resent  jxiper  previous  to  my  having 
been  al)le  to  undertake  a  series  of  fresh  and  properly  insti- 
tuted determinations  of  the  expansion  of  water,  is  accounted 
for  by  the  I'act  that  the  collation  and  elaboration  of  the  exist- 
in<r  data  referring  to  this  subject  has  led  me  to  the  following 
somewhat  simple  expression  : — 

Q  _i \^~^)  (-l\ 

'  (A  +  0(B-OC' ^  ' 

which  embraces  all  that  is  known  for  the  variation  of  the 
density  of  water  (kS/)  between  -10°  C  and  +200°C  f  with  all 
the  accuracy  now  attainable.  A  general  expression  for  tlui 
variation  of  the  density  of  wafer,  while  })resenting  a  means  for 


tions  in  detail.  I  have  introduced  some  of  them  into  the  existing  data  of 
many  observers,  but  I  do  not  give  the  results  tlius  obtained  in  this  article, 
because  in  the  first  place  I  wish  to  preserve  the  original  results  of  the 
experimenters,  knowing  that  the  greatest  interest  is  always  attached  to 
them,  and  in  the  second  place  because  many  of  these  corrections  are  of 
doubtful  value,  unless  they  are  made  by  the  observers  themselves,  ^^'hen 
studying  the  literature  of  the  subject,  it  becomes  a  matter  of  regret  that 
the  majority  of  observers  do  not  give  their  original  experimental  numbers 
(for  example,  the  apparent  volumes  or  weights  of  water).  If  these  were 
hnown,  it  would  be  easier  to  introduce  the  necessary  corrections  and  to 
form  an  estimate  of  the  magnitude  of  the  errors  inherent  in  the  figures 
thus  given. 

*  For  example,  at  25°  the  volume  of  water,  according  to  Jollv,  is  equal 
to  1-002856;  according  to  Matthiessen  it  is  1  •002982.  The  first  number 
approaches  to  the  values  given  by  Rosetti,  Plagen,  and  others ;  the  second 
is  nearer  to  Despretz's  determination. 

t  In  liis  admirable  determinations  of  the  expansion  of  water  from  100° 
to  200°,  Hirn  plainly  states  that  at  tliese  temperatures  the  expansion  of 
water  is  expressed  differently  and  more  simply  than  at  lower  tempera- 
tures. Ko'])p  and  the  majority  of  investigators  give  empirical  expressions 
(by  interpolation)  for  the  expansion  of  water  for  only  small  variations  of 
teinjierature,  for  instance  from  75^  to  100°,  their  endeavours  to  obtain  a 
general  expression,  com]irisingthe  whole  range  of  volumes  from  0°  to  100°, 
having  been  fruitless.  Frankenheim  (l\"igg.  Atm.  1852,  Ixxxvi.  p.  403),  iu 
undertaking  tlie  great  labour  of  making  a  series  of  f'resli  calculations  for 
all  the  experimental  data  of  I'ierre,  liad  in  view  to  seek  out  a  general 
expression  ("  Ausdruck  des  Naturgesetzes  ")  answering  to  the  "conflict 
between  heat  and  cohesion  whicli  evinces  itself  in  tlie  variation  of  the 
densitv  of  water,'"  but  was  unsuccessful  iu  finding  a  general  algebraical 
expression  for  the  dependence  whicli  is  here  concealed.  He  concludes 
his  memoir  with  the  words  "  Das  Problem  ist  noch  ungelost."  From 
this  we  see  that  the  great  importance  of  having  a  simple  general  alge- 
br.aical  expression  for  the  expansion  of  water  with  a  rise  of  temperature 
was  long  since  recognized  by  many  scientists. 
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working  up  experimental  data,  may  also  have  a  certain 
theoretical  siguitieance,  inasmuch  as  it  may  assist  in  ex})lain- 
ing  the  general  law  of  the  expansion  of  liquids  *.  Ifor  all 
liquids  except  water  the  rate  of  change  of  the  density  with 

the  temperature  (?".  e.  the  ditferential  coefficient  -^)  varies  but 

little,  either  rising  or  falling  slightly  with  considerable  varia- 
tions of  temperature  ;  for  example  : — 


Anijl  alcohol. 

Sulphuric  acid 
('J3i  p.c). 

Phosphorus 
tribroiuide. 

Mercury. 

J  ^'  = 

0-8248 

1-8525 

2-92311 

13-5956 

g.t     0»... 

-000076 

-0-00106 

-0-00244 

-0002447 

„      25°  ... 

-00(->077 

-000102 

-000245 

-0  002439 

„      50°  ... 

-0  00080 

-000099 

-0-00245 

-0002431 

„     100°  ... 

-0-00094 

-0-00092 

-000246 

-0-002415 

According  to 

Kopp 
(1855). 

Kremers 
(1863). 

Thorpe 
(1880). 

Eegnault. 

0°. 

25°. 

50°. 

100°. 

100°. 

200°. 

+  6 

-25 

-4.5 

-72 

-100 

-120 

In  the  case  of  water^  on  the  other  band,  the   differential 

coefficient  ~  not  only  changes  its  sign  at  4°,  but  in  general 

varies  with  extraordinary  rapidity,  even  (judging  from  Hirn's 
data,  1867)  at  temperatures  far  removed  from  0°,  above 
lOO"":— 

Although  I  do  not  desire  here  to  touch  upon  the  question 
of  a  first  approximation  towards  the  general  law  of  the  ex- 
pansion of  liquids,  I  consider  it  necessary  to  state  that  the 

*  In  the  Journal  of  the  Russian  Physico-Chem.  Soc.  for  1884  (and  also 
in  the  Journal  of  the  Chem.  Soc.  London,  1884),  I  stated  that  the  ex- 
pansion of  liquids  may  be  approximately  expressed  (at  a  point  far 
removed  from  their  passage  into  another  state  and  within  the  range  of 
the  ordinary  accuracy  of  determinations)  by  an  equation  of  the  form 
iit=Sg(l—kt);  and  although  in  vaiiou.s  quarters  doubts  were  enter- 
tained as  to  the  generality  of  such  a  law  (e.-;pecially  by  Avenarius  and 
Grimaldi),  on  the  other  hand,  not  less  weighty  proofs  of  its  applicabihty 
were  brought  forward  (notably  by  Thorpe  and  Riicker,  Kraiewicz  and 
Konovaloti") ;  so  that  the  question  of  a  general  law  for  the  expansion  of 
liquids  must  be  considered  as  having  just  entered  upon  its  Hist  phases 
of  historical  development.  Just  as  wlien  elaborating  my  first  article 
(Journal  of  the  liuss.  Physico-Chem.  Soc.  1884,  p.  7),  I  then  considered 
the  question  of  the  expansion  of  water  as  unique,  and  as  requiring  special 
determination,  so  now  I  maintain  that  the  working  out  of  this  problem 
will  advance  the  very  idea  of  the  general  law  of  the  expansion  of  liquids. 
I  trust  to  return  to  this  subject  shortly. 
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aspect  of  formula  No.  1  bears  a  certain  relation  to  this 
subject,  as  will  be  seen  from  tlie  method  by  which  I  arrived 
at  it. 

In  order  to  obtain  an  expression  fulfilling  the  condition  that 
the  density  of  water  at  4°  be  taken  as  =1,  it  was  necessary  in 
the  empirical  formula 

^t  =  a  +  ht  +  ct^-\-cW  + 

to  take  a  =  l  and  to  make  the  sum  of  all  the  remaining 
members  of  the  series  divisible  by  (f  — 4).  But  in  order  to 
comply  with  the  foot  that  the  density  of  water  attains  a 
maximum  at  4°,  it  was  necessary  to  admit  that  the  remaining 
members  are  once  more  divisible  by  (<  — 4),  because  then, 
when  t  =  4,  the  differential  coefficient  is  equal  to  zero  *.  There- 
fore the  formula 

S,  =  l-(t-4yF{t), (2) 

where  F(^)>0  and  <  1,  should  be  taken.  Having  deter- 
mined the  values  of  F  (f)  or  the  magnitudes  (1  — S/)/(/:  — 4)^ 
from  the  aggregate  of  existing  data,  I  became  convinced  from 

*  As  ftar  as  I  know  (from  a  notice  in  Pog<r.  Atui.  1853,  xc.  p.  G28) 
Hassler,  in  America  in  1832,  was  the  first  to  apply  an  expression  of  the 
form 

St  =  S,-A(t-t,n)-'B{t-t,nr, 

where  tm  is  the  temperature  of  maximum  density,  for  calculating;  tlie 
density  of  water.  The  necessity  for  discarding  the  term  (^—i";,,)  in  the 
first  degree,  and  for  taking  it  only  in  the  second  degree,  was  already 
recognized  by  Miller  (Phil.  Trans.  18o6),  and  is  repeated  by  Hagen  and 
Ilosetti.  But  these  observers,  in  their  calculations  for  the  expansion  of 
water  according  to  the  formula 

St=l-{t-fmy-^+'B(t-t,nY+"-C{t-t,ny  +  ^, 

&c.,  have  up  till  now  always  only  adopted  such  functions  where  t 
invariably  has  a  positive  exponent,  i.  e.  only  enters  into  the  numerator ; 
whereas  I  have  become  convinced  that  formube  of  this  kind  satisfy  the 
aggregate  of  known  facts  only  when  taken  with  a  large  number  of  terms, 
even  if  fractional  indir:es  be  adopted,  as  done  by  Hagen  and  Rosetti. 
And  if  the  number  of  the  terms  of  the  expression  be  great,  then  it  loses 
that  simplicity  which  alone  fulfils  the  requirements  we  have  a  right  to 
claim  in  a  natural  expression  for  the  phenomena  of  nature.  In  additiein 
to  this,  Hagen  expressed  the  variation  of  specific  gravity  by  a  furmida  of 
the  aspect 

while  Rosetti  had  recourse  to  a  similar  formula  for  the  expression  of 
the  volumes : 

Yf  =  \  +  A  {t-t,ny-B{t-t,ny-e  +  C{t  -tmY-^-^y 

and  since  V/S^  =  l,  a  comparison  of  both  expressions,  as  well  as  a  trial  of 
them,  convinces  one  of  the  total  unsatisfactoriness  of  both  or  at  least  one 
of  them. 
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numerous  calculations  that  F  (t)  is  expressed  by  the  sum  of 
the  terms  a-{-ht  +  c('  ^-dt^  + .  .  .  .  with  coefHcients  consecu- 
tively chancring  their  signs,  i.  e.  from  +  to  — ,  and  decreasing 
in  magnitude*.  This  indicated  the  convergent  nature  of  the 
series  and  the  possihihty  of  expressing  F(^)  in  a  simpler  form 
which  would  rapitUy  converge.  But  I  ditl  not  consider  it  as 
sufficiently  exact,  for  the  admission  of  terms  with  t'^  and  even 
t^  in  F  [t]  did  not  yet  express  the  entire  phenomenon  of  the 
expansion  of  water  between  — 10°  and  +  200°  with  even  the 
small  degree  of  accuracy  w^hich  is  found  in  contemporary 
determinations.  In  striving  to  express  F(^)  in  the  simplest 
possible  form  I  tried  many  of  the  expressions  already  proposed, 
but  became  convinced  of  their  insufficiency  f.  As  regards 
formula  Xo.  1,  I  arrived  at  it  from  the  followino-  con- 
siuerations  : — 

1.  When  I  showed  (see  note  p.  101)  that  the  expansion  of  all 
liquids  (except  water)  may  be  approximately  expressed,  like 
the  expansion  of  gases,  by  the  general  formula 


V. 


where  for  gases  n=:+l  and  for  liquids  7i=  — 1,  i.  e.  when 
for  hquids  it  was  possible  to  take 

S,  =  So(l-/.0 (3) 

*  As  an  example  I  will  cite  one  sucli  formula,  performiDfr  the  multi- 
plication by  (^—4)-  in  order  to  show  clearly  the  varying  nature  of  the 
signs : 

Sa0^  =  999875+G.3-606  ^-8-318o  ^■-+0-0632.38  fi 

-00003G703  i'+0-00G000S979i-. 

Expressions  with  —  A^'^+B^'^  can  he  considered  as  sufficient  for  the 
accuracy  of  contemporary  determinations,  but  the  above  expression  with 
t\  although  satisfying  the  greater  portion  of  the  curve,  still,  for  ordinary 
temperatures  (:^0^-30°)  affords  deviations  which  exceed  the  probable 
errors  in  corrected  mean  values. 

t  I  for  a  long  time  confined  my  attention  particularly  to  expressions 
of  the  form 

where  the  first  member  corresponds  to  the  distance  between  the  centres 
of  the  particles.  I  afterwards  endeavoured  to  express  the  dependence  uf 
the  density  and  of  the  volume  of  water  upon  its  temperature  by  taldng 
fractional  indices  (like  llagen  and  liosettij  and  tried  the  application  of 
logarithmic  dike  iJaukine)  and  catenary  functions,  and  in  general,  like 
Ilaj^en  and  Frnukenheim,  spent  much  time  in  endeavours  to  express  tliis 
dependence  by  means  of  seme  simple  algebraical  formula  with  the  least 
possible  number  of  constants. 
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Then  Thorpe  and  Riicker  *  concluded,  on  the  bases  of  Van  der 
Waals's  theory,  that  tlie  inodukis  of  expansion  of  liquids  k 
stands  in  intimate  dependence  on  the  temperature  of  their 
absolute  boiling-points  Tg,  namely  that 

i=2T2-273 (4) 

As  in  fonnula  No.  2,  F(<)  is  essentially  analogous  in  its 
signification  to  k  in  formula  No.  3,  I  tried  to  calculate  the 

value  of  TT7— :  or  ^(^)  instead  of  F(/),  hoping  thus  to  include 

the  conception  of  the  absolute  boiling-point  of  water,  and  this 
led  to  the  form  of  formula  No.  1. 

2.  It  was  necessary  for  the  complete  expression  of  the  ex- 
pansion of  water  as  a  liquid  that  F(^)  should  remain  a  positive 
fraction  less  than  unity  at  all  values  of  t,  starting  from  a 
certain  "critical"  low  temperature  (below  — 10°),  Tj,  at 
which  water  solidifies  under  any  condition  (of  pressure,  elec- 
trical state,  &c.),  up  to  the  higher  "  critical  "  temperature 
or  absolute  boiling-point  T2,  at  which  water  passes  into  vapour 
under  any  condition  ;  because  it  is  only  between  these  two 
limits  T2  and  Tj  that  the  specific  gravity  of  liquid  water  can 
be  observed.  Outside  these  limits  F  (t)  may  acquire  an 
imaginary  value,  or  become  greater  than  unity,  or  negative 
in  sign.  The  form  of  formula  No.  1  answers  to  these  require- 
ments for  F  (t),  because  according  to  it 

''^'^-  {A  +  t){B-t)C      </)(0' 

3.  It  is  known  that  if  certain  conditions  be  observed  water 
may  be  cooled  to  — 10°,  and  even  much  lower,  without  being 
converted  into  ice,  and  therefore  A  nnist  be  greater  than  10. 
On  the  other  hand,  Dewar  f  showed  that  the  absolute  boiling- 
point  of  w-ater  does  not  lie  below  +370°,  therefore  B  must  be 
greater  than  370  ;  and  as  2To  enters  into  formula  No.  4,  we 
may  suppose  that  B  will  express  a  quantity  greater  than  2T2, 
and  that  the  value  of  it  will  be  greater  than  2Ti. 

4.  These  considerations  of  a  theoretical  character  led  me 
to  conclude  that  the  value  of  (f)(t)  should  be  found  for  various 
temperatures,  and  if  these  considerations  were  correct,  that 
(^  —  4)7(1 — S/)   or  (f>{t)  should  be  expressible  by  the  paral)ola 

(f){t)  =  a  +  ht  +  ct^, 

*  Thorpe    and    Riicker,    Journal    of    the    Chem.    Sor.,  April   1884, 
xlv.  p.  1:5.1 
t  Uewar,  Thil.  Majf.  1884,(5)  xviii.  p.  210. 
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wlioro  a  and  b  are  positive  and  c  negative;  for  then  AB('  =  a, 
(B-A)C  =  i,  and  -C  =  c,  for 

{A  +  t){B-t)G  =  ABC  +  (B-A)Ct-Ct\ 

Besides,  under  the  above  conditions  l/<^(0  or  F{f)  should 
expand  in  terms  of  t  into  a  convergent  series  with  changing 
signs,  as  is  obtained  in  reality. 

By  taking  from  the  most  trustworthy  determinations  the 
values  of  <f){t)  corrected  as  tar  as  possible  for  temperatures  20°, 
30°,  40°,  50°,  60°,  70°,  and  80°,  and  employing  the  method  of 
least  squares  *,  I  obtained: — 

(f>(t)  =  1257  80 +  n5St- 1-90 1^,     ...     (5) 

and  the  mean  quadratic  error  of  calculation  proved  to  be  far 
less  than  the  possible  error  of  experimental  results.  As  a 
final  verification  of  the  formula  obtained,  the  values  of  S^  were 
extrapolated  by  means  of  the  expression  No.  5  throughout  the 
range  of  temperatures  from  — 10°  to  200°,  and  it  was  found  that 
the  difference  between  the  values  obtained  by  experiment  and 
calculation  in  no  case  exceeded  the  errors  which  must  be  re- 
cognized as  existing  in  the  determinations  of  the  density  of 
water.     The  figures  thus  obtained  are  given  in  Table  III. 

5.  As  the  extrapolation  was  extended  beyond  the  range  of 
my  calculations  (from  20°  to  80°,  =  60°)  up  to  limiting  tem- 
]»eratures  exceeding  more  than  three  times  the  one  adopted 
(from  -10°  to  200°,  =  210°),  and  as  formula  Xo.  1  justified 
itself  by  a  possible  concordance  with  experimental  results,  and 
since  the  accuracy  of  existent  determinations  is  very  dissimilar 
and  generally  speaking  small,  I  considered  it  useless,  pending 
the  publication  of  more  accurate  determinations,  to  search  for 
a  more  trustworthy  value  of  0(f)  or  through  it  of  the  value  of 
S  ,  taking  the  aggregate  of  all  contemporary  data;  and  this  all 
the  more,  seeing  that  for  ordinary  temperatures  (from  0°  to 
40°)  the  values  (f){t)  and  S  found  from  formula  No.  5  were 
entirely  satisfactory.  Taking  into  consideration  the  fact  that 
in  the  expression 

y  =  a  +  bt  +  ct^ 

the  values  of  the  parabolic  coefficients,  a,  h  and  c,  deduced  from 
experimental  data  by  the  method  of  least  squares,  are  greatly 

*  In  all  my  calculations,  when  it  was  necessary  to  adopt  the  method 
of  least  squares  I  usnd  the  process  of  computation  based  upon  P.  L.  Tcheby- 
shert's  method,  which  is  fully  explained  in  my  work  upon  "The  Com- 
pounds of  Alcohol  and  Water,"  I8fi5,  p.  89. 
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affected  *  by  tlie  existence  of  errors  in  tlie  fnndanientiil  quan- 
tities, it  ai)[)ears  useless  at  present  to  expect  values  of  any 
accuracy  for  the  constants  A,  B,  and  C  in  formula  No.  1. 
According  to  the  numbers  of  formula  No.  5,  we  find  that 

A  =  94-10,  B  =  703-51,  C==l-O0.  ...  (6) 
These  figures  satisfy  the  conditions  A>10  and  B>370,  and 
also  that  they  should  be  all  positive  and  greater  than  unity, 
so  that  F(f)  >0  and  <  1  ;  but  the  true  values  of  A,  B,  and  i) 
can  only  be  found  after  fresh  and  more  accurate  determina- 
tions. As  a  first  approximation,  especially  for  ordinary  tem- 
])eratures  f,  tlie  above  values  will  suffice,  justified  as  they  are 
by  a  comparison  of  the  calculated  results  with  the  aggregate 
of  already  known  data  (see  Tables  I.,  II.,  III.). 

Previous  to  revisin  (^  the  extant  information  concerning  the 
f  xpansion  of  water,  it  will  be  well  to  examine  the  corrections 
and  errors  relating  to  the  data  of  the  subject.  On  this  head 
special  attention  must  be  paid  to  the  influence  of  pressure, 
the  coefficients  of  ex])ansion  of  solid  bodies,  and  the  methods 
emjjloyed  for  determining  the  temperatui'es. 

Infiuence  of  Presisure. — Taking  the  aggregate  of  results 
from  previous  sources  (Regnault,  Wertheim,  Grassi,  Amaury, 
and  others)  of  information  about  the  compressibility  of  water, 
it  api)ears  that  the  magnitude  yu.  (the  coefficient  of  compressi- 
bility corres])onding  to  a  rise  of  pressure  equal  to  one  atmo- 
sphere) decreases  when  the  temperature  rises  from  0'^,  whereas 
for  all  other  liquids  //,  increases  with  the  temperature.  The 
researches  of  Pagliani  and  Vicentini  |,   however,   show  that 

*  In  Prof.  Markoff's  researches  (Proceedings  of  the  Imp.  Acad,  of 
Sciences,  St.  Petersburg',  I889j,  the  possible  Aariations  of  «,  ^,  &  c  in  the 
expression  y=a-\-b.v-\-cx~  for  a  given  limit  of  the  variable  x  and  a  de- 
terminate error  of  the  variable  y  are  considered  in  an  exhaustive  manner. 
This  question  is  stated  and  solved  for  a  particular  case  in  the  work 
"  Investigation  of  Aqueous  Solutions  according  to  theii'  Specific  Gravity," 
1887,  p.  i!89,  by  the  present  Author. 

t  If  we  had  to  deal  with  a  small  range  of  temperature,  for  instance 
from  0*^-40°,  then  the  rectilinear  expression  of  ^(^)  would  amply  suffice 
within  the  limits  of  possible  errors  (see  Tables  II.  and  III.).    In  that  case 

A  like  expression,  with  the  difference  that  in  the  numerator  {t—A)  has  an 
index  of  more  than  2  and  less  than  3,  appears  sufficient  for  the  entire 
range  of  expansion,  but  then  great  difficulty  is  experienced  in  the  calcu- 
lations and  in  reality  three  constants  are  introduced,  the  same  as  in 
formula  No.  1.     But  an  expression  of  the  form 

proves  unsatisfactory.  '~    ~  A+Bi  * 

X  Pagliani  and  Vicentini.  Unfortunately  I  have  not  read  their  memoir 
in  the  original,  but  only  know  it  from  an  account  published  in  Wiede- 
mann's Jj  nib  latter,  18&4. 
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this  docreaso  only  extends  to  a  temperature  approaching  G3°, 
and  that  beyond,  tor  water  as  tor  other  Uquids,  jj.  increases, 
viz.  : — 

By  experiment.  By  formula  No.  7. 

0°.        /alO«  =  50'3  ix^lO'=uoO-5 

10°.                    47-0  47-3 

20°.                    44-5  44- G 

30°.                    42-0  42-4 

40°.                    40-9  40-7 

50°.                     39-7  39-6 

60°.                    38-9  39-0 

70°.                    39-0  38-9 

80°.                    39-6  39-3 

90°.                    40-2  40-2 

100°.                    41-0  41-7 

In  order  to  be  able  to  deal  with  experimental  data  for  tem- 
peratures exceeding  100°,  I  have  ex[)ressed  the  variation  ot"/i 
by  a  parabola  : — 

/i  =  10-'^(50-49 -0-348  ^  +  0-0026  r^)..     .     .     (7) 

Since  the  quantity  /a  represents  some  hundred-thousandths 
of  the  volume,  it  is  evident  that  in  determining  the  densitv  of 
water  (just  the  same  as  for  all  other  liquids)  it  is  impossible 
to  obtain  results  agreeing  to  a  millionth,  even  at  ordinary 
atmospheric  pressures,  if  (as  is  usually  done)  we  neglect  the 
influences  of  compressibility  and  pressure.  Supposing,  for 
example,  that  the  experimenter  had  determined  the  volume 
for  water  at  100°  as  1*043212,  operating  at  a  pressure  of  1  at- 
mosphere; and  on  another  occasion  with  this  pressure  decreased 
by  one  tenth  of  an  atmosphere,  he  ought  to  find  1*043212  x 
1*0000042  or  1*04321(3,  if  his  determinations  attain  an  accu- 
racy of  a  miUionth.  The  influence  of  compressibility  is  par- 
ticularly notable  when  determining  the  density  or  volume  of 
water  beyond  100°,  because  at  such  temperatures  the  pressures 
are  unavoidably  considerable.  In  this  respect  the  first,  so  to 
speak,  reconnoitring  determinations  were  made  by  Sorby  * 

*  Sorby  (Phil.  Mag.  1859,  xviii.  p.  81)  made  his  determinations  in  a  cylin- 
drical sealed  tube,  and  compared  the  volumes  of  water  and  of  some 
saline  solutions.  Ilis  data  refer  to  vapour-pressures^^  of  water  at  the 
temperature  indicated. 

^=120°  14(P  160^  180°  200°. 

p  =  l-9iJ  .3-57  6-12  0-0.3  15-.38  Atm. 

Y  =  105988       1-0796         1-10186        1-12676         1-1543. 

Judging  from  the  mode  of  observation,  the  degree  of  accuracy  hardly 
exceeds  +0-005. 

In  18G0,  being  unaware  of  Sorby's  determinations,  I  made  a  series  of 
determinations  of  the  expansion,  f<bove  their  boiling-points,  of  water, 
ether,  and  alcohol  (Mendeleeff,  Liebig's  Ann.  cxix.  p.  1).    My  experiments, 
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and  myself,  and  showed  that  beyond  100°  the  expansion  of 
Avater  increases  just  the  same  as  at  lower  temperatures.  Later 
on  Hirn  *  aecurately  determined  the  variation  of  a  volume  of 
Avatcr  heated  Irom  100°  to  200°,  allowing-  it  to  remain  all  the 
time  under  a  pressure  of  about  15  atmospheres.  Taking  the 
volume  at  4°  to  be  unity  and  taking,  according  to  De^pretz, 
V,  =  l  04315  for  100°,  it  appeared  that,  for 

120^  140''  160°  180="  200° 

V<=l-05i<y2         1-071)49         1-10149         1-12G78     1-15777 

In  order  to  render  these  figures  comparable  with  the  other 
data  for  a  pressure  of  one  atmosj)here,  it  is  necessary  to 
multiply  them  by  (l+yn/l-l),  since  the  volumes  were  observed 
under  a  pressure  of  15  atmospheres  f.  This  reduction  neces- 
sitates the  knowledge  of  /i<  between  100°  and  200°  inclusive. 
Up  to  the  present  time  direct  determinations  of  this  kind  do 
not  exist,  so  that  it  becomes  necessary  to  extrapolate  by  means 
of  formula  No.  7.     This  gives  for  the  above  temperatures  : — 

10V^=4G-17,     52-73,     61-37,     73-09,     84-89. 

Therefore  Hirn's  figures  for  the  volumes  of  water  when  reduced 
to  a  pressure  of  one  atmosphere  become  : — 

V<=  1-06000,     1-08029,     1-10244,     1-12793,     1-15914. 

Determining  from  these  the  density  under  a  pressure  of  one 
atmosphere,  we  have 

S<=0-94286,     0-92568,     0-90708,     0-88658,     0-86271. 

like  Sorby's,  were  only  intended  to  give  a  preliminary  acquaintance  with 
the  phenomenon,  and  my  error  is  still  greater  than  Sorby's,  namely  about 
+001.  For  water  a  determination  was  made  for  three  temperatures, 
and  gave  the  following  results : — 

t=\-2(P  140°  160°. 

V=l-07  1-09  1-11. 

The  volumes  were  reduced  to  a  pressure  of  1  atm.  Sorby's  and  my 
results  are  incomparably  less  accurate  than  those  made  by  Hirn,  and  as 
such  have  not  met  with  any  further  attention.  This  was  a  first  recon- 
naissance into  the  region  of  the  unknown. 

*  Hirn,  1867,  Ann.  de  Chimie  et  Phi/s.  (4)  x.  p.  32.  The  method  of 
determination  and  the  dimensions  of  the  vessels  adopted  guarantee  con- 
siderable accuracy  to  Ilirn's  results,  which,  however,  judging  from  the 
mode  of  computing  the  corrections,  especially  for  the  coetticient  of 
expansion  of  the  vessel,  contain  an  error  hardly  less  than  +OOOO0. 

t  Hirn  states  in  his  memoir  (/.  c.)  on  p.  .39,  that  the  height  of  the 
mercury  in  the  open  column  was  ll'2o  metres ;  but  vu  p.  48  he  says  that 
the  mean  pressure  was  equal  to  ll"o  metres.  Taking  the  first  statement 
and  adding  the  atmospheric  pressure,  we  obtain  15-8  atm.,  but  if  we  take 
the  heijiht  ITS  metres  to  express  the  total  pressure  we  obtain  15-1 
atm. 
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However  well  the  results  of  Hirn's  repeated  experiments 
niav  aoree  with  one  another,  still  they  must  contain  errors 
which  it  is  inipossihle  to  avoiil,  hut  which  should  not  be  lost 
siijht  of.  Thus,  for  instance,  Hirn  determined  the  expansion 
of  his  copper  vessel  between  22^  and  10l'78°,  using  water 
and  the  fiirures  representing  its  variation  in  volume  given  by 
Despretz  (Tal)le  I.).  We  know  that  these  results,  although 
derived  from  one  of  the  best  determinations,  are  somewhat  in 
error,  (>sj)ecially  at  about  20°  (Table  1.),  and  therefore,  on 
their  basis,  the  true  coefficient  of  expansion  of  the  copper 
vessel  cannot  be  obtained  *.  According  to  Hirn  ()*0000.')U2l 
was  determined  to  be  the  coefficient  of  cubical  expansion,  and 
this  value  was  adopted  in  his  calculation.  But  Fizeau  gives  for 
copper  0-000050O-4  at  40°  and  0-0t)005094  at  50°,  showing  a 
rapid  increase  with  the  temperature.  This  also  follows  from 
the  determinations  of  Dulong  and  Petit,  who  demons^ratetl 
that  the  hnear  expansion  from  0°  to  100°  is  0-00001718  and 
0'00001883  from  0°  to  300";  whence  it  may  be  supposed  that 
if  the  mean  coefficient  of  cubical  expansion  of  copper  from 
0=  to  100°  is  0-000051,  then  from  100°  to  200°  it  will  be 
0000056.  In  general  the  coefficient  of  expansion  of  copper 
increases  with  the  temperature.  Hirn  took  this  quantity  as 
constant,  and  thus  introduced  an  error  amounting  to  O'OOOOOo, 
which  in  temperatures  ranging  from  100°  to  200°  involves  an 
error  of  not  less  than  00005  in  the  volumes  of  water.  Since, 
then,  the  reduction  from  15  atmospheres  to  1  atmosphere  was 
made  bv  us  on  the  basis  of  extrapolation,  and  very  probably 
the  true  compressibility  of  water  betwx^en  100°  and  200°  is 

*  Water,  however,  is  the  most  convenient  liquid  tor  determining  the 
coefficient  of  expansion  of  vessels ;  and  if  the  data  fur  the  expansion  of 
water  be  complete  we  may  prefer  it  to  all  other  liquids,  especially  for  the 
determination  of  the  expansion  of  glass  vessels  at  mortierate  temperatures, 
because  in  this  case  water  varies  in  volume  very  slightly.  The  following 
simple  method,  which  I  have  practised  for  a  long  time,  gives  very  rapid 
and  concordant  results  for  the  coefficient  of  expansion  of  (jlass  at  tem- 
peratures near  0".  The  vessel  is  tilled  with  water  at  0°,  up  to  a  mark, 
and  then  cai-efully  heated ;  at  tirst  the  level  falls,  but  then  at  a  certain 
temperature  t  it  again  returns  to  tlie  former  level.  The  determination 
of  t  gives  k.  Evidently  the  volume  of  the  vessel  at  0'^  and  at  t  is  equal 
to  the  volume  of  water  V^  and  V<  at  these  temperatiu-es ;  and  hence  the 
ratio 

V 

^^1+kt. 

*  0 

In  this  manner  the  expansion  of  vessels  can  be  rapidly  determined  by 
means  of  a  coiTected  thermometer,  and  the  relative  results  obtained  are 
very  precise.  This  method  may  be  of  especial  use  in  the  study  of  lU'eo- 
meters. 
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niiu'li  jnrreatcr  than  that  adopted  by  us  *,  and  since  this  reduc- 
tion aftected  the  third  decimal  in  the  vohimes,  it  may  bo 
presumed  that  the  above-determined  densities  of  water  contain 
an  error  at  least  in  the  fourth^  or  perhaps  even  in  the  third 
decimal  place. 

Having  made  this  reservation,  it  will  be  possible  to  com- 
pare the  flensities  found  by  exp(>riment  with  those  calculated 
from  formula  No.  1,  adopting  the  above-mentioned  values  for 
the  constants  A,  B,  and  0.     Thus:  — 

120°.  140°.  1G0°.  180°.  200°. 
From  IIirn'8  experiments,  S;  =  09429  0-9257  09071  0-8«06  0-8627 
By  cdlculation,  formula  No.  1=  0-9433       0-9202      0-9073      0-88G4      0-8635 

Difference -00004  -0-0005  -00002  +0-0002  -0-0008 

The  difference,  therefore,  between  the  results  obtained  by 
experiment  and  by  calculation,  for  temperatures  ranging  from 
100°  to  200°,  does  not  exceed  the  possible  error  in  the  deter- 
minations made  by  Hirn,  which  are  distinguished  by  the 
highest  degree  of  accuracy  yet  attained  in  this  province. 

With  respect  to  the  influence  of  pressure  on  the  density 
of  water,  we  must,  inter  alia,  make  thc^  following  remarks  : — 

(1)  A  most  important  addition  to  the  study  of  the  properties 
of  water  will  be  introduced  by  determining  with  the  greatest 
possible  accuracy  its  compressibihty  between  — 10°  and  +  200°. 

(2)  In  accurate  determinations  of  the  density  of  water  (and 
of  other  liquids)  the  pressure  must  be  determined  and  a  cor- 
rection introduced  for  it. 

(3)  The  normal  density  of  liquids  (also  of  gases)  must  be 
reckoned  at  the  normal  pressure  of  760  mm.  of  mercury  (at 
lat.  =  4.5°). 

(41  For  the  theory  of  the  subject  it  would  be  highly  important 
to  make  a  series  of  determinations  of  the  density  of  water  from 
0°  to  100°  and  upwards  at  some  fixed  and  considerable  pres- 
sure, in  order  to  judge  of  the  manner  in  which  S  and  V  are 
dependent  on  t  and  p  (pressure).  At  present,  wdiilst  we  are 
ignorant  of  the  true  nature  of  this  dependence,  we  imiy  take 

if  (/)(/)  be  found  for  p=l  atmosphere.     From  the  theory  of 

*  Pagliani  showed  that  with  the  majority  of  investigated  liquids  /x 
increases  verv  rapidly  with  the  temperature;  for  instance,  with  normal 
propyl  alcohol,  at  0^V  =  0-0000086,  and  at  100°  /:x= 0-0000 158.  Judging 
from  the  ^•ariation  of  the  properties  of  water,  there  is  reason  for  thinking 
that  at  200"  its  coothcient  of  compressihility  will  be,  for  example,  twice  as 
Kreat  as  at  100°. 
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lu'ut  (Thomson,  Van  dcr  Waals,  Tait,  and  otliers)  wo  knowot" 
tlit>  existence  of  a  tiort  of  relation  l)et\ve('n  the  pressure  and 
mehinti-points  of  ice  and  the  niaxinunn  density  of  water;  also 
that  Avith  respect  to  this  last  property  Aniaojat  demonstrated 
a  lowerino;  of  the  temperature  of  the  maximum  density  as  the 
pressure  rises  *;  but  the  fact  of  a  change  of  density  being- 
dependent  upon  an  alteration  of  pressure  at  ditferent  temper- 
atures, although  theoretically  admissible,  still  recpiii-t's  experi- 
UKMital  investigations,  confirming  those  general  laws  which 
govern  the  volumes  of  gases  and  liquids  in  relation  to  changes 
of  temperature  and  pressure. 

The  Influence  of  the  E^cpansion  of  Solids. — For  water  as  yet 
we  have  no  determinations  of  expansion  made  independently  of 
a  change  of  volume  in  other  bodies  (for  instance,  the  containing 
vessel  or  solids  in  general),  because  the  process  of  determining 
the  height  of  columns  of  water  at  ditferent  temperatures  pre- 
sents {)ractical  difficulties  which  I  consider  it  out  of  place  to  take 
into  account  here,  but  which  I  desire  to  overcome  if  it  be  at 
all  possible.  The  true  volume  of  water,  V/,  is  determined  from 
the  aj)|)arent  (observed)  volume  W<  by  multiplying  it  f  by 
the  changed  volume  Vt  of  the  solid  envelope;  hence  it  is  evident 
that  however  accurate  the  measuring  of  the  apparent  volume 
be,  the  resulting  V<  will  include  the  entire  error  contained 
in  the  expansion  of  the  envelope.  As  regards  the  expansion 
of  envelopes,  in  spite  of  numerous  investigations,  there  is  a 
great  deal  of  confusion  and  doubt  and  more  or  less  improper 
application. 

1.  Very  frequentlyl,  in  order  to  obtain  the  true  volume  V,, 

*  By  using  formula  No.  7,  it  is  easily  seen  that,  as  the  pressure  rises, 
the  temperature  of  the  maximum  deusity  falls,  and  that,  at  a  pressure  of 
1000  atm.,  it  will  be  far  below  +4°.  Hence  it  is  necessary  to  consider 
the  pressure  when  treating  of  questions  relating  to  the  temperature  of 
the  maximum  density  of  water.  I  may  here  remark  that  the  solution  in 
water  of  alcohol,  sulphuric  acid,  salt,  &c.,  also  lowers  the  temperature  of 
the  maximum  density  (and  also  that  of  the  formation  of  ice) ;  that  is,  it 
acts  the  same  as  comjyrcssioii. 

t  Regnault  {lielation  des  e.vper.  i.  p.  225)  remarked  long  ago  that  the 
addition  of  the  apparent  volume  to  the  increase  of  volume  of  the  vessels 
involves  an  incidental  error,  because  the  true  expansion  is  equal  to  the 
a])])arent  multijilied  by  the  volume  of  the  vessel. 

X  As  an  example  I  may  cite  the  determinations  of  Weidner  (Pogg. 
Ann.  1800,  Ixxix.  p.  300).  He  was,  liowever,  fully  justified  in  having 
recoui-se  to  a  siniplihed  method  for  determining  the  triie  volume  of  water, 
because  his  determinations  were  made  at  temperatures  not  diileriiig  from 
0°  by  more  than  10°,  and  were  not  distinguished  for  any  great  degree  of 
accuracy.  "SVhen  the  temperatures,  on  the  other  hand,  lie  distant 
from  0°  and  the  precision  of  the  investigation  is  considerable,  then  the 
u.-ual  method  of  finding  the  true  volume  from  the  apparent  vohnue  must 
be  abandoned,  as  it  is  erroneous  in  principle  and  introduces  errors 
which  may  easily  be  avoided. 
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the  increment  of  the  volume  of  the  vessel,  i.  e.  ht,  is  added 
to  the  apparent  vohnne  W<,  whereas  V<  sliould  be  found 
from  the  ])roduct  W<X  u<,  where  vt^l-\-kt.  An  example  will 
show  how  great  an  error  is  thus  introduced.  Supposing 
Vo=l,  and  let  us  assume  the  ap])arent  vohnne  of  the  water 
at  100°  equal  to  l*040o02,  and  let  the  eoefhcicnt  of  expansion 
of  glass  =O*OO0027Or).  According  to  the  generally  adopted 
method,  we  should  conclude  from  this  that  the  true  volume  of 
water  at  100°=  1-040502 +  0-00270r)  =  1-048207;  whereas  in 
reality  it  is  equal  to  1-040502  x  1-002705=  1-043316:  thus  the 
error  committed  =  0*000109,  exceeding  that  of  observations 
made  in  the  sim{)lest  manner.  Even  with  a  difference  of 
temperature  from  0°  not  greater  than  20°,  the  error  of  the 
above  modus  operandi  is  alrendy  clearly  sensible  in  the  sixth 
place.  This  error  decreases,  but  does  not  disappear,  when  a 
similar  method  is  employed  in  determining  the  coefficient  of 
expansion  of  the  vessel,  viz,  the  subtraction  of  the  apparent 
expansion  of  mercury  from  the  true  expansion. 

2.  The  coefficient  of  expansion  of  glass  and  metals  adopted 
when  determining  the  density  of  water  is  usually  taken  for  a 
range  of  temperature  from  0°  to  100°,  and  the  mean  value  of 
the  coefficient  of  expansion  k  of  the  envelope  being  found, 
it  is  taken  as  constant  throughout  the  whole  of  this  range.  It 
is,  however,  beyond  doubt,  in  spite  of  statements  to  the  con- 
trary * ,  that  the  coefficient  of  expansion  of  gla«s  increases 
considerably  (relatively  more  than  mercury)  with  the  tem- 
perature. Hence  the  readings  of  the  mercury  thermometer, 
on  being  reduced  to  the  normal  hydrogen  thermometer, 
require  a  negative  correction  and  not  a  positive  one,  as 
would  be  necessary  if  the  variations  depended  upon  the 
unequal  expansion    of   mercury  alone  f-     From    Regnault's 

*  Hagen  {Abhandl.  d.  K.  Akademie  zu  Berlin,  1855,  Math,  i.),  in  a 
special  examination  of  this  que.Ntion  and  taking  as  basis  his  determi- 
natious  of  the  linear  expansion  of  glass,  states  that,  between  0°  and  100°, 
the  coefficient  of  cubical  expansion  of  glass  is  without  variation.  Yolk- 
luann  (Wiedemann's  A7i77.  1881,  xiv.  p.  270),  in  revising  the  determi- 
nations of  Rosetti,  who  found  k  to  increase  with  t,  concludes  by 
denying  this  variability,  i.  e.  he  considers  A'  constant  from  0°  to  100°,  as 
generally  admitted  by  experimenters,  I  may  here  remark  that  in  the 
investigation  of  otlier  liquids,  which  have  a  large  coefficient  of  expansion 
and  otier  but  slight  variations  in  it,  this  supposition  does  not  play  an 
essential  part.  JJut  in  water  at  low  temperatures,  the  coefficient  of 
expansion  is  small — for  instance,  between  5°  and  10°  it  is  equal  to 
O'OOOOoOS,  I.  e.  only  twice  that  of  glass ;  so  that  in  this  case  the  de- 
termination of  small  variations  in  the  coefficient  of  expansion  of  glass  is 
of  great  im])ortance  for  the  accuracy  of  the  tinal  result. 

t  Let  t  be  the  true  temperature  (according  to  the  hydrogen  thermo- 
meter), and  let  us  suppose,  without  greatly  departing  i'rom  the  truth  in 
tiie  abstract,  that  the  expansion  of  mercury  from  0°  to  100°  is 
expressed  by  V;  =  1  +  0000180  i  -{-  0-00000002  t-, 
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data  we  may  deduce  that  ordinary  glass  between  0°  and 
300^  undergoes  a  change  of  volume  indicated  by  the  equation 

and  the  linear  expansion  of  glass  by 

17=1+0-000027  i. 
The  apparent  expansion  of  mercury,  as  observed  in  the  glass  thermo- 
meter, will  be  — ,  and  at  100^  it  will  equal  1'015459.     Every  degree  of 

the  mercury  thermometer  will  correspond  to  a  volume  of  0'000154o9, 
and  oO^  of  the  mercury  thermometer  will  answer  to  an  apparent  volume 
of  1-0077295.  The  question  tlien  arises,  What  will  be  the  true  tem- 
perature t,  above  or  below  oO^'i      WJieu  it  =  50^,  the  apparent  volume 

equals  ^.^^1^  =  1  "0070896:  hence  the  difference  between  this  volume  and 
that  at  which  the  mercury  thermometer  shows  50°  is  equal  to  00000-399, 
corresponding  to  0°-258  nearly.  Therefore,  if  the  variation  of  the  volume 
of  the  glass  were  expressed  lineally  {i.  e.  if  the  coefficient  of  expansion 
of  glass  were  constant),  then,  when  the  mercury  thermometer  showed 
50^,  the  true  temperature  would  be  50^-258  and  the  correction  for  the 
readings  of  the  mercury  thermometer  would  be  positive.  This  correction 
-would  remain  positive  so  long  as  the  variation  in  the  coefficient  of 
expansion  of  glass  were  less  thau  that  of  mercury  ;  for  which  latter  the 
value  of  6  in  the  parabohx  \'  =  i-{-at-\-bt-  is  9000  times  less  than  a.  But 
when  this  relation  grows  greater  for  glass,  then  the  correction  will  be- 
come negative.  Let  us  illustrate  tiiis  by  an  example,  taking  the  same 
expansion  for  mercury  as  above,  and  for  glass 

17  =  1  +0-000025  ^+0-00000002  t' ; 

i.  ('.  let  us  suppose  that  its  coefficient  of  expansion  changes  more  rapidly 
with  the  temperature  than  mercury.  The  apparent  expansion  of  mercury 
up  to  100^  will  be  as  before,  since  the  volume  of  the  envelope  will  be 
r0027  at  100^  ;  therefore  one  degree  will  again  correspond  to  0-0001546 
of  the  volume  and  a  reading  of  50^  on  tlie  mercury  thermometer  will  be 
obtained,  when  the  apparent  volume  equals  1-0077295.      But  at  the  true. 

temperature  f=oO°,  the  apparent  volume  will  be  j^.^,y^yjjj=l*0077o91. 
Hence  when  the  mercury  thermometer  shows  50^,  then  the  true  tempe- 
rature will  be  49°-938,  and  the  correction  for  the  readings  of  the  mercury 
thermometer  at  50°  will  then  be  negative.  All  the  investigations  which 
liave  been  made  on  the  corrections  for  mercury  thermometers  by  com- 
paring them  with  the  hydrogen  thermometer,  show  (as  mentioned  in  a 
subsequent  uotej  that  the  correction  for  readings,  verified  in  every  other 
respect,  of  mercury  thermometers  is  negative ;  /.  e.  the  true  temperature 
is  lower  than  that  shown  by  a  mercury  thermometer  which  has  been 
corrected  for  zero,  calibre,  kc.  throughout  the  entire  range  from  0^  to  100^. 
Hence  it  is  clear  that  (Ij  the  variation  of  the  volume  of  gla^s  does  not  pro- 
ceed according  to  a  linear  function  of  the  temj)erature,  which  is  the  same 
in  the  case  of  the  expansion  of  mercury  (the  latter  follows  from  Itegnault's 
determinations  of  the  true  expansion  of  mercury)  ;  and  (2)  the  coefficient 
of  expansion  of  glassiucreases  relatively  more  rapidly  than  that  of  mercury, 
1  thought  it  well  to  demonstrate  the  last  two  propositions  for  three 
reasons: — (1)  I  have  nowhere  met  with  a  simple,  objective  treatment  of  this 
subject ;  (2)  generally  the  proportionality  of  the  expansion  of  glass  to  the 
temperature  is  adopted  without  further  discussion,  or  else  the  absence  of 
this  proportionility  is  conddered  as  not  proved,  Hagea,  Matthiessen,  and 
others  biing  cited;  and  (3)  in  the  question  of  the  expansion  of  water, 
true  data  for  the  expansion  of  glass  are  of  very  great  importance. 
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vt  =  l  +  (25-3  +  0-0062  0  10-6 1. 

Now  the  true  expansion  of  mercury  through  the  same  range 
of  t  is  expressed  by  the  formula 

V,= 1  +  (179-97  +  0-0208  0  10-^  t. 

Thus  the  coefficient  of  cubical  expansion  of  glass  is  seven 
times  less  than  that  of  mercury,  while  its  thermal  increment  is 
only  three  times  hsss.  The  conclusion  arrived  at  by  Benoit  * 
is  still  more  convincing.  He  found  that  between  0°  and  40° 
the  variation  in  volume  of  ordinary  glass  is  expressed  by 

r,=  1  +  (21-552  +  0-0241 010"^; 

while,  according  to  Broch,  the  expansion  of  mercury  through 
this  range  of  temperature  is 

Vi  =  l+ (181-G52  + 0-004845  010-6  ^. 

Here  the  increment  of  the  coefficient  of  expansion  of  glass  is 
absolutely  greater  than  that  of  mercury,  although  at  0"  the 
coefficient  itself  is  more  than  7^  times  less.  From  this 
it  is  evident  that  by  taking  the  coefficient  of  expansion 
of  glass  as  constant,  an  error  is  introduced  which  affects 
the  result  very  palpably.  Thus,  for  instance,  if  the  true 
expansion  of  glass  between  0°  and  100°  be  expressed  by  the 
parabola 

—  =  1  + (25  +  0-02  010-6/, 

then  the  volume  at  100°  will  be  1-0027  and  the  mean  coefficient 
of  expansion  will  equal  0*000027;  whence  it  may  be  supposed, 
for  instance,  that  at  20°  the  volume  of  the  vessel  should  be 
1-000540,  whereas  in  reality  it  is  1-000508,  gi'ving  a  difference 

*  Deductions  from  tlie  observations  of  Benoit  and  Broch,  taken  from 
the  work  by  Guilhmme,  Traite  pratique  de  la  fhermometrie  de  precision, 
1889,  p.  336,  v.hich  forms  one  of  the  fruits  of  tlie  labours  of  the  Inter- 
national Bureau  of  Weights  and  Measures.  As  regards  the  above-cited 
consequence  of  liegnault's  determinations  {Relation  des  e.rper.  t.  i.  p.  225), 
I  calculated  as  follows : — From  observation,  it  appeared  that  the  appa- 
rent expansion  of  mercury  is  expressed  by  the  equation 

W<  =  l-f(154-28-l-0-00987  t)lO-^  t; 

and  from  determinations  of  the  true  expansion  of  mercury,  I  had 
previously  calculated  (Journal  of  the  Russian  Physico-Chemical  Soc, 
Physical  Section,  1875,  p.  75)  that  it  is  expressed,  for  the  same  limits  of 
temperature,  in  the  maimer  given  in  the  text,  and  hence  the  expression 
fiven  above  for  the  volumes  of  glass.  From  these  data  it  would  have 
been  possible  to  deduce  the  variation  of  the  coefficient  of  expansion  of 
"■lass  if  experiment  had  not  shown  that  the  amount  of  this  variation  is 
verv  dissimilar  for  different  kinds  of  glass. 
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(0M)(K)0o2)  in  the  volumes  which  exceeds  the  possible  errors 
of  reading  (gravimetric  or  volumetric).  Still  up  to  now  our 
information  respecting  the  variation  in  the  coefficient  of  ex- 
pansion of  vessels  with  rise  of  temperature  is  not  sufficiently 
clear  to  allow  of  its  employment  as  the  means  of  introducing 
into  the  existing  data  respecting  the  expansion  of  water  cor- 
rections which  would  really  improve  our  results.  At  present 
we  can  only  say  that,  in  determining  the  volume  of  a  vessel 
according  to  the  formula  Jv=i"o(l +^0,  imd  finding  k  for 
a  change  of  t  from  0°  to  100°,  the  greatest  errors  arc  intro- 
duced between  25°  and  75°  and  that  they  attain  some  hundred- 
thousandths  of  the  volume  or  of  the  density. 

3.  Many  observers  (Hallstrom,  Stampfer,  Hagen,  Mat- 
thiessen)  determined  the  expansion  of  the  solids  adopted  in 
the  hydrostatic  determination  of  the  variation  of  the  density 
of  water,  by  measuring  the  linear  expansion  of  the  substance 
from  wliich  the  body  weighed  in  water  was  prepared.  This 
method,  which  does  not  require  a  knowledge  of  the  expansion  of 
mercury,  involves,  firstly,  three  times  the  error  accompanying 
the  determination  of  the  linear  expansion,  which  error,  not- 
withstanding all  the  improved  methods  of  determination,  is 
still  sufficientlv  great  and  will  scarcely  oive  a  result  with  an 
approximation  of  more  than  hundredths  ;  secoudl}',  it  is  pre- 
sumed, a  priori,  that  the  expansion  in  a  transverse  direction 
is  the  same  as  longitudinally,  even  for  drawn-glass  tubes, 
which  fact  needs  demonstration,  and  in  my  opinion  is  very 
unlikely  ;  and,  thirdly,  the  above-mentioned  method  is  most 
often  applied  to  glass  tubes  from  which  the  body  used  in 
hydrostatic  weighing  is  made  by  blowing  or  melting  ;  and  it 
is  likely  that  such  deformation  involves  some  change  in  the 
coefficient  of  expansion.  In  additionto  this  Hallstrom  (1825) 
found  that  the  cubical  expansion  of  glass  is  greatly  affected 
by  a  lise  of  temperature  : 

r,  =  1  -t-  (5-88  +  0-3150 10"'  t  ; 

whereas  Hagen  (in  1855)  found  hardly  any  variation  in  the 
coefficient  of  expansion  in  the  glass  he  used  (through  a  range 
of  l-6°-8l°),  and  gave  the  value  : 

v<  =  l  + 27-09 /10-«. 

According  to  the  first  formula,  the  volume  at  70°=  1-001955, 
and  from  the  second  we  obtain  1-001938 — results  nearly  the 
same  ;  but  at  other  temperatures  these  values  vary  consider- 
ably, for  instance  at  30°  the  first  formula  gives  V  =  1-000460, 
against  1-000831  according  to  the  second. 

Neither  of  these  contradictory  results  can  be  considered  as 
correct  or  depending   only  on  the  properties  of  glass,  and 
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probably  the  conflicting  evidence  of  the  observers  has  its 
source  in  the  errors  accom[)anying  the  determination  of  the 
hnear  expansion  of  solids  by  the  method  of  comparison. 

4.  No  less  doid)tful  are  the  determinations  of  the  expan- 
sion of  glass,  carried  out  between  0°  and  100°,  by  means  of 
mercury,  because  the  true  mean  coefficient  of  expansion  of 
mercury  adopted  by  different  observers  varies  greatly,  and  it 
is  impossible  to  say  at  present  to  what  extent  the  actual  value 
differs  from  those  taken  *.  After  the  determinations  of 
Dulong  and  Petit,  this  mean  coefficient  of  expansion  of 
mercury  was  taken  as  5iu-  =  0"00018018  ;  Regnault  deduced 
the  value  0'0001815o  from  his  classical  researches.  By 
aj)plying  different  methods  of  interpolation  to  the  determina- 
tions of  Regnault  (expressing  the  result  multiplied  bv  lO'*), 
Bosscha(1874)  found  182-41;  aalton  (1873),  18181;  Wullner 
(1874),  18252;  Mendeleeff  (1875),  18210  +  7  t;  Levy  (1881), 
18207;  and  Broch  (1885),  18216.  The  chief  cause  of  this 
discrepancy  in  the  results  lies  in  the  circumstance  that 
Regnault,  out  of  135  determinations,  only  made  32  for 
temperatures  below  100°  ;  his  cold  column  of  mercury  dui'ing 
the  experiments  was  not  at  0°,  but  had  a  temperature  from 
+  10  to  +18°,  and  separate  experiments  present  differences 
amounting  to  the  discrepancies  above  stated.     Without  fresh 

*  The  method  pursued  up  to  now  since  the  time  of  Dulong  consists  in 
detenuiuiug  tiie  true  expansion  of  mercury,,  then  from  it  tliat  of  ghiss,  and, 
knowing  tlie  latter,  from  the  apparent  expansion  the  true  expansion  of 
water  and  of  other  liquids.  The  great  difference  ( Z-fold)  between  the  coetfi- 
cieuts  of  expansion  of  glass  and  mercury  constitutes  the  weak  jioint  of  this 
metliod,because  the  expansion  of  mercury  must  be  ascertained  with  a  degree 
of  precision  scarcel\-  attainable  in  experiments.  But  the  most  perceptible 
want  in  tliis  method  lies  in  the  fact  that  the  classical  researches  of 
Itegnault  afford  very  little  material  for  an  accurate  judgment  of  the 
expansion  of  mercury  between  0^  and  100°,  where  que.stions  of  expansion 
are  mainly  concentrated  and  where  observations  are  most  within  reach. 
The  great  necessity  for  new  determinations  of  the  true  expansion  of 
mercury  from  0°  to  100°  has  already  repeatedly  been  made  manifest.  I 
unite  my  voice  to  that  of  many  others  ;  but  I  will  add  that  when  we  have 
reliabh'  ligures  expressing  the  expansion  of  water  it  will  then  be  easier 
to  obtain  them  for  mercury  also,  for  experiments  with  water,  between  0° 
and  100°,  are  easier  and  more  convenient  than  with  mercury,  and  conse- 
quently their  precision  may  be  greater.  In  a  word,  the  determination 
of  the  true  expausiim  of  water  is  a  question  urgently  requiring  solution. 

t  I  think  it  will  not  bo  supcrtluous  here  to  draw  attention  to  the  fact 
that  in  the  determinations  of  the  expansion  of  mercury  from  0^  to  100° 
(according  to  Regnault)  there,  without  doubt,  exists  an  error,  attaining  +7 
<ir  8  millionths  of  the  volume  :  and  tiierefore  it  is  necessary  to  recognize 
this  possible  error  in  the  calculations  and  to  determine  it,  which  I  have 
endeavoured  to  do.  The  calculations  of  Levy  and  Broch,  made  subse- 
quently to  mine,  justified  my  conclusion,  since  the  difference  between 
their  result  and  mhie  does  not  exceed  +7  millinuths. 
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(loterminations  this  qiiostion  will  remain  doubtful  for  the 
future  within  the  limits  I  indicate  ( +  7  for  18210).  Matthies- 
sen  (l^l)'))  liavino-  determined  the  coefficient  of  expansion  of 
ojlass  and  water,  employed  them  for  fresh  determinations  of 
the  expansion  of  mercury,  but  his  results  are  not  sufficiently 
accurate  to  elucidate  the  matter  *.  Besides  this,  as  the  mean 
coefficient  of  expansion  of  mercury  from  0°  to  100°  does  not 
give  the  variation  of  the  coefficient  of  expansion  of  glass, 
which  variation  must  be  recognized,  therefore  we  must  allow 
an  error,  affecting  the  fifth  decimal  place,  in  the  data  for  the 
volumes  of  water,  which  error  proceeds  entirely  from  the  fact 
of  taking  the  mean  coefficient  of  mercury  as  a  basis. 

The  Determination  of  Temperatures. — The  majority  of  the 
determinations  of  the  variation  of  the  density  of  water  with  a 
rise  of  temperature  have  been  made  with  the  aid  of  ordinary 
mercury  thermometers,  correcting  their  readings  relative  to 
the  position  of  zero  and  to  calibration,  although  to  the  exclusion 
of  all  that  sum  of  corrections,  which  the  researches  of  Fernet, 
Guillaume,  and  other  observers  in  the  Metrical  (^ommittcef 
have  recently  elucidated.  Jolly  (1864),  however,  in  his 
determinations,  referred  the  temperatures  to  the  air  thermo- 
meter directly.  In  searching,  however,  for  the  true  law  of 
the  exjjansion  of  water,  it  is  necessary  to  express  the 
temperatures  by  the  absolute  scale  or  by  the  hydrogen 
thermometer,  because  in  the  law  of  the  expansion  of  liquids 
we  must  expect  a  direct  connexion  with  the  law  of  the 
expansion  of  gases,  since  then;  is  great  similarity,  although 
no  identity,  between  the  liquid  and  gaseous  states  of  matter. 
In  order  to  show  how  great  is  the  influence  of  the  circum- 
stance alluded  to  above,  we  give  the  values,  from  Chappuis' 
experiments,  of  the  correction  Ai  which  must  be  added  to  the 
readings  of  a  mercurv  thermometer  of  hard  glass  (whose 
analysis  is  71-5%Si02;  U-S^VAO,  ll%Na,0,  I'SVoAUOa)  to 
convert  them  to  the  scale  of  the  hydrogen  thermometer  : — 


10^. 

^?'=+0073; 

ds/dt-- 

=  +0-000204; 

^S= 

:  _0-00()019 

0°. 

0 

+0000065 

0 

20°. 

-0-085 

-0-000148 

-0000013 

40°. 

-0-107 

-0-00(J380 

-0000041 

60°. 

-0  090 

-0000512 

-0000046 

80°. 

-0050 

-0-000621 

-0-000031 

100°. 

0 

-0-000718 

0 

Along  with  the  corrections  A<  are  given  the  values  of  the 
differential  coefficient  dsjdt  or  the  variations  in  the  density  of 

*  Mattliiessen,  Pogg.  Ann.  1865,  cxxviii.  p.  512.     t  See  note  p.  114, 
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water,  corresponding  to  one  degree,  and  after  are  shown  the 
corrections  AS  for  the  specific  gravity  of  water  which  must  be 
introduced,  in  order  to  obtain  from  the  observed  quantities 
these  specific  gravities  as  referred  to  the  hydrogen  thermo- 
meter. Here  also  tlie  corrections  for  the  figures  given  by 
the  experimenters  apparently  afi'ect  the  fifth  decimal.  And 
since  in  the  constancy  of  the  temjieratures  and  in  the  readings 
of  the  thermometers  we  must  allow,  besides,  their  own  inevi- 
table errors,  and  seeing  that,  in  addition  to  this,  these  errors 
differ  with  ilifferent  observers  and  thermometers  *,  it  may 
be  considered  as  demonstrated  that  in  general  in  the  data 
existing  at  present  for  the  density  of  water,  at  20°  for  instance, 
not  only  the  sixth  but  the  fifth  decimal  place  is  subject  to 
correction. 

But  what  is  the  magnitude  of  possible  error  in  perfected 
determinations  of  the  density  of  water,  if  we  reckon  that 
insignificant  and  individual  errors  disappear  on  taking  a 
mean  result,  and  making  the  figures  more  uniform  by  the 
method  of  interpolating  introduced  by  all  observers  in  their 
experiments,  by  expressing  them  in  the  form  of  densities 
referred  to  entire  degrees  ? 

I  have  devoted  much  time  to  the  consideration  of  the  best 
answer  to  this  question  :  having  endeavoured  to  determine  by 
an  examination  of  the  original  investigations,  the  measure  of 
the  errors  of  each  experimenter  by  introtlucing  into  his  results 
all  the  possible  corrections,  and  calctilating  the  mean  quadratic 

*  Many  investigators  on  tlie  expansion  of  water  at  various  tempera- 
tures have  determined,  if  not  all  the  possible  error,  at  least  the  value  of 
the  deviations  of  the  furmulaa  expressing  the  expansion  from  their  experi- 
mental results.  Thus,  for  instance,  Ilagen  (/.  c.)  found  for  his  observa- 
tions, that  the  so-called  "  probable  error,"  or  more  preciselv  the  measm'e 
of  the  discrepancies  between  the  experimental  results  and  those  given  by 
formula,  may  be  expressed  in  fractions  of  degrees  of  the  temperature, 
which  we  translate  into  millionths  of  the  volume. 


In  degrees. 

In  voliiiiies. 

From  0° 

to 

8° 

+0-1033 

+  0-000002 

„     8 

)7 

14 

0-I08o 

11 

„  14 

}} 

20 

0-0479 

8 

„  20 

JJ 

30 

0-0788 

20 

„  30 

J) 

40 

0-0439 

14 

„  40 

J) 

60 

0-0526 

24 

„  GO 

JJ 

80 

0'0o92 

36 

„  80 

V 

100 

0-1249 

+  0  000U086 

The  greater  portion  of  the  eiTora  of  this  kind  (accidental)  are  elimi- 
nated in  the  majority  of  the  investigations  by  the  help  of  interpolation,  by 
the  method  of  least  squares,  and  therefore  in  the  sequence  I  avoid  dwelling 
upon  such  errors,  and  pay  chief  attention  to  the  constant  errors  in  con- 
nexion with  the  fundamental  methods  of  research,  which  cannot  be 
removed  by  interpolation. 
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digressions  of  the  interpolation -formula^  from  the  observed 
Hti'iires  in  various  regions  of  tein[)erature.  But  on  comparing 
the  results  tlnis  obtained,  I  have  come  to  the  conclusion  that — 
1,  the  introduction  of  all  the  possible  corrections  does  not 
make  the  results  of  separate  observers  agree  with  one  another  ; 
and  2,  the  greatest  quadratic  deviations  do  not  appear  in  the 
results  of  those  observers  whose  results  are  apparently  the 
least  trustworthy,  but  in  those  cases  where  the  methods 
adopted  are  described  in  the  greatest  detail  and  most  circum- 
stantially. For  this  reason,  I  give  in  Table  I.  the  original 
figures  of  the  observers  without  introducing  any  corrections 
whatever  ;  and  it  is  only  to  aid  their  comparison  that  I 
express  the  results  in  volumes,  taking  the  volume  at  4°  equal 
to  10^  Further,  in  Table  II.  figures  are  given  which  have 
been  determined  at  different  times  by  various  investigators, 
deduced  from  an  aggregate  of  data  corrected  in  all  respects 
and  considered  as  most  trustworthy.  Finally,  in  Tables  II. 
and  III.,  besides  the  densities  and  volumes  of  water  found 
from  formula  No.  1,  the  magnitude  of  the  errors,  which  may 
now  be  looked  for  in  the  best  determinations,  are  given. 
These  possible  errors,  inherent  in  contemporary  data,  may 
evidently  also. occur  in  the  results  given  by  formula  No.  1, 
for  its  constants  and  very  form  could  only  be  founded  upon 
])revious  determinations. 

Table  I.  contains  the  figures  for  the  volumetric  variations 
of  water  found  by  the  following  investigators  : — 

1.  Hallstrom,  in  Abo  (Pogg.  Ann.  i.  p.  168).  He  made 
his  determinations  (in  1823)  by  weighing  in  water  a  glass 
sphere  (vol.  about  1(J2  c.  c.)  blown  out  of  the  same  material 
as  a  tube,  whose  linear  expansion  he  determined  in  a  direct 
manner.  Hallstrom  interpolated  the  specific  gravities,  taking 
that  at  0°  as  unity,  according  to  the  formula 

the  constants,  multiplied  by  10",  a  =  52-939,  ^>  =  6*5322,  and 
c  =  0*01445,  were  found  by  the  method  of  least  squares  for 
t  from  0°  to  30°.  The  determinations  made  by  Hallstrom 
must  be  taken  as  exemplary.  Subsequently  Hagen  and 
Matthiessen  adopted  the  same  method.  The  chief  cause 
Avhy  the  results  obtained  by  Hallstrom  are  all  below  the 
truth,  lies  in  the  fact  that  his  results  for  the  linear  expansion 
of  o"lass,  at  temperatures  between  0°  and  30°,  were  below  the 
actual  figures.  Taking  /^•=0'000026,  we  obtain  results  from 
Hallstrom's  figures  which  very  nearly  approach  the  date  of 
the  best  and  latest  determinations. 

2.  ^luncke  {Memoires  pres.  a  V Academie  des  Sciences  dc 
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St.  Pf^fershourfi,  t.  i.  p.  249),  in  Heidelberg,  made  a  detormi- 
nation  of  the  expansion  of  nnnierous  liquids  I )y  the  volumetric 
or  thermometric  method,  which  was  afterwards  adopted  by 
Despretz,  Kopp,  Pierre,  and  many  oth(U*s.  Although 
Muncke's  results  were  communicated  to  the  Academy  in 
1828,  they  only  appeared  before  the  public  in  1831,  ?'.  e. 
simultaneously  with  the  investigations  of  Stam})fer.  Muncke 
dcitermined  the  expansion  of  the  vessel  by  means  of  mercury, 
taking  the  value  given  by  Dnlong  and  Petit  (5^).  Muncke's 
results  for  low  temperatures  (0°  to  30°)  are  greater  than  the 
actual  values,  and  those  for  higher  temperatures  (40°  to  100°) 
are  less.  This  is  due  to  the  insufficient  accuracy  of  calibration 
and  to  the  d(;terinination  of  the  coefficient  of  exj)ansion  of  glass. 
It  should  be  observed  that  most  of  the  results  of  ]\Iuncke's 
researches  ap[)ear  inaccurate  when  compared  with  recent 
researches. 

3.  iStampfer  (Pogg.  Aiin.  xxi.  p.  IK))  in  1831,  in  Vienna, 
determined  the  expansion  of  water  hydrostatically  by  weigh- 
ing a  brass  cylinder,  whose  linear  expansion  was  previously 
determined  and  found  to  be  0-001920  between  0°  and  100°. 
The  determinations  were  conducted  between  —3°  and  +40°, 
and  were  expressed  (taking  the  volume  at  4°  ai^  unity)  by  the 
formula  Si  =  ^Q  +  at  —  ht'^  +  ct''—(W.  By  the  method  of  least 
squares  the  constants  were  :  8^=: 999887,  a  =  60'932,  b  = 
8-423G,  c  =  00580,  and  fZ  =  0-0001207,  on  multiplying  by  10'. 
Temperatures  below  zero  appear  for  the  first  time  in  Stamp- 
fer's  researches.  For  —3°  be  gives  the  volume  1'000373  ; 
and  since  the  difference  of  the  volumes  at  —3°  and  —5° 
equals  0*000275,  I  have  introduced  the  number  1*000G48  for 
—  5°.  The  coefficient  of  expansion  for  brass  given  by 
Stampfer  is  too  large,  and  hence  the  volumes  exceed  the  true 
values. 

4.  Despretz  {Ann.  de  Cheinie  et  de  Fhys.  t.  70.  p{).  23, 
47),  in  Paris,  1837.  His  determinations  made  at  temperatures 
from  —9°  to  +15^  had  chiefly  in  view  the  study  of  the 
densities  near  0°.  Despretz  made  but  few  determinations  for 
temperatures  from  20°  to  100°,  and  only  gave  them  to 
hundred-thousandths.  But  even  these  must  be  considered 
as  among  the  most  trustworthy  up  to  the  })resent  date.  The 
coefficient  of  expansion  of  glass  was  only  determined  for  a 
portion  of  the  dilatometers  by  means  of  mercury  with  Dnlong 
and  Petit's  figures.  From  0°  to  28°,  for  glass,  /;  =  0-0000255, 
and  from  0°  to  100%  was  equal  to  0-0000258.  For  a  long  time 
Despretz's  figures  were  in  general  use ;  and  if  they  have  been 
eventually  replaced  by  more  recent  ones,  such  a  change  has 
not   really  any    firm    foundation.      Generally   speaking,  our 


Density  of  Water  with  the  Temperature.  121 

information  respecting  the  expansion  of  w'ater  from  —10°  to 
100°  has  hardly  made  any  progress  since  Despretz's  determi- 
nations, as  regards  tlieir  trustworthiness. 

5.  Pierre,  in  1847,  published  a  series  of  volumetric-therm o- 
motric  determinations  for  the  ex])ansion  of  water,  hut  did  not 
ealculate  the  ultimate  tigures.  A  complete  calculation  of 
Pierre^s  results  from  —10°  to  100°  was  subsequently  made 
by  Frankenheim  (Pogg,  Ann.  1852,  Ixxxvi.  p.  463),  whose 
fio-ures  are  given  in  the  table. 

6.  Kopp  (Pogg.  Ann.  Ixxii.  p.  1),  in  1874,  like  Pierre, 
measured  the  expansion  of  many  definite  liquids,  and  amongst 
them  of  water,  chiefly  with  a  view  to  compare  the  ex[)ansion 
of  liquids  up  to  their  boiling-})oints.  The  method  adopted 
was  a  volumetric-therm ometric  one.  The  coefHcient  of  expan- 
sion of  glass  was  deduced  from  mercury,  taking  Dulong  and 
Petit^s  number.  The  calculations  for  the  volumes  are  given 
in  four  separate  equations  for  various  ranges  of  temperature 
from  0°  to  100°. 

7.  Pliicker  and  Geissler  (Pogg.  ^n;?.  1852,  Ixxxvi.  p.  238) 
adopted  a  method  of  compensation,  and  were  the  first  to  take 
Regnault's  figures  for  the  expansion  of  mercury.  Into  the 
thermometrical  vessel,  whose  coefficient  of  expansion  was 
determined  by  means  of  mercury  between  0°  and  100°,  as 
nmch  mercury  was  poured  as  was  necessary  to  compensate 
the  expansion  of  the  vessel,  and  hence  the  quantity  of  water 
subsequently  introduced  was  considered  to  expand  in  a  space 
whose  volume  remained  luiafFected  by  a  rise  of  temperature. 
In  these  determinations  too  much  mercury  was  taken,  so  that 
the  apparent  expansion  of  the  water  contains  a  certain  excess 
(as  Miller  observed  in  1856)  ;  secondly,  the  mean  coefHcient 
of  exjjansion  of  mercury  between  0°  and  100°  was  taken  to  be 
the  same  as  between  —5°  and  4-15°,  which  is  evidently 
inaccurate  (the  true  expansion  of  mercury  between  —5°  and 
+ 15°  being  still  unknown,  for  Regnault's  determinations  start 
at  higher  temperatures)  ;  and  thirdly,  the  coefficient  of  expan- 
sion of  the  envelope  between  —5°  and  +15°  is  presumed  to 
be  equal  to  the  mean  coefficient  of  expansion  between  0°  and 
100°,  which  is  also  inadmissible.  But  apart  from  these  points 
which  are  common  to  the  determinations  of  other  observers 
the  results  given  by  Pliicker  and  Geissler  are  distinguished 
for  their  remarkable  accuracy,  which  shows  that  the  method 
adopted  by  them  is  capable  of  giving  admirable  results,  were 
the  data  of  the  expansion  of  mercury  and  glass  fully  known. 
These  investigators  expressed  the  results  of  their  determina- 
tions graphically  by  a  very  well-proportioned  curve,  althouc-h 
for  only  a  small  range  of  temperature  not  far  distant  from  0°. 
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8.  Hagen  {Ahhandlungen  d.  Akad.  zu  Berlin,  1855,  Math. 
Abth.  p.  1),  adopting  a  hydrostatic  method,  made  one  series 
of  determinations  of  the  expansion  of  water,  which  is  remark- 
able for  its  completeness.  As  has  been  already  mentioned,  he 
employed  his  own  determinations  of  the  linear  expansion  of 
glass  and  exjjresscd  its  cubic  expansion  by  1  +  0'()()()()2754  t,  for 
the  material  he  employed.  Hagen  evidently  injured  the 
accuracy  of  his  results  by  taking  the  expansion  of  glass  as 
constant,  although  he  paid  due  attention  to  determining  the 
tempci-atures  and  weights  with  the  greatest  possible  precision. 
Hagen  exj)ressed  his  deteiniination  for  ^,  from  0°  to  100°,  by  a 
formula  which  may  be  represented  thus  : 

S^  =  l-T2{A  +  BTi-«)2; 

here  T  =  /  — 3*87.  A  and  B  are  two  constants,  and  the  index 
1*6  (or  the  power  of  T)  was  found  by  a  series  of  attempts  to 
express  the  entire  phenomenon  of  the  expansion  of  water 
from  0°  to  100°  in  the  simplest  form.  I  may  here  mention 
that  on  applying  this  fornmla  to  the  aggregate  of  the  existing 
data,  and  by  changing  the  values  of  A  and  B,  I  became  con- 
vinced of  the  impossibility  of  its  satisfying  with  sufficient 
accuracy  the  data  alread}-  known  respecting  the  expansion  of 
water  between  —10°  and  200'.  Moreover,  it  should  be 
observed  that  Hagen  himself  considers  his  tigures  as  being 
nearer  the  truth  for  the  lower  than  for  the  higher  values 
of  t,  which  fact  is  proved  by  a  comparison  with  the  results 
given  by  formula  No.  1. 

9  &  10.  Jolly  and  Henrici  {Sitzgsb.  d.  Akad.  Milnchen,  1864, 
i.  p.  1(50),  being  desirous  of  verifying  the  existing  data  for 
the  expansion  of  water  at  temiieratures  above  o0°,  made  a 
series  of  determinations  by  a  volumeti'ic-thermometric  method 
(Jolly),  and  by  weighing  a  known  volume  of  water  (Henrici). 
The  temperatures  were  determined  by  thermometers  com- 
pared with  the  air  thermometer,  and  the  coefficient  of  expan- 
sion of  glass  by  the  true  coefficient  of  expansion  of  mercury 
as  given  by  liegnault.  The  number  of  observations  made 
below  30°  was  limited.  Diiferences  occur  in  the  separate 
determinations  of  both  observers  to  the  extent  of  several  ten 
thousandths. 

11.  Matthiessen  (Journ.  of  the  Chem.  Soc.  1865,  Pogg. 
Ann.  cxxviii.  p.  512),  by  applying  methods  similar  to  those 
used  by  Hallstrijm  and  Hagen,  obtained  results  which  differed 
considerably  from  theirs,  which  shows  that  hydrostatic 
weighing  and  especially  the  determination  of  the  linear  ex- 
pansion of  glass  do  not  afford  that  degree  of  accuracy  which 
is  generally  expected  from  them.     Moreover,  the   results  of 
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the  different  series  of  observations  often  present  differences  to 
the  amounts  of  ten-thousandths. 

12.  Weichier  (Pogir-  ^-1"".  1806,  cxxix.  p.  300)  ai)])lied  the 
voluinetric-therniometric  methoil  for  the  (h^ermination  of  the 
ex[)ansion  of  Avater  between  0°  and  —10°.  He  determined 
the  coefhcient  of  exj)ansion  of  glass,  by  means  of  mercury, 
between  0  and  1*0°  for  vessels  blown  out  of  the  same  glass, 
and  obtained  very  discordant  results  from  two  determinations, 
viz.  0-00002625  and  0-00002424.  He  only  adoi)ted  the  former, 
but  this  gave  larger  volumes  tlian  found  by  other  observers, 
which  is  especially  apparent  at  0°. 

13.  Rosetti  (Pogg.  Ann.  Ergiinz.  Band,  v.  ]>.  2(j5),  in 
1869,  published  a  fresh  series  of  determinations  for  the  density 
of  water,  which  were  made  by  a  combination  of  the  volumetric 
and  gravimetric  methods.  He  determined  the  coefficient  of 
expansion  of  glass  according  to  Regnault's  data,  and  found  ir 
to  increase  with  a  rise  of  temperature.  His  observations  were 
expressed  by  a  formula  of  the  form  : 

V,=  l  +  (/(^-4)^-/.(/-4)2-«  +  c(^-4)^ 

or  else  in  a  formula  where  the  last  term  (^  —  4)  is  not  raised 
to  the  cube,  but  to  the  3'2  power.  In  its  latter  form, 
Rosetti's  formula  recalls  that  given  by  Hagen. 

The  fioures  given  in  Table  I.  are  taken  direct  from  the  tin;d 
results  of  the  different  observers,  and  without  doubt  contain 
some  errors  which  in  course  of  time  will  l)e  capable  of  correc- 
tion, so  as  to  render  the  values  for  the  volumes  of  water  more 
accurate.  Such  corrections,  or  a  revision  of  the  mean  of 
equally  trustworthy  determinations,  have  been  undertaken 
more  than  once,  and  the  results  thus  obtained  are  brought 
together  in  Table  II.  Although  I  consider  it  right  to  cite 
these  results,  and  even  myself  proposed,  in  1884,  a  similar 
reA^sion  for  corrected  averages,  yet  at  the  jiresent  moment, 
after  having  studied  the  subject  more  closely  and  recognizing 
the  insufficiency  of  many  of  the  corrections,  1  do  not  think  it 
necessary  to  dwell  especially  upon  this  question,  as,  in  the 
absence  of  new  determinations,  notably  for  the  expansion  of 
mercury  and  glass,  it  is  impossible  to  hope  to  add  to  the 
trustworthiness  of  what  is  already  known. 

In  Table  II.,  in  the  first  line.  Biotas  figures  are  given 
for  their  historical  interest.  He  calculated  them  from  an 
aggregate  of  the  data  extant  at  the  beginning  of  the  present 
century.  I  cite  them  from  Gehler's  iV/7/6«7;.  Worterhiicli  (1825, 
i.  p.  616). 

The  following  line  is  occupied  by  the  figures  calculated  by 
Hallstrom  in  lb35  (Pogg.  Ann.  xxxiv.  p.  24),  when  he  became 
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acquainteJ  with  Mimcke's  and  Stampfer's  results.  But  his 
results  were  but  little  kuown,  since  Despretz's  figures  (see 
Table  I.)  were  publislietl  shortly  after  aud  attracted  ojcneral 
attention.  The  same  remark  applies  to  Kopp  and  Pierre's 
figures.  i)ul)lished  ten  years  later. 

xUiller  (Phil.  Trans.  ISaf),  p.  146),  when  establishing  the 
relation  of  the  English  pound  to  other  units  of  weight, 
examined  the  existing  data  for  the  density  of  water,  and 
having  corrected  them  for  the  expansion  of  mercury,  he 
compiled  them  into  a  very  simple  formula,  according  to  which 
the  logarithm  to  seven  places  of  the  volume  (reckoning  unity 
at  8°'y45),  equals 

32-72  (^ -0-94.3)- -0-2 15  (/-3-U4.))', 

and  his  tables  (from  0°  to  ib°)  were  long  used  by  many 
investigators.  He  took  Despretz^s,  Pierre's,  and  Kopp's  data 
as  a  basis  for  his  calculations. 

Rosetti,  taking  Despretz's,  Koj^p's,  Hagen's,  aud  Matthies- 
sen's,  in  addition  to  his  own  determinations,  calculated  the 
mean  regulated  values,  which  are  frequently  made  use  of  at 
the  present  time. 

Volkmann  (Wied.  Annalen,  1881,  xiv.  p.  277).  adopting 
Levy's  determination  (1881)  for  the  expansion  of  mercury 
(viz^  0018207  from  0'  to  100"),  recalculated  the  determina- 
tions made  by  Kopp,  Pierre,  and  Jolly,  embracing  Hagen's 
and  Matthiessen's  data,  and  rejecting  those  figures  which  he 
regarded  as  being  very  incorrect,  and  took  an  average  of  all, 
without,  however,  subjecting  them  to  any  regularization  and 
preferring  to  remain  as  near  as  possible  to  the  em[)irical 
results. 

Meudelcefi"  ('  Messenger  of  Commerce,'  1884,  and  se[)arate 
work,  '  The  Investigation  of  Aqueous  Solutions  according  to 
their  Specific  Gravity,'  1887,  p.  42),  in  studying  (1880-84) 
the  existing  data  concerning  solutions,  made  a  calculation 
similar  to  Volkmann's,  taking  as  a  basis  the  expansion  of 
mercury  from  (f  to  100°  as  equal  to  0-00018210  +  0-0000007, 
which  he  deduced  in  1875  from  Kegnault's  determinations  ; 
aud,  taking  into  consideration  all  the  figures  given  Ijy  Des- 
pretz,  Kopp,  PlUcker  and  Geissler,  Hagen,  Jolly,  Henrici, 
Weidner,  Matthiessen,  Hirn  and  Rosetti,  he  calculated  the 
averages,  which  are  given  iu  the  table.  The  figures  are, 
however,  only  given  to  hundred-thousandths  of  the  density, 
without  l)eing  referred  to  the  hydrogen  thermometer,  and  in 
the  calculation  for  20°  a  mistake  occurred,  so  that  this 
number  is  not  included. 

During  the  current   year,  Admiral  Makaroff  (Journal  of 
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the  Russian  Phjsico-Chemical  Society,  1891,  Physical  Section, 

p.  30),  in  elaborating  the  vast  material  collected  by  him  during 

his  voyages  round  the  globe,  relative  to  determinations  of  the 

density  of  sea-water,  deduced  a  formula  which  expresses  the 

expansion  of  water  between  —5°  and    +35°,  employing  the 

compilations  of  his  predecessors,  and  amongst  others  of  Herr, 

made  for  the  International  Metrical  Commission. 

To   these   compilatory  data  I  subjoin    (a)  the   arithmetical 

dV 
mean  of  all  the  data  of  Table  I. ;  {h)  the  value  of  -r  ,  i.  e.  the 

increment  of  the  volume  corresponding  to  an  increment  of 
temperature  of  one  degree  ;  [c]  the  value  of  —  ,  or  the  incre- 
ment of  volume  corresponding  to  an  increment  of  pressure 
of  one  atm.  (this  ^/^^V^);  and  lastly  [d)  the  value  of  the 
possible  error  in  contem]>orary  determinations  of  the  volumes 
of  water.  The  numbers  in  this  line  were  deduced  on  the 
basis  of  the  following  considerations  : — 

(1)  Since  it  is  conditionally  received  that  the  volume  at  4° 
equals  unity  (or  10^,  according  to  the  notation  adopted  in  this 
table),  it  follows  that  at  4°  the  error  will  be  zero,  and  we  may 
grant  that  all  the  erroi's  are  i)ro})ortional   to  the  difference 

(2)  Since  the  existing  data  are,  for  the  most  part,  referred 
to  readings  of  the  mercury  thermometer,  they  must  contain 
that  error  which  these  readings  include  if  we  suppose  them 
corrected  in  every  other  respect.  The  minimum  of  this  error 
for  the  best  thermometers  of  hard  glass  is  given  above,  but  I 
do  not  think  it  necessary  to  add  this  error  to  the  sum  of 
possible  errors,  because,  in  the  first  place,  it  can  now  be  to  a 
great  extent  corrected,  and,  in  the  second  place,  with  different 
thermometers  the  amount  of  this  error  must  present  a  certain 
unavoidable  variability,  whose  value  cannot  })ossibly  be  now 
determined. 

(3)  In  the  determination  of  temperatures,  the  observers 
have  up  till  now  been  satisfied  with  hundredths  of  a  degree, 
and  frequently  even  tenths,  so  that,  generally  speaking,  the 
error  for  temperatures  may  be  taken  as  +0°'05.  How^ever, 
for  temperatures  below  zero,  where  there  are  fewer  observa- 
tions and  these  more  difficult,  the  amount  of  this  error  must 

'  *  Although  perhaps  the  maximum  density  is  not  exactly  at  4°,  still  it 
undoubtedly  lies  between  '3°-5  and  4°-5  ;  and  -Rithin  this  range  the 
volumes  of  water  var}^  so  little,  that  practically,  within  the  limit  of 
existin"-  errors,  this  density  may  be  presumed  to  be  situated  at  4°,  all  the 
more  so,  as  all  later  investigators  give  it  a  temperatiu-e  very  near  4°,  for 
instance  Hageu  3°-98,  Kosetti  4°-07,  Kopp  4°-08,  &c. 
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be  increased ;  and  thus  for  — 10°,  I  take  it  as  +  0*  1 ,  for  +  20° 

and    100°  as    +0'05.      B}-   multiplying  these   values  by -7- 

we  get,  for  -10°  ±2(i,  and  for  20°  +10,  and  for  100°  ±39 
millionths  of  the  volume. 

(4)  The  foregoing  examination  of  the  points  generally 
taken  as  granted  in  determining  the  coefficient  of  expan?iou 
of  glass,  leads  to  the  conclusion  that  the  error  in  the  volume 
of  the  vessel  will  attain  at  least  +0*000001,  which  intro- 
duces a  possible  error  in  the  volumes  of  water  of  as  much  as 
+  (i  — 4)  millionths  of  the  volume,  because  the  coefficient  of 
expansion  of  the  vessel  enters  into  the  value  of  the  volume  of 
water  after  being  multiplied  by  the  number  of  degrees. 

(5)  Inasmuch  as,  up  to  the  present,  no  corrections  have  been 
made  for  an  alteration  in  the  volume  of  water  due  to  a  change 
of  atmospheric  pressure,  and  since  these  differences  of  pressure 
at  various  seasons  of  the  year  and  in  different  localities  may 
amount  to  i\,th  of  an  atmosphere,  I  hold  it  necessary  to  add 
a  possible  error  of  +4  millionths  of  the  volume  to  the  differ- 
ences of  individual  observers,  for  the  reason  indicated,  and 
equal  to  fiO'l. 

(6)  Judging  from  the  description  of  the  methods  of  in- 
vestigation and  from  a  comparison  of  individual  observations, 
we  must  recognize  the  existence  of  errors  amounting  to  ten- 
thousandths  of  a  volume  in  the  determination  of  volumes  and 
weights  at  different  temperatures.  But  the  greater  portion 
of  possible  errors  of  this  category  disappear  in  the  majority 
of  cases,  when  the  final  results  are  calculated  out  (often  by 
the  method  of  least  squares).  I  therefore  estimate  such  an 
incidental  error  as  not  exceeding  +5  millionths  of  the  volume 
in  the  best  extant  determinations. 

(7)  The  sum  of  the  errors  enumerated  above,  which  have 
been  taken  at  the  lowest  possible  com[)utation,  is  equal  to 
+  49  for  -10°,  +35  for  +20°,  and  +144  for  100°,  taking 
the  volume  at  4°  as  equal  to  10'\  Supposing  the  errors  pro- 
portional to  t  —  4:,  we  have,  in  virtue  of  the  above  figures.  tlu< 
following  equation  : 

Possible  error  =  +  (^-4)  (3-0 -0 '04(39^ +  0'00032  t'-). 

The  values  corresponding  to  this  equation  are  given  under 
heading  {d)  in  'J'able  II. 

Since  the  constants  A,  B,  and  C,  in  formula  No.  1  are 
calculated  from  existing  data,  which  contain,  at  the  ver/j  least, 
the  above-mentioned  errors,  so  these  errors  may  also  occur  in 
the  values  given  by  this  formula.  However,  the  best  experi- 
mental results  difi'er  from  the  numbers  given  by  the  formula 
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in  a  much  less  degree,  as  is  seen  from  the  comparison  of  the 
vohunes  thus  obtained  (last  line  of  Table  II.). 

In  Table  III.  are  cited  the  results  given  by  formula  No.  1, 
which  is  here  given  in  the  form  in  which  I  employed  it  for 
calculation  : 

'        imO(ji{t), 

where 

10000(0  =  M»0(94-10  +  ^)  (703-51-0, 
and 

(/)/  =  128-78  + 1-158  / -0-0019  e. 
These    figures  refer  to    the    density   of  water  S„    which    is 
inversely  proportional  to  the  volumes,  i.e.  S^V^  =1.     The 
density  at  4°  is  taken  equal  to  unity. 

In  calculating  this  formula,  averages  were  taken  of  the 
determinations  of  many  investigators  (Despretz,  Kopp,  Jolly, 
Rosetti,  Hagen,  and  Matthiessen).  and  those  of  some  of  them 
(of  the  first  four  observers)  were  corrected  for  the  expansion 
of  mercury,  adopting  the  value  0-01821  as  its  variation  in 
volume  between  0°  and  100°;  but  no  correction  was  made  for 
the  variation  of  the  coefficient  of  expansion  (mercury  and 
solids)  with  a  variation  of  temperature,  nor  for  the  readings 
of  the  mercury  thermometer  as  referred  to  the  hydrogen-scale 
(since  such  corrections  cannot  be  considered  as  uniform  or 
sufficiently  investigated  at  present).  Tlie  figures,  therefore, 
obtained  by  the  formula  may  contain  the  same  errors  as 
commonly  occur  in  the  existing  determinations,  and  for  this 
reason  I  have  indicated  the  possible  errors  in  the  density  in 
this  table.  For  temperatures  below  100",  they  are  found 
from  the  errors  in  the  volumes  given  in  Table  II.,  on  the 

ground  that  ^8  =  ^x2  )    lo^'  higher   temperatures  than   100° 

they  are  derived  from  the  considerations  set  forth  in  examin- 
ing the  influence  of  pressure  (see  ante).  But  although  the 
figures  given  by  the  formula  may  contain  errors  to  the  amount 
indicated,  still  it  is  unlikely  that  they  attain,  for  ordinary 
temperatures  (0°  to  -40°),  ^  or  \  of  the  value  given,  since  the 
diiference  between  the  results  given  by  experiments  and  the 
formula  is  much  less,  between  0°  and  40°,  than  the  amount 
of  the  possible  errors.  Thus,  for  instance,  for  15°  we  obtain 
a  density  0-999152  or  a  volume  100849,  which  differs  from 
the  mean  results  of  Volkiiiann,  Rosetti  (Table  II.),  Jolly,  and 
Hagen  by  less  than  1  of  the  error,  which  is  admissible  in  the 
existing  data  on  the  grounds  stated  above.  Such  being  the 
case  we  may  take  the  results  given  by  the  formula  between 
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0°  and  40°  to  be  very  probable.      We  have  already  seen  the 

remarkable  concurrence  of  the  formula  with  Hirn's  data  for 

temperatures  above   100°;  so  that  from  ])oth  sides — for  the 

lowest  and  the  highest  tenijieratures — the  ap})licalnlity  of  the 

formula  to  the  reality  is  quite  likely,  and  the  results  given  by 

it  are  not  less  trustworthy  than  the  averages  deduced  from 

experiments. 

With  respect  to  temperatures   between  40°  and  100°,  the 

evidence  of  investigators  is  more  conflicting  than  could  be 

desired,  and  than  is  called   for  by  the  value  of  the  possible 

errors  given  in  Table  II.      For  instance,  at  70°  the  difference 

of  the  volumes  observed  by  Jolly  and  Matthiessen  amounts  to 

204  millionths,  and  the  volumes  observed  by  Kopp  and  Pierre 

differ  by  G87  millionths,  whereas  the  possible    error  at  70° 

given  in  Table  II.  only  amounts  to  +85  millionths.     But  the 

volume  at  70°  given  by  the  formula   (1022549)  differs  from 

the   general  average  (1022513)  by  only  36  millionths,  and 

from    Rosetti's    experimental    result    (10225211)    by  only  30 

millionths,  and  occupies  a  position  among  the  i-esults  given  by 

Jolly,  Matthiessen,  Ko})}),  Pierre.  Hagen,  and  Despretz  ;  it  is, 

therefore,  more  probable  than  the  figures  of  any  one  of  these 

observers,  ;ind  even  more  likely  to  be  true  than  the  avei-age 

result,  for  the  very  reason  that  the  formula  satisfies  alike  the 

data  for   70°  and   for  higher  and  lower  temperatures.     In 

other  words  the  figure  shown  by  the  formula  for,  say  70°,  is 

confirmed  not  only  by  experiments  made  at  70°,  but  also  by 

determinations  at  0°  or  at  200°. 

Besides  the  specific  gravity,  calculated  by  the  formula  and 

given  in  the  second  column,  and  the  measure  of  the  errors, 

which  probably  will  not  be  exceeded  in  more  accurate  fresh 

determinations,  Table  III.  contains  the  following  quantities: — 

ds 
[a)  The  differential  coefficient  -j-  found  from  the  formula. 

The  values  of  this  differential  coefficient  are  not  only  useful 
practically  in  calculating  i-esults  for  intermediate  temperatures, 
they  not  only  demonstrate  the  mode  of  variation  of  the  density 
of  water,  but  they  also  present,  in  my  opinion,  a  great  theo- 
retical interest,  because  natural  jihenomena,  in  their  differential 
expression,  always  become  simplified  and  easier  to  study.  It 
appears  to  me  to  be  highly  instructive  that  the  differential 

coefficient    ~  for  lower  temperatures  gives  a  line  of  considerable 

curvature,  but  for  higher  temperatures  asymptotically  ap- 
proaches a  straight  line,  which  circumstance  I  propose  to  take 
advantage  of  hereafter,  for  certain  deductions  relative  to  the 
expansion  of  aqueous  solutions  and  of  various  other  liquids. 

ih)   The   differential  coefficient  ,  ,  or  the  variation  of  the 

dp 
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donsity  of  water  with  an  increase  of  pressure  equal  to  one 
atm.  The  numbers  in  this  column  are  calculated  by  formula 
No.  7,  and  only  represent  a  first  rough  approximation  on 
this  subject,  and  none  at  all  for  temperatures  above  100°. 
Nevertheless  I  considered  it  useful  to  cite  these  figures  in 
order  to  point  to  the  necessity,  when  making  accurate  deter- 
minations of  the  variation  of  the  density  of  water,  of  paying 
attention  to  the  pressures  at  which  these  determinations  are 

ds       . 
made.     If  fi^  be  given,  then  -r-    will  be  found  by  multiplying 

by  S,. 

(c)  The  values  of  <^(/)  or  j— ^1000,  because  these  num- 
bers, as  explained  above,  served  chiefly  in  deciding  the  pro- 
posed formula  for  expressing  the  expansion  of  water. 

Table  III. 
The  Variation  of  the  Specific  Gravity  of  Water  S^  from  —10° 
to  +200°,  taking  S^=l  at  4°,  according  to  the   formula 

'  1000</)(0' 

where  </)(0  =  l'9  (d4:-l  +  t)(10S'5-t)  at  a  pressure  of  1  atm. 


Pressure 

Temperature 

Calculated 

Possible  error  of 

Differential 

Differential 

Value 

i°C. 

specific 
gravity, 

S  . 

existing  deter- 
minations    in 
millionths. 

Coefficient 

d.<jdt  per 

degree  Celsius 

Coefficient 

ds,dp  per 

atmospiiere  in 

of 
0(0- 

Volume, 

t 

in  millionths. 

millionths. 

—  10    0-998281 

+  40 

+   2<i4 

+54 

114-01 

1001722 

-  5    0-999325 

29 

+    157 

+  52 

119-94 

1000676 

0   0-999873 
+  5    0-999992 

12 
3 

+     65 
-     15 

+50 
+48 

125-78 
131-52 

1-000127 

1-000008 

10    0-999738 

15 

-     85 

+47 

13717 

l-0t)02(i2 

15    0-999152 

26 

-   148 

+46 

142-72 

1-00(J849 

20    0-998272 
25    0-99712  8 

35 
43 

-  203 

-  254 

4-45 
+44 

148-18 
153  .■J4 

1  001731 

1-002880 

30  ,0-995743 

49 

-  299 

+43 

158-81 

1004276 

40   0-992334 

53 

-  380 

+41 

16906 

1-007725 

50    0-988174 

65 

-  450 

+40 

178-93 

1-011967 

60    0-983356 

72 

-  512 

+39 

188-42 

1-016926 

70   0-977948 

80 

-  569 

+39 

197-53 

1-022549 

80    0-971996 

92 

-  621 

+40 

206-26 

1028811 

90   0-965537 

109 

-  670 

+41 

214-61 

1  -035692 

100   0-958595 

133 

-  718 

+42 

222-58 

1-043194 

120   0-943314 

600 

-  810 

+43 

237-38 

l-0f)0093 

140   0-926  211 

650 

-  901 

+48 

2.50-66 

1-079667 

160    0-907263 

700 

-  995 

+55 

262-42 

1- 102216 

180   0-686393 

750 

-1093 

+64 

272-()6 

1 -r_'8l67 

200    0-863473 

800 

-1200 

+  73 

281-38 

1158114 

K2 
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(d)  In  the  last  column  the  volumes  of  water,  taking  that 
at  4°  as  unity,  are  given.  These  volumes,  like  all  the  numbers 
deduced  from  formula  No.  1,  are  referred  to  a  pressure  of  one 
atmosphere.  In  ord(>r  to  obtain  the  volumes  at  a  pressure  of 
p  atm.,  we  must  divide  the  numbers  in  the  table  by 

l+/i,(jt>-l), 

just  as  was  done  previously  when  examining  Hirn^s  figures. 

In  conclusion,  1  think  it  necessary  to  repeat  that,  whenever 
I  am  able  I  shall  endeavour  to  make  a  series  of  fresh  deter- 
minations, taking  into  consideration  all  the  necessary  conditions 
of  the  variation  of  the  density  of  water  with  a  change  of 
temperature,  because  the  sum  of  modern  information  on  this 
subject  has  been  already  amassed,  but  suppositions  have  been 
admitted  (for  example,  the  constancy  of  the  coefficient  of  ex- 
pansion of  glass  and  mercury  irrespective  of  a  change  of 
temperature,  the  absence  of  the  influence  of  pressure,  &c.), 
which  cannot  be  held  to  aoree  with  our  existing  knowledge. 
And  should  fresh  determinations,  made  with  all  possible 
accuracy,  confirm  the  aspect  of  the  formula 

'~       (A  +  0(B-OC' 

or  lead  to  a  more  correct  formula,  then  we  may  hope  by  its 
means  to  arrive  at  a  better  understanding  of  the  true  law  of 
the  expansion  of  all  liquids,  and  consequently  of  gases  also. 
The  correct  idea  of  the  influence  of  heat  on  densities  and 
volumes  began  with  the  study  of  water,  and,  in  my  opinion,  we 
may  expect,  by  means  of  investigations  upon  water,  to  make 
further  progress  in  the  study  of  matter  under  the  influence 
of  a  rise  of  temperature. 
St.  Petersburg,  April  1891. 

XII.   The  Densities  of  Sulj^hui'ic-Acid  Solutions. 
By  Spencer  Umfheville  Pickering,  F.R.S* 

A  SHORT  time  ago  Mr.  Lupton  (Phil.  Mag.  xxxi.  p.  424) 
attemjited  to  disprove  one  of  the  changes  of  curvature 
in  the  figure  representing  my  "  first  differential  "  of  the  den- 
sities of  sulphuric-acid  solutions  by  bridging  it  over  by  a 
straight  line.  As,  however,  this  figure  is  evidently  curvi- 
linear, it  was  not  surprising  that  he  failed,  even  though  he 
selected  for  the  attempt  that  particular  change  which,  as  I  had 
point(^d  out,  was  more  doubtful  than  any  other  (that  at  58  per 
cent.),  and  for  the  same  reason  it  is  evident  that  he  would 
*  CommuuicateJ.  b}'  the  Author. 
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have  mot  with  l)ctter  success  if  he  had  tried  to  hridcre  it  over 
with  a  curve  instead  of  a  straight  line*.  This  Prof.  Riicker 
has  recently  succeeded  in  doing  in  a  very  ingenious  manner 
(Phil.  Mag.  xxxii.  p.  304)  :  but  here,  I  venture  to  think, 
his  success  comes  to  an  end  :  for  I  believe  that  I  can  show 
that,  so  far  from  his  having  disproved  the  three  other  of  my 
breaks  over  which  his  calculations  extend,  his  arguments  do 
not  at  all  affect  one  of  them,  while  they  alFord  additional 
evidence  in  favour  of  the  remaining  two  being  in  reality 
points  at  which  some  changes  occur  in  the  nature  of  the 
solution. 

Before  giving  my  reasons  for  this  opinion,  I  must  state 
most  em[)hatieaily  that  even  the  most  successful  attempt  to 
afford  an  alternative  representation  of  a  restricted  portion  of 
the  experimental  results  can,  in  my  opinion,  do  but  little 
towards  upsetting  conclusions  which  are  founded  entirely  on 
the  cimiulative  evidence  derived  from  independent  sources, 
and  for  the  establishment  of  which,  as  I  have  insisted 
repeatedly,  no  single  score  of  determinations,  nor  even  a 
whole  series  of  results  with  any  one  particular  property,  would 
have  been  sufhcient.  Prof.  Riicker  says  that  "as  [niy]  work 
covers  a  wide  area,  [I]  cannot  complain  if  those  who  study 
[my]  method  devote  themselves  particularly  to  some  one 
appHcation  of  it"  (p.  304:).  This  may  be  true;  but  those 
who  do  so  cannot  bring  forward  their  results  as  an  argument 
against  conclusions  which  depend  entirely  on  the  concordance 
of  independent  evidence,  and  not  on  any  one  particular  a^tpli- 
cation.  If  my  critics  could  show  that  the  same  alternative 
interpretation  which  they  suggest  in  the  one  case  that  they 
investigate  is  possible  in  every  case,  or  even  in  a  large  num- 
ber of  the  cases,  and  is  as  consistent  with  the  experimental 
data  as  mine  was,  then,  and  then  only,  would  their  argument 
be  a  weighty  one. 

That  part  of  the  cumulative  argument  for  the  existence  of 
changes  in  sulphuric-acid  solutions  at  certain  percentages, 
which  was  embodied  in  my  paper  on  the  nature  of  solutions 
(Chem.  Soc.  Trans.  1890,  p.  64),  has  already  appeared  in  the 
pages  of  this  Magazine  (xxix.  p.  427) ;  but  the  very  remarkable 
confirmation  of  my  previous  results  obtained  by  a  study  of  the 
freezing-points  of  such  solutions  made  after  tlie  former  jjapar 

•  In  a  note  in  the  'Chemical  News'  (vol.  Ixiv.  p.  1)  I  said  that  a 
siugle  curve  would  not  bridge  over  this  break  without  an  allowauce  of  ten 
times  the  known  experimental  error.  This  was  wrong.  AVhat  J  had  in 
my  mind,  and  what  I  ought  to  have  said,  was  that  a  curve  of  the  form 
iised  by  Mr.  Lupton — a  straight  Hne  in  the  "  diflereutial  " — would  nut  do 
so ;  in  fact  the  error  of  -OOOOciZ  which  I  mentioned  was  tliat  which  Mr. 
Lupton's  equation  gave  when  compared  with  the  experimental  points. 
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was  wri.tte7i,  and  the  absence  of  any  evidence  (except  Prof. 
Riicker's  recognition  of  the  isolation  of  the  tetrahydrate)  that 
my  critics  have  looked  at  all  into  this  aspect  of  the  question, 
must  be  my  apology  for  again  briefly  stating  my  position. 

The  properties  originally  studied  by  me  were  the  densities 
at  four  different  temperatures  (from  which  I  calculated  the 
expansion  by  heat,  and,  in  one  case,  the  contraction  on 
mixing),  the  heat-capacity  from  0  to  10  per  cent.,  and  the 
heat  of  dissolution.  1  also  utilized  Kohlrausch's  experiments 
on  the  electric  conductivity. 

As  it  may  be  argued  with  some  plausibility  that  the  similar 
form  of  the  various  density-curves  would  be  likely  to  lead  to 
the  same  results  when  examined  by  a  bent  lath*.  I  have 
contented  myself  with  the  following  diagram,  marking 
(with  dots)  the  positions  of  the  changes  between  2  per  cent, 
and  98  per  cent.j  shown  by  the  densities  at  8°,  the  contrac- 
tions at  18°,  and  the  three  other  properties  above  mentioned. 
The  working  curves  in  these  cases  are  very  dissimilar;  yet 
the  closeness  with  which  the  dots  are  grouped  around  certain 
percentages  is  most  striking,  and  the  absence  of  stray  dots  at 
other  percentages  perhaps  even  more  so. 
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It  was  not  until  after  my  examination  of  the  curves  was 
near  completion  that  I  calculated  the  corresponding  molecular 
compositions!  •  I  then  discovered  that  their  percentages 
corresponded  to  hydrates  of  very  simple  formula,  whose  exact 
percentages  are  marked  by  crosses  on  the  diagram.  Now, 
considering  that  the  various  properties  were  quite  independ- 
ently examined,  I  ventured  to  think  that  the  coincidences 
afforded  overwhelming  evidence  of  some  real  changes  in  the 

*  I  do  not  myself  attach  much  weight  to  this  argument,  as  the  similarity 
18  to  a  considerable  extent  superficial.  The  admission  of  all  the  density- 
results  would  of  course  strengthen  my  argument. 

t  The  changes  which  occur  at  the  extreme  percentages  cannot  be 
satisfactorily  exhibited  on  a  small  scale,  but  they  entirely  confirm  the 
conclusions  dra-«ai  from  the  others. 

I  I  was  previously  acquainted  with  the  percentage  composition  of  the 
mouohydrate  only. 
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solutions  at  the  points  indicated,  and  strong  evidence  tliat 
their  occurrence  had  an  intimate  connexion  with  the  existence 
of  a  corresponding  hydrate.  AVishing,  however,  to  make 
assurance  doubly  sure  I  carried  out,  affe)'  m;/  first  paper  was 
written,  a  series  of  experiments  on  the  freezing-points.  The 
isolation  of  the  tetrahydrate,  whose  percentage  corresponds  to 
one  of  the  most  feebly  marked  of  the  changes  which  I  had 
previously  discovered,  amply  justified  my  view  of  their  con- 
nexion with  hydrates  ;  but  the  entire  agreement  of  the  minor 
changes,  marked  0  on  the  diagram,  with  those  previously 
found  was  perhaps  even  more  satisfactory.  Of  the  thirteen 
changes  previously  found  to  exist  between  2  and  5J8  per  cent, 
nine  were  confirmed,  w^hile  as  regards  the  others,  which  were 
situated  in  regions  of  very  low  freezing-point,  data  were  either 
insufficient  or  entirely  lacking. 

Remembering  that  the  results  set  out  above  were  obtained 
by  the  apphcation  of  the  same  method  and  the  same  form  of 
curves  to  figures  which  in  the  majority  of  cases  ditfered 
entirely  from  one  another  in  general  form,  the  question  arises 
as  to  how  such  concordance  could  have  been  obtained.  If  we 
refuse  to  conclude  that  the  results  are  due  to  some  property 
possessed  by  all  the  figures  in  common  of  exhibiting  changes 
of  some  sort  at  these  points,  we  are  driven,  I  think,  to  ex[tlain 
it  in  one  of  the  three  following  ways  : — (1)  That  1  knowingly 
"  cooked  "  my  results — an  explanation  which  has  not  yet 
been  oft'ered  ;  (2)  that  I  did  so  unconsciously  ;  which  would 
seem  to  be  quite  impossible,  owing  to  the  properties  studied 
being  entirely  different,  and  to  my  having  obtained  the 
same  results  with  every  different  form  of  plotting  and  on 
every  difi^irent  scale*;  or  (3)  (which  is  oln-iously  absurd) 
*  I  maj'  mention  a  very  strong  proof  of  how  independent  my  results  are 
of  any  unconscious  "  cookinir,"  and  of  the  particular  form  in  which  the 
data  are  presented  for  examination.  I  received  a  short  time  ago  from  my 
friend  Mr.  Hayes  a  series  of  numbers  which  I  took  to  he  what  I  was  at 
the  time  expecting  from  him — namely,  a  set  of  imaginary  experiments 
constructed  from  equations,  with  a  view  to  seeing  whether  1  would  tiiid  out 
the  points  at  which  the  equation  had  been  changed.  After  sending  him 
the  results  of  m\-  examination,  I  learnt  that  the  values  sent  were  my  own 
experimental  results  for  the  dnnsities  at  Ift^  from  95  to  19  per  cent., 
metamorphosed  beyond  recognition,  and  I  also  learnt  that  1  had  cor- 
rectly located  the  breaks  which  I  had  mentioned  in  my  published  work. 
The  results  were 

»2,    MO, -0.7,{;°-r±nai,}«-8.a""0-4  percent.;  as 

against  9.3-6, 84-5,  78-0,  72-8,  58,  51-0,  and  20-5  per  cent,  for- 

merly given. 

The  values  which  Mr.  Hayes  sent  to  me  were  .r  =  1250  (100-;^),  and 

y=lO^.  —  -  -j-  {p  =  percentage,  and  s  =  density). 

The  data  for  finding  the  first  of  these  breaks  were  more  meagre  than 
they  should  have  been,  and  a  note  was  made  by  me  that  its  position  might 
be  at  a  percentage  higher  than  92. 
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that  the  arrangement  of  points  exhibited  by  the  diagrams  is 
purely  accidentuL 

Setting  aside  for  a  moment  the  concordance  of  independent 
results,  and  thus  ignoring  the  main  grounds  of  my  conclusions, 
let  us  see  what  Prof.  Rucker's  results  do  towards  disproving 
my  opinions  in  the  one  particular  case  which  he  investigates. 

I  may  as  well  state  at  once  that  I  consider  Prof.  RUcker's 
equation  to  agree  with  the  experimental  results  just  as  satis- 
factorily as  my  own  drawings  do,  and  more  satisfactorily 
perhaps  than  ho  asserts  ;  for  1  have  recently  revised  my  esti- 
mate of  the  experimental  error,  and  obtain  a  value  for  it 
somewhat  larger  than  I  previously  did.  From  all  my  deter- 
minations done  in  duplicate  with  water  I  get  "000012  ("0003 
gram  on  the  25  cubic  centim.  taken)  as  the  mean  error  of  a 
single  observation,  and,  by  a  graphic  method,  described  by  me 
in  the  Ber.  d.  deutsch.  chem.  Gesel.  (xxiv.  p.  3332),  applied  to 
the  results  with  sulphuric  acid  itself,  1  get  OOOOll.  This 
agrees  perfectly  with  my  original  drawing,  which  attributed 
an  apparent  error  of  '000013  to  the  experimental  points  (due 
allowance  being  made,  of  course,  for  the  fact  that  these  were 
"  differential "  points,  of  which  the  error  would  be  sometimes 
greater  and  sometimes  less  than  that  of  a  single  determination, 
according  to  the  magnitude  of  the  actual  differences  taken), 
and'  equally  well  with  Prof.  Rucker's  equation,  which  gives 
•000012. 

Now,  as  is  well  known,  any  figure,  how'ever  complicated, 
may  be  expressed  by  an  equation,  within  any  assigned  limits 
of  accuracy,  even  of  the  simple  form  y  =  a  +  hx-'tcx'^. .  .^zx^, 
provided  a  sufficient  number  of  terms  be  introduced  into  it, 
and  this  is  true  even  if  the  available  points  form  in  reality 
two  distinct  parabolas  or  other  curves.  This  Prof.  Riicker 
himself  points  out  to  be  the  case  (p.  .305)  ;  so  that  the  mere 
fitting  on  of  an  equation  is  no  proof  of  continuity.  The  task 
of  finding  an  equation  to  fit  fairly  well  on  to  a  figure  made 
up  of  such  independent  curves  is  naturally  more  simple  when 
these  curves  meet  almost  "  end  on,"  if  I  may  use  such  an 
expression,  and  show  no  changes  of  so  marked  a  character  as 
to  be  correctly  described  as  violent  and  sudden,  or  as  present- 
ing any  "awkward  corners.^'  Such  is  the  nature  of  that 
portion  of  my  density-differential  curve  selected  b}^  Prof. 
Riicker  for  examination  ;  the  changes  of  curvature  which  I 
suppose  it  exhibits  are,  as  he  admits,  "  minor  changes,"  and 
by  no  means  so  clearly  indicated  as  some  of  those  in  other 
parts  of  the  figure  ;  and  in  such  a  figure  it  would  evidently 
be  possible,  by  taking  mean  points  between  each  pair  of  expe- 
rimental points,  to  get  an  equation,  even  of  the  simple  para- 
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boUc  form,  ^vith  seven  constants,  to  agree  very  closely  indeed 
with  fourteen  of  the  points  ;  and  the  number  of  points  with 
which  an  equation  could  be  made  to  coincide  might  be  further 
increased  considerably  by  the  fact  that  eight  of  the  points  lie 
very  nearly  on  a  single  straight  line.  When  to  these  con- 
siderations we  add  that  of  an  operator  of  the  highest  skill  and 
ingenuity,  it  would  indeed  be  remarkable  if  Prof.  Riicker's 
seven-constant  equation  did  not  show  a  very  close  agreement 
with  the  twenty  experimental  points  investigated.  I  say 
ticenfi/  points  advisedlv,  for  of  the  twentv-four  points  inserted 
by  Prof.  Riicker,  four  (those  at  80*04,  79-12,  65'12,  and  57-94 
per  cent.)  are  deduced  from  determinations  (by  taking  alter- 
nate experiments)  which  have  already  been  used  to  their  full 
extent  in  supplying  the  other  points  given  in  his  tables. 

But  Prof.  Riicker  has  not  confined  himself  to  the  use  of  the 
parabola  or  any  other  simple  equation,  but  has  used  an  equa- 
tion of  a  complex  and  highly  artificial  form,  for  which,  I 
believe,  there  is  no  precedent,  and  for  which,  as  an  expression 
of  physical  facts,  there  would  seem  to  be  (I  speak  under  cor- 
rection) no  probal)ility  whatever.  Prof.  Riicker  first  finds  an 
equation  (a  combination  of  an  exponential  curve  with  a  straight 
line)  y^.a  +  bx—cd",  which  agrees  well  with  two  or  three  ex- 
perimental points  between  47  and  51  per  cent.,  and  again  with 
those  between  72  and  80-5  per  cent.,  these  two  portions  con- 
stituting together  but  4^oths  of  the  total  length  of  the  figure. 
For  all  solutions  weaker  than  47,  and  stronger  than  80"5  per 
cent,  there  is  no  semblance  of  an  agreement;  and  the  whole  of 
the  middle  portion  of  the  curve  between  51  and  72  per  cent. 
"  lies  a  little  below  that  given  by  experiment,"  and  cannot 
therefore  be  accepted  as  a  representation  of  the  experiments. 
In  order  to  rectify  this  defect  and  to  raise  this  portion  of  his 
curve,  Prof.  Riicker  ingrafts  on  to  it  a  "  hump  "  by  means  of 
a  fourth  term,  mi[n^ -\-n~^).  Now  it  is  obviously  possible  in 
the  case  of  any  figure  such  as  that  under  discussion,  where  any 
changes  of  curvature  which  exist  are  by  no  means  very  abrupt, 
but  are  only  "  minor  changes/'  to  mould  a  curve  to  the  exact 
form  of  the  experimental  figure,  if  it  is  lawful  to  pare  it  down, 
or  plaster  it  up  wherever  it  may  be  necessary*,  and  the  mere 
fact  of  obtaining  such  an  eciuation  to  fit  can,  I  maintain, 
prove  nothing  beyond  the  skill  of  the  operator. 

Even,  however,  if  such  an  operation  could  disprove  the 
existence  of  breaks.  Prof.  Riicker's  estimate  of  the  number  of 
my  breaks  which  he  has  disproved  would  have  to  be  materially 
reduced. 

*  For  the  whole  of  the  density-results  an  equation  of  this  sort  would 
at  a  moderate  estimate  contain  about  21  constants. 
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His  equation  extends  from  80-5  to  4G-9  per  cent,  (the  values 
are  given  below  in  Table  I.,  which  is  mainly  a  reproduction 
of  Prof.  Riicker's  Table  L),  and  my  breaks  occurred  at  7b, 

Table  1. 


■S  •54 
7V)-48 
78-62 
7711 
74-'.t8 
73U1 
71  (Hi 
R9-10 
07-12 
r.5-51 
64-50 
63-08 
Gl-01 
58-94 
56-89 
54-89 
52  91 
60-91 
48-91 
46-94 


{a-\-hx—cd^) 
Xl0«. 


1U30 
11354 
11490 
11659 
11764 
11766 
11703 
11594 
11452 
11319 
11229 
11097 
10893 
10681 
10466 
10251 
10037 
9817 
9596 
9379 


XlO'^. 


3 

5 

10 

17 

27 

34 

46 

55 

46 

30 

17 

10 

5 

3 

2 


Average  error  iu  density 


/3  — a. 


+  13 
-46 
+64 
-13 
+  13 
+  2 
0 
+  9 
+  2 
+  35 
-72 
+  16 
+  12 

-  4 
+  30 

-  7 

-  7 

+11 
0 
1 


r-< 


12 


15 


72*8,  58,  and  51  per  cent.,  so  that  the  calculations  extend 
but  2\")  per  cent,  beyond  the  first  of  these  breaks*,  a  distance 
wholly  insufficient  to  disprove  anything  about  a  break,  the 
position  of  which  can  be  determined  only  with  "  extreme 
difficulty  to  within  1  or  even  2  percenl."  (Chem.  Soc.  Trans. 
1890,  p.  120).  In  the  same  way  little  can  be  concluded  as  to 
the  break  at  51  per  cent.,  for  although  the  calculations  extend 
4  per  cent,  bevond  it,  they  embrace  only  2  experimental  points 
in  this  length  t-  That  the  calculations  do  not  really  bridge 
over  these  two  breaks  to  any  appi*eciable  extent,  is  clearly  shown 
by  the  fact  that  on  extending  them  for  any  distance  beyond 
the  points  taken  they  at  once  begin  to  leave  the  experimental 
values.  I,  therefore,  must  take  the  most  decided  exception 
to  Prof,  Riicker's  statement  that  his  one  curve  can  act  as  a 

*  In  some  cases  the  position  given  for  this  break  -n'as  as  high  as  79  per 
cent ,  or  only  1-5  per  cent,  from  the  end  of  Prof.  Riicker's  curve. 

t  In  some  ca-;es  the  position  given  for  this  break  ■n'as  as  low  as  49  per 
cent.,  or  2  per  cent,  from  the  end  of  Prof.  Riicker's  curve.  The  mean 
position  was  49-9  per  cent. 
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substitute  for  my  iive  iliscontinuous  curves  (pp.  308,  310)  ; 
it  does  not  do  so;  all  that  it  does  is  to  cover  three  of  my 
curves,  and  small,  altogether  insufficient  portions  of  two  others. 

This  leaves  but  two  breaks  which  could  possibly  be  materially 
afFectetl  by  the  calculations,  and  one  of  these  I  certainly  would 
never  have  ventured  to  uphold  on  the  strength  of  this  one 
series  of  results,  for  tlie  only  concJusion  which  1  drew  respect- 
ing it,  even  from  the  four  concordant  series  of  density 
determinations  at  ditferent  temperatures,  was  that  it  was  "of 
a  very  doubtful  character  "  (loc.  cit.  p.  76),  so  that  the  calcula- 
tions can  be  said  to  materially  affect  but  one  of  the  breaks  whose 
existence  I  asserted — that  at  72'8  per  cent.:  and  what  evidence 
does  it  atlbrd  respecting  this  one  ? 

The  hump  in  Prof.  liiicker's  equation  begins  to  be  appre- 
ciable at  a  certain  point,  and  again  becomes  inappreciable  at 
another  point,  and  if  the  quantities  constituting  it  have  any 
physical  meaning  at  all,  they  must  mean  that  a  certain  sub- 
stance is  present,  or  that  certain  physical  conditions  exist,  to 
an  appreciable  extent  between  these  points  only,  and  are 
altogether  inappreciable  throughout  the  whole  of  the  rest  of 
the  solutions,  whether  stronger  or  weaker.  This  is  precisely 
what  occurs  with  a  hydrate,  according  to  my  views.  But  let 
us  go  further  and  see  at  what  points  this  temporary  distur- 
bance begins  and  ceases.  Without  much  error  we  may  say, 
I  think,  that  any  deviation  would  first  begin  to  be  practically 
appreciable  when  it  attained  a  magnitude  of  about  ^  to  ^  that 
of  the  mean  experimental  error,  say  ]^  ;  this  would  be  4  x  10"^ 
in  the  present  case  ;  and  the  point  at  which  the  fourth  term  in 
the  equation  attains  this  magnitude  is  72  per  cent.,  almost 
the  exact  point  at  which  my  break  occurs,  -|-72"8  per  cent.; 
and,  further  still,  it  diminishes  to  this  magnitude,  and  again 
becomes  inappreciable,  at  49*9  per  cent.,  just  where  another 
of  my  breaks  occurs — ol  per  cent,  in  the  present  series  of 
experiments,  49'9  per  cent,  in  the  mean  of  all  my  experiments. 
I  should,  however,  not  place  much  value  on  the  concordance 
in  this  second  case,  owing  to  Prof.  Riicker^s  equation  extend- 
ing such  a  short  distance  beyond  this  point.  We  are 
forced,  I  think,  therefore,  to  regard  Prof.  Riicker's  results  as 
affording  additional  evidence  in  favour  of  my  principal  con- 
tention— the  practical  starting  of  a  fresh  order  of  things  at 
certain  definite  points.  In  fact,  the  only  dilemma  on  to  the 
horns  of  which  Prof.  Riicker's  results  have  placed  me  is,  not 
that  which  he  imagines  {loc.  cit.  p.  313),  but  that  of  having 
to  decide  whether  the  graphic  or  mathematical  method  is  best 
suited  for  discovering  those  points  at  which  practical  changes 
in  solutions  occur. 
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Prof.  Piickor  admits  that  "tlie  curves  in  some  parts — if  not 
discontinuous — have  peculiar  features  which  suggest  special 
])liysical  causes  :  "  his  "  doubts  have  always  had  reference  to 
the  minor  changes  of  curvature,"  such  as  those  here  dis- 
cussed, "  and  to  the  use  of  the  ruler  in  detecting  them/'  He 
certainly  does  not  appear,  however,  to  have  done  much  to 
justify  these  doubts  ;  for  however  we  may  differ  in  our 
explanations  of  these  changes,  or  of  the  relative  degree  of 
suddenness  with  which  they  occur,  he  must  admit  that  I  with 
my  bent  ruler  have  as  a  matter  of  fact  discovered  the  exact 
points  at  which  he  with  his  mathematics  has  found  that  a  fresh 
order  of  conditions  becomes  appreciable,  and  again  disappears. 

Prof.  Riicker  would,  no  doubt,  point  out  that,  although  the 
fourth  term  in  his  equation  is  appreciable  throughout  a  certain 
range  only,  it  is  not  actually  non-existent  in  other  parts,  and 
that,  therefore,  there  is  no  true  mathematical  discontinuity. 
I  never,  however,  ventured  to  assert  that  the  changes  occurred 
so  suddenly  as  to  prove  strict  mathematical  discontinuity  ;  and 
I  fail  entirely  to  see  how  such  discontinuity  could  ever  be 
proved  or  disproved  by  any  experiments  which  were  not 
absolutely  free  from  experimental  error,  and  which  were  not 
infinite  in  number.  Indeed,  those  hydrates,  the  presence  of 
which  in  appreciable  quantities  conditions  a  particular  rate 
of  change  of  density  &c.  between  certain  points,  cannot  be 
regarded  as  being  entirely  absent  from  other  solutions — a  view 
which  the  principles  of  dissociation  and  the  gradual  removal 
of  such  hydrates  or  substances  in  the  solid  or  gaseous  form 
from  such  solutions  necessitate  (see  Ohem.  Soc.  Trans.  1889, 
pp.  22,  23;  181)0,  pp.  138,340) — the  only  statement  which  we 
can  make  on  the  strength  of  experiments  is  that  the  amount 
of  the  substances  present  is  inappreciable,  or  otherwise,  by 
those  experiments.  In  the  same  way  the  suddenness  with 
Avhich  a  change  of  curvature  occurs  can  only  be  determined 
within  limits  comparable  with  those  of  the  experimental  error. 
My  "  breaks,^''  in  fact,  are  similar  to  those  which  we  get  in 
most  cases  of  a  change  of  condition,  where  the  practical 
existence  of  the  break  is  beyond  doubt,  although  its  absolute 
abruptness  may  always  be  doubted,  and  could  certainly  never 
be  proved  in  a  strictly  mathematical  sense. 

Again,  it  might  be  urged  that  if  in  a  series  of  experimental 
results  such  as  the  present  the  practical  disappearance  of  any 
term  in  a  continuous  equation  devised  to  represent  them 
occurs  at  any  particular  point  (as  Prof.  Riicker's  fourth  term 
does  at  72  per  cent.),  it  would  not  cease  to  be  appreciable 
till  some  other  point  were  reached  if  the  accuracy  of  the  de- 
terminations were  increased,  say,  tenfold.  This  is  as  it  may  be  : 
but  it  is  useless  to  speculate  as  to  what  might  be  the  case  with 
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experiments  of  such  accuracy,  for  we  do  not  know  whether 
the  present  equations  would  still  l)e  applicable  without  modi- 
li  cation. 

As  to  the  uncertain  break  at  58  per  cent,  \^■hieh  Prof. 
Rik'ker's  equation  successfully  bridges  over,  I  may  ))oint  out 
that  even  here  my  failure  to  recognize  the  sensible  continuity 
of  the  tigure  cannot  be  attributed  to  any  fault  in  the  method, 
but  to  one  in  the  operator.     I  invariably  used  the  lath  bent 

into  the  simplest  form,  V-s" >y  ,  whereas,  by  apply- 
ing the  forces  in  a  different  manner  it  can  be  bent  into  the 
wa"ST  form,  -^f — -^v..,^    4,     ,  and  when  bent  into  this  latter 

form  I  now  find  that  it  will  fit  over  the  supposed  change  at 
58  per  cent.  ;  but  it  may  be  remarked  that  if  we  adopt  this 
interpretation  of  this  portion  of  the  figure  we  shall  not  get  a 
straight  line  on  difterentiation  ;  and  as  the  bulk  of  evidence 
goes  to  show  that  the  second  differential  is  sensibly  rectilineal 
throughout  the  figure  (a  fact  to  some  extent  recognized  by 
Prof.  Riicker,  pp.  306,  307),  it  is  probable  that  this  one 
portion  would  be  of  a  similar  nature,  and  that  the  interpreta- 
tion of  it  as  a  wavy  curve  would  be  erroneous — a  view  which 
seems  all  the  more  probable  from  the  indications  of  changes 
at  this  point  in  the  case  of  other  properties  at  this  same 
relatively  high  temperature,  and  from  the  existence  of  a 
break  in  the  freezing-points  at  low  temperatures,  which  I 
think  no  one  w^ould  venture  to  question,  even  if  the  corre- 
sponding hydrate  had  not  actually  been  isolated.  The  present 
case  of  the  densities  is  the  only  one  I  believe  in  which  a 
wavy  curve  might  be  substituted  for  two  of  my  simpler  curves. 
A  wavy  parabola  can  bo  found  to  bridge  over  the  break  at 
58  per  cent,  as  well  as  a  wavy  bent-lath  curve,  and  in  this 
way  the  whole  portion  of  the  figure  examined  by  Prof. 
Riicker  may  be  represented  by  two  parabolas,  and  the  use  of 
just  as  many  constants  as  are  required  by  Prof.  Riicker's 
equation  ;  the  errors  according  to  the  two  drawings  are, 
moreover,  nearly  equal  ( /3  — «  in  Table  I.  are  the  errors 
according  to  Prof.  Riicker's  equation,  7— a  the  errors  accord- 
ing to  the   parabolas*),  so  that  the  magnitude  of  the  error 

*  The  parabolas  are  y  = -Oil 7(J7-f- -OOOOSrS^.r  — -00001  oSS-r^  and 
^  =  •011767  +  •00002917X  -  •0000044it'^  -  -OOOOOOOZSar^  x  =  p-  IS. 
The  constants  have  been  deduced  from  the  readings  of  a  curve  instead  of 
directly  from  the  experimental  values,  and  the  average  error  is,  conse- 
quenth,  rather  larger  than  it  would  otherwi.se  have  been.  It  would  in 
any  case  be  somewhat  larger  than  that  according  to  my  oi-igiual  drawing, 
for  the  equations  extend  a  short  distance  beyond  the  points  at  which  I 
believe  breaks  occiu-,  namely,  ol  and  78  per  cent. 
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will  not  liolp  us  to  decide  between  their  respective  merits  : 
but  whereas  Prof.  Riicker's  equation  is  artificial  and  is  a  very 
improbabh;  representation  of  physical  facts,  the  parabola  is  a 
form  of  curve  which  has  been  found  to  express  physical  facts 
"  in  the  great  majority  of  cases  in  ph^'sics  and  chemistry  " 
(Lupton,  loc.  cit.  p.  421),  and  for  the  application  of  w^hich  in 
the  present  case  we  have  the  theoretical  considerations  ad- 
vanced by  so  high  an  authority  as  Mendeleeff  "^.  Considering, 
moreover,  that  the  mathematical  continuity  expressed  by 
Prof.  Riicker's  curve  does  not  even  help  us  to  assert  that  there 
is  not  a  change  in  the  nature  of  the  solutions  attaining 
recognizable  dimensions  just  at  the  point  where  the  parabolas 
indicate  that  such  a  change  occurs,  w-e  can,  I  think,  have  but 
httle  hesitation  in  making  a  choice  in  favour  of  the  latter. 

Two  points  of  minor  importance  remain  to  be  noticed.  On 
p.  310  Prof.  Riicker  suggests  that  errors,  similar  to  those 
which  I  found  in  making  up  solutions  from  two  different  lots 
of  stock  acid,  may  exist  in  making  up  different  solutions  from 
the  same  stock  lot.  This,  I  think,  is  surely  not  the  case  ; 
for  in  using  different  samples  of  acid  the  results  depend  on 
the  comparison  by  analysis,  or  by  some  other  means,  of  the 
strength  of  the  two,  and  this  cannot  be  done  with  an  accuracy 
in  any  way  approaching  to  that  attainable  b}^  mixing  weighed 
quantities  of  two  substances. 

Prof.  Riicker  alludes  to  my  having  omitted  certain  points 
which  I  considered  exhibited  exceptionaJly  large  errors,  while 
I  insisted  on  changes  dependent  on  differences  of  smaller 
amount.  In  dealing  with  a  "  differential '"'  figure,  an  error  in 
one  of  the  experiments  affects  two  consecutive  differential 
points  in  the  opposite  direction,  making  them  too  high  and  too 
low  respectively  ;  and  it  is  only  in  cases  where  this  appearance 
is  evident  that  we  should  bejustified  in  assuming,  provisionally 
at  any  rate,  the  existence  of  an  exceptional  error.  It  was 
only  in  such  cases  that  I  assumed  it ;  but  at  the  same  time  I 
quoted  fully  the  determinations  which  I  considered  to  be 
erroneous,  so  that  others  might  use  them  in  whatever  way  they 
thought  fit.  These  questionable  determinations  should,  no 
doubt,  have  been  repeated,  but  to  do  this  in  every  case  would 
have  meant  an  additional  amount  of  work  which  would  have 
been  prohibitory.  It  was  open  to  me  to  obtain  evidence  in 
favour  of  my  views  either  by  the  study  of  one  or  two  cases 
worked  up  to  the  highest  pitch  of  perfection,  or  to  accumulate 
a  considerable  mass  of  less  perfect  instances  from  independent 

*  Chem.  Soc.  Traus.  1887,  p.  778.  M end eleeff  concluded  that  the  para- 
bolas would  have  one  termless  than  my  work  would  show  them  to  have  ; 
this  was  due,  no  doubt,  to  his  havinp;  assumed  that  the  various  hjdrates 
present  were  practically  uudissociated. 
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sources.     I  thought  the  latter  was  the  preferable  method,  and 
adopted  it. 

On  p.  oil  Prof.  Hiicker  says: — "Why,  for  instance,  are 
we  to  admit  an  error  of  22,  or  three  times  the  lower  limit  to 
the  maximum  error,  at  56*89  per  cent.,  and  insist  that  an 
error  of  16,  which  is  only  twice  the  same  limit,  is  impossible 
at  63*08  per  cent.  ?"  Such  a  question  is  open  to  serious  mis- 
construction, for  I  neither  reje(!ted  nor  specially  insisted  on 
either  of  these  experimental  points,  but  quoted  them  without 
comment  in  my  tables,  and  inserted  them  in  my  diagrams, 
treating  and  accepting  both  of  them  to  exactly  the  same 
extent. 

In  forming  an  estimate  of  how  far  a  criticism  like  that  now 
under  discussion,  based  on  the  examination  of  a  limited  portion 
of  one  set  of  my  results,  can  upset  my  conclusions,  it  is 
necessary  to  bear  in  mind  the  exact  nature  of  these  con- 
clusions. From  the  study  of  any  one,  or  any  few,  particular 
breaks,  I  concluded — notliing  :  from  a  study  of  a  whole  series 
of  density-results  I  only  concluded  that  it  was  advisable  to 
make  other  series  at  other  temperatures  :  from  the  study  of  the 
series  at  four  different  temperatures  my  conclusions  were 
merely  that  I  had  "  strong  presumptive  evidence "  of  the 
existence  of  changes  (p.  79),  but  that  confirmatory  evidence 
from  the  study  of  independent  properties  was  necessary  before 
such  changes  could  be  regarded  as  established  ;  and  it  was 
only  after  obtaining  such  e^-idence  from  the  study  of  three  or 
four  other  properties  that  I  ventured  to  call  this  evidence 
proof,  and  then  only  with  the  oft-repeated  caution  "  that  many 
of  these  changes  were  admittedly  of  a  very  doubtful  nature." 
When,  further,  it  is  remembered  that  those  who  have  called 
my  conclusions  in  question  have  confined  their  attention  to  a 
limited  portion  of  one  particular  series  of  results  (and  that 
portion  one  which  I  myself  pointed  out  to  be  most  open  to 
attack),  or  have  even  selected  only  one  particular  and  ex- 
cessively doubtful  break  ;  that  in  spite  of  this,  they  have, 
while  adding  confirmation  to  my  conclusions  in  every  other 
respect,  only  succeeded  so  far  as  to  bring  some  additional 
evidence  against  (without  altogether  disproving)  the  one 
change  which  I  myself  never  regarded  as  proved  ;  remember- 
ing all  this,  1  cannot  fail  to  believe  that  my  conclusions  were 
better  founded,  and  my  method  of  working  more  trustworthy, 
than  I  had  ever  imagined. 
October  1891. 

Postscript. 
I  have  made  a  detailed  examination  of  several  breaks  by 
the  bent-lath  method,  and  also  by  the  application  of  jjarabolic 
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equations  deduced  matlieinatically  from  the  experimental 
values,  and  have  found  tliat  both  nietliods  lead  to  precisely 
the  same  conclusions  as  to  the  existence  and  ])osition  of  the 
breaks.  Tlio  publication  of  these  resuhs  has  unfortunately 
been  dehiyed,  but  the  partial  examination  of  one  case  by  the 
two  methods  will  be  found  in  the  Ber.  d.  deiUsch.  chem.  Ges. 
xxiv.  p.  3334. 

Since  writin  o-  the  above  my  attention  has  been  called  to  the 
fact  that  Prof.  Lunge  has  questioned  the  accuracy  of  my  sul- 
phuric-acid density  determinations  (Journ.  Soc.  Ohem.  Ind. 
1890,  p.  1017).  His  criticism  is  based  entirely  on  his  own 
misrepresentation  of  the  facts  of  the  case.  My  answer  to  him 
will  be  found  in  the  Chem.  News,  vol.  Ixiv.  p.  311. 

December  18,  1891. 

XIII.  Notices  respecting  New  Books. 

Solutions  ;  heinci  the  Fourth  Part  of  a  Text-Booh  of  General 
Chemistry.  By  W.  Ostwald,  Professor  of  Chemistry  in  the 
University  of  Leipzig.  Translated  by  M.  M.  Pattison  Muib. 
London:  Longmans,  Green,  and  Co.    1891. 

AMONG  the  many  problems  which  lie  on  the  borderland  of 
Physics  and  Chemistry,  undoubtedly  the  one  of  greatest  im- 
portance, and  at  the  same  time  one  of  the  most  ditticult,  is  the 
construction  of  a  theory  to  account  for  all  the  known  properties  of 
bodies  in  the  liquid  state.  The  chemist,  recognizing  that  the  liquid 
state  is  most  favourable,  if  not  absolutely  essential,  to  the  occur- 
rence of  chemical  reactions,  hopes  to  obtain  from  such  a  theory  an 
insight  into  the  nature  of  chemical  affinity  and  some  knowledge  of 
the  arrangement  of  atoms  in  a  molecule.  The  physicist,  on  the 
other  hand,  regarding  the  same  question  from  a  mechanical  point 
of  view,  expects  that  the  theory  will  enable  him  to  ascertain  the 
magnitudes  of  the  forces  which  act  between  and  within  molecules; 
and,  further,  by  a  consideration  of  the  phenomena  of  electrolysis, 
he  hopes  to  throw  some  light  on  the  nature  of  electricity. 

As  soon  as  the  laws  of  gases  had  been  experimentally  demon- 
strated, it  occurred  to  physicists  that  these  might  be  deduced  by 
considering  the  molecules  of  a  gas  as  small  hard  particles  in  rapid 
motion,  constantly  in  collision  with  each  other,  and  exchauging 
their  velocities  during  such  encounters.  The  fact  that  all  gases 
behaved  in  an  exactly  similar  manner  indicated  that  their  particles 
were  so  small  in  conqiarison  with  the  distances  between  them,  that 
all  the  relations  of  pressure,  temperature,  volume,  &c.  might  be 
considered  as  resulting  from  forces  due  to  this  motion.  On  com- 
pressing gases,  howcAer,  so  that  the  condition  of  relatively  great 
separation  of  the  molecules  no  longer  exists,  a  new  set  of  forces  is 
brought  into  play,  the  mutual  actions,  namely,  of  the  molecules 
themselves.     These  forces  cause  the  molecules  to  cling  or  cohere 
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togethei',  and  thus  the  force  exerted  on  any  particle  of  the  gas  is 
the  sum  of  the  forces  due  to  the  motion  of  the  surrounding  gas 
and  the  cohesion-pressures  ])roduced  by  the  molecules  in  its  neigh- 
bourhood, these  latter  depending  on  the  nature  of  the  molecules  as 
well  as  on  their  distance  apart.  The  result  is  that  different  gases 
show  unequal  deviations  from  the  laws  of  a  perfect  gas ;  and  by 
compressing  them  sufllciently  the  cohesion-pressure  is  increased 
until  they  hnally  become  liquids.  Van  der  Waals,  proceeding  on  an 
assumption,  wliich  he  justifies,  that  these  cohesion-pressures, 
whatever  be  their  absolute  magnitude,  must  be  proportional  to  the 
square  of  the  density  of  the  gas,  has  elaborated  a  theory  of  gases 
which  accounts  for  the  phenomena  observed  during  their  liquefac- 
tion, and  offers  the  most  complete  explanation  of  their  behaviour 
which  has  yet  been  given. 

In  order  to  obtain  a  more  exact  knowledge  of  these  cohesion- 
pressures,  observers  began  to  sfudy  the  properties  of  liquids,  and 
more  especially  of  solutions  of  solids  in  liquids.  During  the  past 
ten  years  much  work  has  been  done,  and  a  completely  new  theory 
of  solutions  has  been  started  by  van 't  lloff,  Arrhenius,  Ostwald, 
and  other  workers  on  the  Continent.  The  object  of  the  present 
treatise  is  to  give  a  concise  account  of  this  theory,  of  the  e\idence 
on  which  it  is  based,  and  the  results  to  which  it  leads. 

The  older  theories  of  solution  are  all  based  on  the  assumption 
that  the  solvent  and  dissolved  substance  form  definite  chemical 
compounds  or  hydrates,  and  thei'efore  that  the  molecules  of  the 
solution  have  a  very  complicated  structure.  The  structure  ot"  these 
molecules  will  change  abruptly  from  one  hydrate  to  another  as  the 
amount  of  dissolved  substance  is  increased ;  and  so  the  properties 
of  the  solutions  will  undergo  similar  sudden  changes.  The  ])re- 
sence  of  such  discontinuities  in  curves  of  density,  freezing-point, 
and  other  properties  as  related  to  concentration,  has  been  vigorously 
asserted  by  Mr.  S.  U.  Pickering  in  the  pages  of  this  Magazine, 
whereas  the  upholders  of  the  new  theory  deny  the  existence  of  any 
discontinuity. 

According  to  the  new  theory,  the  molecules  of  the  dissolved 
substance  behave  quite  independently  of  the  solvent,  the  latter 
playing  an  extremely  subsidiary  part.  In  addition  to  this,  if  the 
solution  be  a  dilute  one  the  molecules  of  dissolved  substance  act 
independently  of  one  another,  because  of  their  relatively  great  dis- 
tance apart.  They  are  just  like  the  molecules  of  a  perfect  gas. 
If  we  take  a  partition  which  is  permeable  by  the  solvent  and  not 
by  the  dissolved  substance,  the  difference  of  pressure  on  its  two 
faces,  when  one  side  is  in  contact  with  pure  solvent  and  the  other 
with  solution,  is  due  to  the  bombardment  of  the  partition  by  the 
molecules  of  the  dissolved  substance.  Hence  osmotic  ])ressure,  as 
it  is  called,  is  accounted  for.  Similarly  the  extra  pressure  duo  to 
these  moving  molecules  will  caus(;  the  freezing-point  and  vapour- 
pressure  of  the  solution  to  fall  below  those  of  the  solvent.  In  all 
these  cases  the  properties  of  the  solution  will  depend  on  the 
number  of  dissolved  molecules  and  not  on  their  constitution  ;  so  that 
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chemically  equivalent  quantities  of  different  substances  will  pro- 
duce the  same  effect  in  solution.  As  we  proceed  to  stronger 
solutions  the  molecules  get  closer  together,  and  the  theory  launches 
out  with  the  bold  assertion  that  Van  der  Waals's  modification  of  the 
law  of  gases  is  applicable  to  the  molecules  of  a  dissolved  substance 
also;  and  the  deviations  of  the  properties  of  a  solution  from  abso- 
lute proportionality  to  the  amount  of  dissolved  substance  present 
are  calculated  on  this  assumption,  the  agreement  being  in  some 
cases  remarkably  good. 

The  theory  supposes  that  the  molecules  of  the  dissolved  substance 
remain  intact  when  they  enter  into  solution.  In  the  case  of  solu- 
tions of  salts  the  laws  indicated  above  are  not  obeyed,  and  the 
explanation  given  is  that  the  molecules  of  the  salt  split  up  into 
their  constituent  atoms,  a  view  which  is  supported  by  many  phe- 
nomena of  electrolysis.  Hence  the  solution  contains  molecules  of 
salt  and  free  atoms  or  "ions"  which  have  been  produced  by  the 
dissociation  of  the  salt.  No  quantitative  measurements  are  given, 
because  we  hav^e  no  certain  knowledge  as  to  the  relative  amounts 
of  dissociated  and  nndissociated  salt,  llecently  Arrhenius  has 
worked  in  this  direction  with  some  success. 

In  this  treatise  the  case  of  salt-solutions  is  only  treated  in  a 
somewhat  superficial  manner ;  indeed  it  is  at  this  poini;  that  the 
subject  becomes  a  most  difficult  one.  One  hardly  justifiable 
assumption  is  that  the  solvent  remains  inert,  although  the  disso- 
ciation of  the  salt  is  effected  by  it.  Again,  there  are  chemical 
objections  to  havhig  free  atoms  in  a  liquid,  though  Prof.  Ostwald 
suggests  very  reasonably  that  a  free  atom  and  a  molecule  of  an 
element  are  not  alike,  and  do  not  necessarily  have  similar  pro- 
perties. An  attempt  is  made  to  account  for  many  physical 
properties  of  solutions  by  supposing  them  due  to  the  presence  of 
the  ions  ;  for  example,  colour  and  refractive  indices.  It  is  argued, 
for  instance,  that  all  salts  containing  a  cobalt  ion  are  red,  and  that 
therefore  the  cobalt  ion  has  a  red  colour  ;  similarly,  the  copper  ion 
has  a  blue  colour.  This  law  will,  however,  not  admit  of  uni- 
versal application  :  an  exception  may  be  seen  in  the  case  of  ferric 
sulphocyanide,  which  is  of  an  extremely  deep  red  colour  in  aqueous 
solution,  although  neither  the  ferric  ion  nor  the  sulphocyanogen 
one  has  this  colour.  The  only  explanation  possible  is  that  the  salt 
is  deep  red  when  in  the  molecular  state.  In  that  case  a  very  dilute 
solution  should  be  orange-coloured,  owing  to  the  mixture  of  the 
red  molecular  salt  and  the  yellow  ferric  ion,  of  which  the  latter 
would  be  present  in  the  greater  quantity. 

As  a  coucis?  account  of  the  new  theory  of  solution  Prof. 
Ostwald's  work  is  most  valuable  ;  but  it  is  somewhat  to  be  regretted 
that  he  did  not  give  some  indication  of  the  older  theories,  of  which 
not  a  word  is  said.  Indeed,  a  student  taking  up  the  book  and 
having  no  previous  knowledge  of  the  subject  would  be  led  to  sup- 
pose that  the  theory  here  put  forward  is  the  universally  accepted 
one,  whereas  it  is  really  regarded  by  the  majority  of  chemists  as 
quite  untenable. 
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The  translation  is  an  admirable  one,  and  our  thanks  are  due  to 
Mr.  Pattison  Mair  for  introducing  the  work  to  English  readers. 
One  alteratioii  might  be  suggested  for  a  future  edition,  to  suit 
fastidious  inatheniatical  readers,  namely  the  notation  used  for 
logarithms  throughout  the  book.  It  would  be  more  in  accordance 
with  English  custom  to  write  for  the  natural  logarithm  of  x,  \o^^x 
instead  of  ?.i',  the  latter  being  a  too  faithful  translation  of  the 
original  German  formula.  James  L.  Howaed. 

Imlex  of  Spectra.  Appendix  B.  Bi/  W.  Mahshall  Watts,  D.Sc, 
F.I.C.,  Senior  Physical  Science  Master  at  the  G ir/cjleswich  Grammar 
School.  Manchester  :  Abel  Heywood  and  Son,  1891. 
This  pamphlet  of  forty  pages  appears  as  an  appendix  to  the 
author's  previous  volume  which  we  have  already  noticed  in  this 
magazine.  It  contains  four  tables  which  have  been  compiled  since 
that  work  was  issued,  and  also  a  list  of  suc'i  errata  as  have  been 
observed  in  it.  The  tirst  table  is  an  extreii^-oly  useful  one,  being  a 
table  of  corrections  for  reducing  the  nuitibsrs  of  Angstrom  and 
Cornu  to  the  standard  of  Eowland's  latest  mr.p.  By  means  of  these 
corrections  all  the  lines  tabulated  in  the  previous  volume  can  be 
reduced  to  absolute  wave-lengths  with  great  case  and  accuracy. 

Then  follow  two  tables  giving  Liveing  and  Dewar's  results  for 
the  spectra  of  cobalt  and  nickel.  In  each  table  there  are  two  sets 
of  numbers ;  one  set,  in  italics,  includes  those  lines  whose  wave- 
lengths have  been  directly  measured  by  means  of  a  grating,  the 
other  set,  printed  in  ordinary  type,  gives  the  remaining  lines.  The 
author  states  on  the  first  page  that  the  scale  used  was  that  of 
Angstrom  ;  presumably,  however,  the  remark  applies  only  to  the 
latter  set  of  observations,  the  numbers  in  italics  being  already 
corrected  and  reduced  to  absolute  wave-lengths. 

Several  lines  in  the  cobalt  spectrum  are  marked  as  being  coincident 
with  nickel  lines  and  vice  versa.  The  lines  of  wave-lengths  3452  9 
and  344o-7  belongir.g  to  cobalt  are  marked  as  nickel  lines  ;  in  the 
nickel  spectrum  th3v'  are  not  marked  as  cobalt  lines,  whereas  an 
intermediate  one,  3452-3,  is  so  designated,  although  not  to  be  found 
in  the  cobalt  spectrum. 

The  greater  portion  of  the  book  is  taken  up  with  the  table  giving 
Hasselberg's  measurements  of  the  lines  found  in  the  absorption- 
spectrum  of  iodine.  The  list  includes  over  3000  lines,  83  of  which 
coincide  with  solar  lines,  and  thus  lead  us  to  infer  that  iodine 
exists  in  the  sun's  atmosphere.  The  spectrum  is  interesting 
inasmuch  as  it  contains  a  large  number  of  double  lines,  and  no 
fewer  than  19  triple  lines.  James  L.  Howaed. 

Star  Groups.    By  J.  Ellaed  Gore,  F.R.A.S. 

(Crosby  Lockwood  and  Son.) 

Those  who  are  acquainted  with  Mr.  Gore's  previous  writings  in 

the  attractive  realm  of  Sidereal  Astronomy  will  gladly  welcome 

this  new  contribution  to  the  subject.     The  book  consists  of  a  series 
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of  thirty  carefully  prepared  maps  of  the  principal  vStar  Groups,  and 
accompaiiyinf]^  each  one,  on  the  opposite  page,  a  short  description 
is  given  of  the  most  interesting  objects.  AVe  should  have  liked 
to  see  these  descriptious  more  complete,  as  there  is  considerable 
blank  space  left,  and  Mr.  Gore  is  so  much  at  home  amongst  stellar 
objects  that  he  might  readily  have  utilized  it  with  further  valuable 
references.  The  maps  will  prove  of  great  utility  to  everyone  who 
employs  them  as  a  means  of  becoming  acquainted  with  the  con- 
figuration of  the  leading  Star  Groups.  Mr.  Gore  mentions  in  his 
prei'ace  that  his  "  little  maps  are  intended  as  an  aid  to  the 
beginner,"  and  this  intention  will  doubtless  be  realized  in  many 
cases ;  but  we  hope  the  student  will  not  feel  nonplussed  by  the 
opening  paragraph  accompanying  Map  xiir.,  where  it  is  stated : 
"Aries,  the  llam,  is  the  lirst  sign  of  the  Zodiac,  or  that  in  wliich 
the  Vernal  equinoctial  ])oint  was  situated  in  the  time  of  Hip- 
parchus.  Owing,  however,  to  the  precession  of  the  equinoxes  this 
point  has  now  retrograded  into  Pisces."  Of  course  this  reads 
simple  enough  to  those  well  versed  in  the  subject,  but  it  is  likely 
to  prove  too  technical  for  mere  beginners.  On  the  whole,  how- 
ever, Mr.  Gore's  book  undoubtedly  merits  commendation.  Many 
a  tyro  can  spend  an  agreeable  hour  in  comparing  the  charts  with 
the  stars  seen  in  the  heavens  and  identifying  the  various  groups  as 
well  as  their  individual  stars.  Ti>e  volume  is  an  example  of  Mr. 
Gore's  well-known  accurat-y.  We  hope  that-  if  a  second  edition  is 
called  for,  the  author  will  include  one  or  two  maps  of  Draco,  a 
constellation  which  abounds  in  bright  stars  and  which,  large  and 
straggling  though  it  is,  contains  many  interesting  objects  always 
A'isible  in  our  latitude.  The  conspicuous  stars  in  the  head  of 
Draco  maybe  said  to  form  a  constellation  by  themselves;  then 
there  are  ^,  77,  ff,  and  t,  ^^■hich  make  up  another  bright  group  ;  a 
third  attracts  the  eye  near  h;  and  <p,  x,  and  -^  form  a  pretty  tri- 
angle about  5°  N.  of  the  pole  of  the  ecliptic. 

An  Elementary  Treatise  on  the  Integral  Calculus,  containing  Ap- 
plications to  Plane  Curves  and  Surfaces,  and  also  a  Chapter  on 
the  Calculus  of  Yariations,  ivitli  numerous  Examples.  By 
B.  Williamson,  D.  8c. ^  F.li.S.  London:  Longmans,  1891 
(pp.  xvi  +  -i63). 

The  fact  that  this  is  the  Sixth  edition  shows  most  unmistakably 
that  Dr.  Williamson  has  met  the  wants  of  students  of  the  'Calculus.' 
In  the  April  No.,  1881,  we  noticed  the  third  edition.  We  have 
before  us  tlie  first  edition  (a  very  modest  volume),  1875  (pp.  vi-|- 
267) ;  the  second  edition,  1877  (pp.  xi-f  348);  the  third  edition, 
1880  (pp.  xiv -1-375).  The  issue  of  Six  editions  of  a  Mathematical 
treatise  in  sixteen  years  must  be  almost,  if  not  quite,  unprecedented. 
It  is  evident  from  the  data  above  enumerated  that  the  author  is  not 
content  to  rest  upon  his  oars,  but  has  laboured  to  make  each  edition 
bettor  than  its  predecessor.  A  particular  examination  of  so 
familiar  a  text-book  is  not  called  for  here,  and  we  shall  simply 
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indicate  wherein  this  edition  differs  from  that  previously  noticed. 
Tlie  tliird  edition  closed  with  chapter  xi.  on  Mean  Value  and 
Probability,  this  is  now  chapter  xii.,  chapter  xi.  being  devoted  to 
Multiple  Integrals  (including  an  account  of  Dirichlet's  Theorem, 
Green's  Theorems,  and  applications  to  Spherical  Harmonics). 
Chapter  xiii.  is  on  Fourier's  Theoi-ein.  The  novelties  of  this  last 
edition  are  the  two  concluding  chapters.  Chapter  xiv.  treats  of 
Line  and  Surface  Integrals  (discus:^ing  the  theorems  named  after 
Stokes  and  Neumann ) :  it  is  a  short  one  and  takes  up  pp.  401-412, 
concluding  with  a  modification  of  Sir  W.  Thomson's  tlieorem  on 
the  distribution  of  electricity  on  spherical  conductors.  In  chapter 
xiv.  Dr.  "Williamson  gives  an  account  (pp.  413-446)  of  the  appli- 
cation of  the  Calculus  of  Variations  to  the  determination  of  Curves 
possessing  maxima  and  minima  properties. 

Students  who  require  a  further  development  than  is  given  here 
are  referred  to  the  writings  of  Jellett,  Carll,  and  Moigno.  The 
work  is  supplemented  by  a  large  collection  of  Exercises  and  a 
sufficient  Index.  We  can  only  hope  that  the  author's  labours  may 
meet  in  the  future  with  a  success  equal  that  which  they  have 
already  attained. 

Solutions  of  Examples  in  Conic  Sections,  treated  Geomefriralh/.     By 
W.  H.  Besa>-t,  Sc.D.,  F.E.S.     London  :  George  Bell,  1890. 

"We  have  recently  received  this  copy.  As  the  book  is  in  a  third 
edition,  it  has  evidently  met  a  want.  To  our  cost  we  know  that  we 
have  spent  many  "  ten  minutes  "  in  the  unravelling  of  the  Geo- 
metrical "  Conundrums  ''  contained  in  the  author's  "  Conies."  It 
is  now  interesting  to  compare  our  solutions  with  those  before  us, 
which  though  generally  very  concise  furnish  the  student  \\ith  a 
closely  fitting  Key  to  all  the  Problems.  The  book  is  most  accept- 
able, but  we  trust  that  junior  students  will  not  have  recourse  to  it 
until  they  have  done  their  best  in  attempting  to  solve  the  Exercises 
themselves.  A  subsequent  comparison  of  their  own  work  with 
that  of  this  "  companion  "  volume  will  d-o  them  much  good. 


XIY.  Proceedings  of  Learned  Societies. 

GEOLOGICAL  SOCIETY. 
[Continued  from  vol.  xxxii.  p.  230.] 

Novemher  11,  1891.— Sir  Archibald  Geikie,  D.Sc,  LL.D.,  F.R.S., 

President,  in  the  Chair. 
^HE  following  communications  were  read  : — 
-■-     1.    "  On  Dacrytlierium  ovinum  from  the  Isle   of    Wight  and 
Quercy."     By  11.  Lyddeker,  Esq.,  B.A.,  F.G.S. 

2.  "  Supplementary  Bemarks  on  Glen  Boy."  By  T.  F,  Jamieson, 
Esq.,  F.G.S. 

The  author  discusses  the  conditions  that  preceded  the  formation 
of  the  Glen  Boy  Lake,  and  appeals  to  a  rain-map  of  Scotland  in 
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support  of  his  contention  that  the  main  snow-fall  in  Glacial  times 
would  be  on  the  western  mountains.  He  gives  reasons  for  supposing 
that,  previously  to  the  formation  of  the  lake,  the  vallej^s  of  the 
Lochabor  lakes  were  occupied  by  ice,  and  that  the  period  of  the 
formation  of  tlie  lakes  was  that  of  the  decay  of  the  last  Ice-sheet. 

lie  supports  the  correctness  of  the  mapping  of  the  terraces  by  the 
officers  of  the  Ordnance  Survey,  and  shows  how  the  absence  of  the 
two  up])er  terraces  in  Glen  Spean  and  of  the  highest  terrace  in  Glen 
Glaster  simplities  the  explanation  of  the  formation  of  the  lakes  by 
ice-barriers. 

The  alluvium  of  Bohuntine  is  considered  to  be  the  gravel  and 
mud  that  fell  into  the  lake  from  the  front  of  the  ice  when  it  stood 
at  the  mouth  of  Glen  Hoy  during  the  formation  of  the  two  upper 
lines. 

During  the  last  stage  of  the  lake,  the  ice  in  the  valley  of  the 
Caledonian  Canal  is  believed  to  have  constituted  the  m?in  barrier, 
whilst  tlie  Corry  N'Eoin  glacier  played  only  a  subordinate  part. 

The  author  suggests  the  possibility  of  a  dehdcJe  during  the  drop 
of  water  from  the  level  of  the  highest  to  that  of  the  middle  terrace  ; 
and  in  support  of  this  calls  attention  to  the  breaking  down  of  the 
moraines  of  the  Treig  glacier  at  the  mouth  of  the  Rough  Burn.  He 
believes  that  when  the  water  dropped  to  the  level  of  the  lowest 
terrace,  it  drained  away  quietly,  at  any  rate  until  it  receded  from 
Upper  Glen  Roy. 

In  discussing  Kicol's  objections,  he  maintains  that  notches  would 
not  be  cut  at  the  level  of  the  cols,  and  observes  that  the  discrepancy 
between  the  heights  of  the  terraces  and  those  of  the  cols  has  pro- 
bably been  increased  by  the  growth  of  peat  over  most  of  the  ground 
about  the  watersheds. 

The  horizontality  of  the  terraces  is  stated  to  be  a  fact,  and  cases 
are  given  where  waterworn  pebbles  are  found  in  connexion  with  the 
"  roads,"  these  being  especially  noticeable  in  places  where  the  south- 
west winds  would  fully  exert  their  influence,  and  the  structure  of 
the  terraces  is  considered  to  be  such  as  would  be  produced  at  the 
margins  of  ice-dammed  lakes.  Further  information  is  supplied 
concerning  the  distribution  of  the  boulders  of  Glen  Spean  syenite. 
These  are  found  on  the  north  side  of  the  Spean  Valley  at  the 
height  of  2000  feet  above  the  sea  and  1400  feet  above  the  river, 
and  fragments  of  the  syenite  have  been  carried  towards  the  north- 
east, north,  and  north-west. 

In  an  Appendix,  the  author  discusses  Prof.  Prestwich's  remarks 
on  the  deltas,  and  his  theory  of  the  formation  of  the  terraces. 

November  25.— Sir  Archibald  Geikio.  D.Sc,  LL.D.,  F.Pt.S., 
President,  in  the  Chair. 

The  following  communications  were  read  : — 
1.  "  On  the  Os  pubis  o(  Folacanihus  Fo.vi."    By  Prof.  H.  G.  Seeley, 
F.Ii.S.,  F.G.S. 
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2.  "  A  Comparison  of  the  Ecd  Rocks  of  the  South  Devon  Coast 
with  those  of  the  Midland  and  Western  Counties."  By  Prof.  Edward 
Hull,  LL.D.,  F.ll.S.,  F.G.S. 

The  author  believes,  with  Dr.  Irvine:,  that  the  Red  Rocks  of  Devon- 
shire are  representatives  of  the  Permian  and  Trias  which  occupy  so 
large  a  portion  of  the  district  bordering  Wales  and  Salop  and  which 
extend  into  the  Midland  Counties,  and  comments  on  the  remarkable 
resemblance  between  the  representative  beds  on  either  side  of  the 
dividing  ridge  of  Palaeozoic  rocks  which  underlies  East  Anglia  and 
emerges  beneath  the  Jurassic  strata  in  Somersetshire. 

He  believes  that  the  breccia  forming  the  base  of  the  series  in  the 
Torquay  district  is  a  representative  of  the  Lower  Permian  division, 
but  differs  from  Dr.  Irving  in  assigning  the  red  sandstones  and 
marls  of  Ex  mouth  to  the  Trias,  and  not  to  the  Permian  as  that 
author  has  done.  He  compares  them  with  the  Lower  Red  and 
!Mottled  Sandstones,  and  regards  the  Marls  as  of  local  origin,  thus 
causing  the  beds   to  diverge  from  the  normal  type. 

The  Budleigh  Salterton  Pebble-beds,  with  overlying  sandstones 
and  pebbly  beds,  he  assigns  to  the  horizon  of  the  Pebble-beds  of 
the  Midland  ^rea,  and  points  out  that  fossils  of  Silurian  and 
Devonian  types  occur  in  the  pebbles  of  both  areas. 

The  Upper  Division  of  the  Bunter  is  well  shown  at  Sidmouth,  and 
the  author  takes  a  calcareous  breccia,  two  feet  thick,  which  is  found 
in  the  cliffs,  as  the  basement-bed  of  the  Keuper  division. 

3.  "  Supplementary  Note  to  the  Paper  on  the  '  Red  Rocks  of  the 
Devon  Coast-section,'  Q.  J.  G.  S.  1888."  By  the  Rev.  A.  Irving, 
D.Sc.,  B.A.,  F.G.S. 

In  this  note  the  author  accepts  Prof.  Hull's  determination  (see 
above)  of  the  breccia  at  Sidmouth  as  the  base  of  the  Keuper,  and 
discusses  the  age  of  the  sandstones  containing  vertebrate  remains 
discovered  bv  Messrs.  Whitaker,  Metcalfe,  and  Johnston-Lavis.  He 
brings  forward  evidence  in  support  of  his  view  that  these  are  really  of 
Upper  Bunter  age,  notwithstanding  the  character  of  the  organisms. 

He  adds  new  material  in  support  of  his  contention  that  the  sand- 
stones and  marls  which  Prof.  Hull  assigns  to  the  Lower  Bunter  are 
really  Permian  ;  but  he  is  inclined  to  think  that  the  breccias  (in  part, 
at  least)  pass  laterally  into  the  sandstones,  and  do  not  underlie  them. 

From  this  it  follows  that  the  break  between  the  Permian  and  Trias 
of  Devon  is  marked  by  the  absence  of  the  Lower  Bunter  of  the  Mid- 
lands, and  the  author  quotes  remarks  of  Mr.  Ussher  in  support  of  his 
view  that  there  is  an  unconformity  at  the  base  of  the  Pebble-bed. 

In  conclusion  the  author  refers  to  the  difficulties  of  ascertaining 
the  exact  age  of  the  breccias,  and  notes  that  M'e  cannot  prove  that 
the  highest  Carboniferous  beds  are  present  in  Devonshire.  He 
observes  that  there  is  no  valid  reason  why  the  great  breccia-sandstone 
series  of  Devon  should  not  be  the  true  ec^uivalent  of  the  Lower  Roth- 
liegendes  both  in  time  and  position  in  the  sequence,  and  that  some 
portions  of  them  may  be  even  older  than  the  Rothliegendes  of  some 
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districts.  ITe  discusses  tlie  evidence  furnished  by  the  igneous  rocks, 
and  points  out  the  abnormal  position  botli  for  the  British  and  Ger- 
man areas  which  these  would  occupy,  if  the  breccias  were  of  Triassic 
age. 


XV.  Intelligence  and  Miscellaneous  Articles. 

ON  THE  CONCORDANCE  OF  ORTHOBAEIC  CURVES  FOR  SOLUTIONS 
AND  HOMOGENEOUS  LIQUIDS.      BY  L.  NATANSON. 

T)I10F.  Orme  Masson,  pursuing  the  line  of  inquiry  started  by 
-■-  M.  van't  Hoff  with  such  success,  has  been  able  to  poiut  out  a 
remarkable  analogy  between  the  systems  formed  by  a  liquid  and  a 
saturated  vapour,  with  certain  solutions  partially  soluble  in  each 
other.  In  order  to  put  this  analogy  in  its  simplest  form,  let  us 
assume  that  vapours  are  solutions  of  matter  in  a  vacuum,  and 
li(|uids  solutions  of  vacuum  in  nsatter ;  the  case  of  two  mutual 
solutions  in  equilibrium  will  then  become  the  genei'al  case,  which 
will  comprise,  as  a  particular  case,  the  ordinary  equilibrium  of  a 
liquid  in  the  presence  of  a  saturated  vapour. 

From  this  point  of  view  the  author  inquires  whether  it  is  not 
possible  to  transfer  to  solutions  the  well-known  propositions  of 
van  der  AVaals  on  the  fundamental  rehitions  which  apply  to  various 
bodies  in  the  state  of  saturated  vapour.  Eor  this  purpose  he  has 
constructed  five  "orthobaric  lines,"  to  use  the  expression  of  Ramsay 
and  Toung — that  is  to  say,  curves  which  show  the  relation  of  the 
volumes  of  the  liquid  and  of  the  vapour  with  the  temperature, 
even  at  the  limits  of  saturation.  The  five  combinations  of  liquids 
which  have  been  chosen  are  those  whose  solubility  has  been  inves- 
tigated by  M.  Alexejeff,  and  the  thermal  expansion  of  which  may 
be  considered  as  known.  These  five  combinations  are  as  follows: — 
aniline  and  water,  aniline  and  sulphur,  isobutylic  alcohol  and  water, 
phenol  and  water,  essence  of  mustard  and  water.  The  considera- 
tion of  these  curves  gave  the  values  of  the  critical  elements,  that 
is  to  say  the  temperature  and  the  volume  of  unit  mass  at  the 
critical  poiut  of  the  solution.  These  values  were  then  adopted  as 
new  units ;  and  it  was  found  that  orthobaric  curves  refei-red  to  the 
respective  critical  elements  agree  with  each  other,  the  differences 
peculiar  to  them  having  disappeared.  To  this  result  another  is 
attached.  The  orthobaric  curve,  which  is  unique  for  different 
solutions,  is  the  same  as  that  which  applies  to  homogeneous  bodies. 
This  conclusion  is  corroborated  by  the  calculation  of  orthobaric 
curves  for  ether,  from  Kamsay  and  Young  and  M.  Battelli ;  for 
methvlic  alcohol  and  ethylic  alcohol,  from  Kamsay  and  Young ;  lastly 
for  carbonic  acid  and  nitrogen  protoxide,  from  MM.  Cailletet  and 
Mathias  ;  as  well  as  by  the  detailed  comj^arison  of  all  tlio>e  curves 
with  those  which  have  been  calculated  for  solutions. — Bulletin  de 
VAcwh'mle  des  /Sciences  de  Cracovie,  June  1891.  {Cummuaicated  hy 
the  Author.) 
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XVI.  On  the  Generalizations  of  Van  der  Waals  regarding 
'''Corresponding''^  Temperatures,  Pressures,  and  Volumes. 
By  Sydney  Young,  B.Sc,  Professor  of  Chemistry,  Uni- 
versity College,  Bristol*. 

[Plates  I.-III.] 

IN  his  dissertation  Z)zV  Continuitiit  des  gasformigen  tind  Jlils- 
sigen  Znstandes  (Roth's  translation,  Leipzig,  1881,  p.  128) 
Van  der  Waals  has  deduced  the  following  generahzations  from 
his  fundamental  equation 


(;.+  ^,)(y-^>)=R(l+aO- 


If  the  absolute  temperatures  of  various  substances  be  propor- 
tional to  their  absolute  critical  temperatures,  their  vapour- 
pressures  will  be  proportional  to  their  critical  pressures,  and 
their  volumes,  both  as  liquid  and  as  saturated  vapour,  will  be 
proportional  to  their  critical  volumes. 

At  the  time,  however,  that  Van  der  Wauls's  great  work  was 
published,  the  available  experimental  data  were  insufficient  to 
satisfactorily  test  the  accuracy  of  these  generalizations. 

Since  then  the  conclusions  of  Van  der  Waals  have  been 
subjected  to  a  large  amount  of  criticism,  both  adverse  and 
favourable;  and  while  it  is  now  generally  recognized  that  the 
relations  between  the  temperatures,  pressures,  and  volumes  of 
liquids  and  gases  cannot  be  represented  by  so  simple  a 
formula  as  that  quoted  above,  it  has  nevertheless  been 
accepted  as  correct  by  some  authors,  who  have  made  it  the 
basis  of  further  generalizations. 

And  although  the  general  verdict  with  regard  to  the  strict 
accuracy    of  the    formula   itself  can    hardly    be    considered 

*  Communicated  by  the  Physical  Society:  read  November  G,  1891. 
Phil.  Mag.  S.  5".  Vol.  33.  No.  201.  Feh.  1802.  M 
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favourable,  the  notion  of  "  corres})onding  "  states  has  received 
wide  acceptance ;  and,  indeed,  the  generalizations  regarding 
corresponding  temperatures,  pressures,  and  volumes  might 
still  bo  true  even  though  the  formula  on  which  they  were 
originally  based  required  some  alteration. 

In  order  to  study  the  relations,  for  instance,  between  the 
specific  volumes  of  different  substances,  determinations  were 
made  in  the  first  place  at  the  same  temperature,  generally  at 
0°  (J. ;  later  on  it  was  considered  that  the  conditions  would 
bo  more  uniform  if  the  comparison  were  made  at  the  boiling- 
})oints  of  the  substances  under  normal  atmospheric  pressure. 
It  is  now,  however,  usually  admitted  that  in  order  to  obtain 
the  best  results  the  volumes  should  be  determined  at  "  corre- 
sponding" temperatures — that  is  to  say,  at  absolute  temperatures 
proportional  to  the  absolute  critical  temperatures  of  the  various 
bodies — or  at  their  boiling-points  under  corresponding  pres- 
sures— the  two  methods  of  comparison  being,  according  to 
Van  der  Waals,  identical. 

During  the  last  four  years  I  have  been  engaged  in  a  research 
on  the  vapour-pressures  and  specific  volumes — both  in  the 
liquid  state  and  as  saturated  vapour — of  the  following  sub- 
stances : — benzene,  fluorbenzene,  chlorobenzene,  broraoben- 
zene,  iodobenzene*,  carbon  tetrachloride  and  stannic  chloride  f; 
the  vapour-pressures  and  specific  volumes  of  methyl  |,  ethyl  §, 
and  propyl  alcohols  II,  and  of  ethyl  ether H  have  also  been 
determined  by  Dr.  Ramsay  and  myself.  We  obtained  the 
same  constants  for  acetic  acid**  up  to  280°;  and  I  have 
recently  extended  the  observations  with  tills  substance  up  to 
the  critical  point  (ibid.  lix.  p.  903). 

The  methods  employed  for  the  determination  of  the  vapour- 
pressures  of  benzene  and  its  halogen  derivatives  and  for  the 
specific  volumes  of  these  bodies  in  the  liquid  state  were,  with 
slight  modifications,  the  same  as  those  made  use  of  by  Ramsay 
and  myself  in  our  researches  on  the  alcohols  and  ether. 

Carbon  tetrachloride,  however,  acts  on  mercury  at  high 
temperatures,  and  stannic  chloride  renders  it  unfit  for  use — 
though  the  chemical  action  is  very  slight — even  at  low  tempe- 
ratures ;  a  considerable  alteration  in  the  method  of  determining 
vapour-pressures  was  therefore  made  (Trans.  Chem.  Soc. 
lix.  p.  917). 

For  the  determination  of  the  specific  volumes  of  stannic 
chloride  in  the  hquid  state  and  of  all  the  substances  in  the 
condition  of  saturated  vapour  an  entirely  different  method  was 

*  Trans.  Cliem.  Soc.  Iv.  p.  486,  and  lix.  p.  125.  t  IWd.  lix.  p.  Oil. 

X  Phil.  Trans,  clxxviii.  A,  p.  313.  §  Ibid.  1886,  part  i.  p.  123. 

II  Ibid,  clxxx.  p.  137.  %  Ibid,  clxxviii.  A,  p.  57. 

**  Trans.  Chem.  Soc.  xlix.  p.  700. 
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employed,  aud  this  has  been  fully  described  in  the  Trans. 
Chem.  Soc.  1891,  p.  37.  This  method  is  appUcable  to  sub- 
stiinces  that  attack  mercury,  and  from  the  data  it  affords  the 
specific  volumes  both  of  liquid  and  saturated  va])our  may  be 
calculated  ;  it  is  also  available  at  any  temj)crature  up  to  the 
critical  poiut.  A  modification  of  the  method  is  described  in 
the  Trans.  Chem.  Soc.  lix.  p.  929. 

The  object  of  this  paper  is  to  show  how  far  the  generaliza- 
tions of  Van  der  Waals  have  been  verified  by  the  experimental 
results. 

If  all  the  relations  were  strictly  true,  it  would  obviously 
make  no  difference  whether  the  specific  (or  molecular)  volumes 
were  compared  at  corresponding  temperatures  or  correspond- 
ing pressures  ;  but  it  may  be  stated  at  once  that  it  is  only  in 
a  limited  number  of  cases  that,  when  the  absolute  temperatures 
are  proportional  to  the  absolute  critical  temperatures,  the 
vapour-pressures  are  also  proportional  to  the  critical  pressures. 
It  is  therefore  necessary  to  compare  the  various  substances, 
not  only  at  corresponding  temperatures  but  also  at  corre- 
sponding pressures.  The  best  mode  of  procedure  would  pro- 
bably be  to  give  the  temperatures,  pressures,  aud  volumes  of 
each  substance  in  terms  of  the  critical  constants  of  that  body  ; 
but  the  critical  volumes  of  only  a  few  of  the  compounds  have 
been  directly  determined,  and  it  has  therefore  been  necessary 
to  compare  the  various  substances  with  one  of  them  taken  as 
a  standard.  The  very  simple  relations  observed  between  the 
four  monohalogen  derivatives  of  benzene  (Trans.  Chem.  Soc. 
1889,  p.  48(i),  and  the  fact  that  the  constants  of  fluorbenzene 
have  been  determined  up  to  the  critical  poiut,  render  that 
substance  the  most  suitable  for  the  purpose. 

The  experimental  data  and  the  ratios  calculated  from  them 
are  given  in  the  following  tables. 

I.  Critical  constants — temperature,  pressure,  volume. 
II.  Corresj)onding  pressures. 

III.  Corresponding  temperatures. 

IV.  Boiling-points    on    absolute    scale    at    corresponding- 

pressures. 
V.  Vapour-pressures  at  corresponding  tem])eratures. 
VI.  Molecular  volumes  of  liquids  at  corresponding  pres- 
sures. 
VII.  Molecular  volumes  of  liquids  at  corresponding  tem- 

perattires. 
VIII.  Molecular    volumes    of    saturated    vapour   at   corre- 
sponding pressures. 
IX.  Molecular  volumes  of  saturated  vapour  at  correspond- 
ing temperatures. 
X.  Ratios  of  absolute  temperatures  to  those  of  fluorben- 
zene at  corresponding  ])ressurcs. 
M2 


156 


Prof.  Sydney  Young  on  the 


XI.  Ratios    of  vapour-pre.sisures   at   corresponding    tem- 
peratures. 
XII.  Ratios  of  molecular  volumes  of  liquid  at  corresponding 
pressures. 

XIII.  Ratios  of  molecular  volumes  of  liquid  at  corresponding 

temperatures. 

XIV.  Ratios  of  molecular  volumes  of  saturated  vapour  at 

corresponding  pressures. 
XV.  Ratios  of  molecular  volumes   of  saturated  vapour  at 

corresponding  temperatures. 
In  calculating  the  molecular  volumes  tlie  following  mole- 
cular weights  have  been  employed  : — 


C,H,F     . 

..     95-8 

C.H^I  . 

.  203-4 

SnCl,    .... 

..259  3 

C.HjOH   ...45-90 

C.HsCl    . 

..  112-2 

CeHe     . 

.     77-84 

(C,H,).0  . 

..  73-84 

C3H,0H  ...59-87 

0„H,Br  . 

.  156-6 

CCl,      . 

.  153-45 

CH3OII    . 

..  31-93 

CH3COOH  59-86 

Table  I. — Critical  Constants. 


Substance. 
Fluorbenzene 

Formula. 

Temperature. 

I'ressure, 
inmilliiu. 

Volume,  in  c.c. 

Centi- 
grade. 

Absolute. 

of  a  gram. 

Molecular. 

233 
(262) 
(275) 
(298) 

219 

147 

CJIjF. 

CJI3CI. 

CeHjBr. 

C,HJ. 

OeH, 

CCl,. 

SnCl,. 

(C,H,),0. 

CH.OH. 

C..H-OH, 

Cr.H^OH. 

CH3COOH. 

286-55 
(3(!0) 
(397) 
(448) 
288-5 
28315 
318-7 
194-4 
2400 
243-1 
263-7 
321-6 

559-55 

(633) 

(670) 

(721) 

561-5 

556-15 

591-7 

467-4 

513-0 

516-1 

536-7 

594-6 

33912 

(33912) 

(33912) 

(.33912) 

36395 

34180 

28080 

27060 

59760 

47850 

38120 

43400 

2-43 

(2-34) 

(1-76) 

(1-47) 

2-82 

2-46 

Chlorobenzene  

Bromobenzene  

lodobenzene  

Benzene  

Carbon  tetrachloride 
Stannic  Cliloride    ... 
Ether  

Methyl  Alcohol 

Ethyl  Alcohol    

Propyl  Alcohol 

Acetic  Acid    

The  brackets  indicate  calculated  values.  In  the  case  of 
chlorobenzene,  bromobenzene,  and  iodobenzene  the  critical 
temperatures  and  volumes  given  depend  on  the  assumption  that 
the  critical  pressures  are  equal.  The  critical  constants  of  chloro- 
benzene have  been  ob.served,  but  the  determinations  could  not 
be  made  with  the  same  degree  of  accuracy  as  those  of  fluor- 
benzene, and  the  calculated  values  have  therefore  been  ado])ted 
in  this  paper.  The  observed  values  are: — temperature,  359*2 
to  359-45  ;  pressure,  3392G  to  33998  milhm.  ;  molecular 
volume,  262  to  275  cubic  centim.  The  temperatures  given 
in  the  original  paper  (Trans.  Chem.  Soc.  Iv.  p.  518)  are 
360"55-360'8;  but  the  boiling-point  of  mercury,  the  vapour 
of  which  was  employed  as  a  jacket,  has  since  been  shown  to 
be  lower  than  was  at  that  time  adopted. 
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The  de<>;ree  of  deviation  from  constancy  of  the  various 
ratios  is  indicated  by  the  vahies  given  at  the  foot  of  each 
table,  representing  the  ratio  of  the  highest  to  the  lowest  ratio 
in  each  vertical  column.  These  values  are  collected  together  in 
Table  XVl.  (]).  171),  but  fertile  sake  of  greater  clearness  they  are 
given  as  percentage-ditferences  between  the  highest  and  lowest 
ratios  in  each  case,  the  lowest  ratio  being  always  taken  as  100. 

It  will  be  seen  that  the  halogen  derivatives  of  benzene  show 
very  much  smaller  deviations  from  constancy  than  the  other 
compounds  ;  and  I  hav(^  previouslv  suggested  (Trans.  Chem. 
Soc.  188tt,  ]).  48(; ;  1(S91,  p,  125)  that  the  generalizations  of 
Van  der  Waals  do  hold  good  for  these  bodies,  in  which  case 
the  deviations  of  the  ratios  from  constancy  may  be  taken  as 
an  approximate  measure  of  the  experimental  errors  to  be 
expected  with  other  compounds.  It  must,  however,  be  ad- 
mitted that  the  niean  ratios  of  the  absolute  temperatures  ditfer 
sensibly  from  the  mean  ratios  of  the  molecular  volumes  of 
liquid,  though  they  should  be  identical  if  Van  der  Waals's 
generalizations  were  strictly  true,  while  the  errors  in  these 
determinations  are  probably  very  small.  Indeed,  in  the  com- 
parison of  bromobenzene  with  fluorbenzene  the  difference 
i)etween  the  mean  ratios  amounts  to  1*5  per  cent.  (Table  XXL), 
while  the  difference  between  the  highest  and  lowest  ratio  in 
either  case  is  only  0*2  per  cent.  (Table  XVL).  It  is  pro- 
bable, therefore,  that  the  generalizations  of  Van  der  Waals  are 
not  quite,  though  very  nearly,  true  for  these  bodies. 

The  deviations  from  constancy  are  smallest  in  the  compa- 
risons of  the  absolute  temperatures  at  corresponding  pressures, 
and  of  the  molecular  volumes  of  liquid  at  corres[)onding  pres- 
sures and  temperatures  ;  and  this  is  no  doubt  to  1)0  expected, 
since  the  ratio  of  the  highest  to  the  lowest  absolute  tempera- 
ture or  volume  of  liquid  for  any  one  substance  does  not 
amount  to  3  :  1,  whereas  the  ratio  of  the  highest  to  the  lowest 
pressure  is  from  1700  to  10000  :  1,  and  of  the  highest  to  the 
lowest  molecular  volume  of  saturated  vapour  from  3*7  :  1  in  the 
case  of  iodobenzene,  where  the  range  is  limited,  to  2G70  to  1 
with  acetic  acid.  It  is  also  impossible  to  determine  the 
volumes  of  saturated  vapour  with  anything  like  the  same 
degree  of  accuracy  as  the  volumes  of  liquid,  the  liability  to 
error  by  the  new  method  being  especially  great  at  the  lowest 
temperatures. 

The  eleven  substances  which  ai'c  comjiared  with  fluorben- 
zene mav  be  arranged  in  three  grou})S  as  below  : — 

1.  Cldorohenzene^  ISromohcnzene,  Iodobenzene. — As  already 
pointed  out,  the  generalizations  of  Van  der  Waals  are  very 
nearlj'true  for  these  bodies  when  compared  with  fluorbenzene. 

2.  Benzene,  Carhon  tetracldoride,  Stannic  ddoride,  Ether. — 
With  these  substances  the  generalizations  may    be  taken  as 
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rough  npproximations  to  the  truth,  but  the  deviations  of  the 
ratios  from  constancy  are  in  most  cases  nmch  too  lariie  to  bo 
attributed  to  error  of  experiment. 

3.  77u^  t/irct'  Alco/iolg  and  Acetic  Acid. — The  majority  of  tlie 
generalizations  do  not  hold  good  at  all  ;  the  deviations  of  the 
ratios  from  constancy  are,  however,  not  very  great  in  the  case 
of  the  molecular  volumes  of  liquid  at  corresponding  pressures 
and  temperatures. 

Discussion  of  the  Generalizations. 

1.  Corresponding  Temperatures  and  l^ressuirs. — It  must,  I 
think,  be  concluded  that  the  statement  that  "  if  the  absolute 
temperatures  of  various  substances  are  proportional  to  their 
absolute  critical  temperatures  their  vapour-pressures  will  be 
])roportional  to  their  critical  pressures  "'  has  not  been  proved 
by  exj)eriment  to  be  true  except  in  a  very  hmited  number  of 
cases;  iudeed,  when  the  alcohols  and  acetic  acid  are  compared 
with  fluorbenzene,  the  statement  is  quite  wide  of  the  mark. 
It  follows,  therefore,  that  in  the  comparison  of  the  molecular 
volumes  the  ratios  at  corresponding  pressures  must  differ  from 
those  at  corresponding  temperatures. 

2.  Molecular  Volumes  of  Liquid. — The  deviations  of  the 
ratios  from  constancy  are  smaller  in  this  case  than  in  any  of 
the  others,  but  are  certainly  not  within  the  limits  of  exjjeri- 
mental  error.  The  comparisons  at  corresponding  pressures 
seem  to  be  somewhat  better  on  the  whole  than  at  corresponding 
temperatures,  but  the  difference  is  not  very  marked. 

3.  Molecular  Volumes  of  Saturated  Vapour. — At  corre- 
sponding pressures  the  deviations  from  constancy  are  within 
the  limits  of  experimental  error  in  the  case  of  ether  and 
stannic  chloride,  and  are  relatively  small  for  benzene  and 
carbon  tetrachloride. 

There  can  be  no  doubt  that  with  the  saturated  vapours  the 
comparisons  at  corresponding  pressures  are  very  much  better 
than  at  corresponding  temperatures  ;  and  it  may  therefore  bo 
concluded  that  it  is  better  to  compare  the  molecular  volumes 
both  of  liquid  and  of  saturated  vapour  at  corresponding 
pressures  than  at  corresponding  temperatures. 
Saturated  Vap>ours. 

It  has  been  pointed  out  (Trans,  Chem.  Soc.  1891,  p.  137) 
that  if  the  generalizations  of  Van  der  Waals  were  strictly  true, 
it  would  follow  that  the  ratios  of  the  actual  densities  of  the 
saturated  vapours  of  different  substances  to  their  theoretical 
densities  should  be  equal  at  corresponding  pressures  ;  and  as 
this  method  of  comparison  is  a  very  convenient  one  I  havo 
thought  it  worth  while  to  tsibulate  the  ratios,  although  it  lias 
already  been  shown  that  the  relation  cannot  bo  strictly  true. 
The   values   for   benzene   and    its    halogen    derivatives    have 
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alreaily  been  jiublisbed  (loc.  cit.)  ;  but  tliere  are  one  or  two 
obvious  small  irregularities,  and  I  have  therefore  mapped  the 
ratios  against  tenij»erature  and  constructed  curves  lor  each 
substance  (Plate  1.).  The  smoothed  values  read  from  the 
curves  are  given  in  this  ]iaper,  and  the  molecular  volumes  of 
saturated  vapour  have  also  been  recalculated  from  the  density 
ratios.  The  same  method  of  procedure  has  been  adopted  with 
the  other  substances. 

The  close  similarity  in  the  behaviour  of  the  halogen  deri- 
vatives of  benzene  and  tlie  a))proximate  agreement  in  the  case 
of  the  members  of  Group  11.  is  very  clearly  shown  in  Table 
XYIL 

It  is  generally  admitted  that  gaseous  acetic  acid  at  low 
temperatures  contains  molecules  more  complex  than  those 
corresj)onding  to  the  ordinary  formula  C2H4O2,  and  from  the 
very  high  density  at  the  critical  point  it  would  appear  that 
many  of  these  complex  molecules  have  escaped  dissociation 
even  at  this  high  temperature. 

It  will  be  seen  that  with  the  alcohols  the  d'fferences  from 
the  other  substances  become  generally  more  marked  as  the 
critical  point  is  approached.  At  the  highest  pressure  the 
vapour-density  of  methyl  alcohol  is  very  distinctly  higher 
than  that  of  any  member  of  the  first  or  second  group  at  the 
corresponding  pressure  ;  and  this  fact  apjiears  to  favour  the 
conclusion  of  M.  Guve  and  others,  that  some  of  the  molecules 
of  methyl  alcohol  at  the  critical  point  and  in  the  liquid  state 
at  all  temperatures  are  more  complex  than  in  the  ordinary 
gaseous  state.  On  the  other  hand,  by  a  comparison  of  the 
densities  of  the  saturated  vapours  of  acetic  acid  with  those  of 
the  alcohols  and  ether,  Dr.  Ramsay  and  I  were  led  to  the  con- 
clusion that  the  molecules  of  ordinary  substances,  including 
the  alcohols,  are  not  more  complex  in  the  liquid  than  in  the 
gaseous  state.  This  conclusion,  so  far  as  the  members  of 
Groups  I.  and  II.  are  concerned,  is  strengthened  by  the  results 
given  in  the  preceding  Table  ;  but  it  is  certainly  weakened 
to  some  extent  in  the  case  of  the  alcohols,  or  at  any  rate  of 
methyl  alcohol. 

There  is  no  doubt  that  these  bodies  do  show  marked  differ- 
ences in  many  of  their  projjerties  from  the  majority  of  com- 
pounds; and  the  most  plausible  explanation  of  these  differences 
seems  to  be  the  existence  of  comjilex  molecules  in  the  liquid 
state,  although  there  is  ample  proof  that  they  are  not  present 
in  the  saturated  vapours  at  low  temperatures. 

As  the  alcohols  differ  so  widely  from  other  substances,  it  is 
of  interest  to  find  whether  the  relations  of  Van  der  Waals  hold 
good  when  they  are  compared  among  themselves.  I  have 
therefore  calculated  the  ratios  of  the  absolute  temperatures, 
pressures,  and  volumes  of  ethyl  and  ]'i"opyl  alcohol  to  methyl 
alcohol  and  of  propyl  alcohol  to  ethyl  alcohol.  The  results 
are  irivon  in  the  foljowinir  Tables: — 
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The  pereentage  ditference  between  the  highest  and  lowest 
ratios  in  ttie  various  coni{)arisons — includiug  those  with  fluor- 
henzene — are  mven  in  the  tbllo\vin<»;  Tal)le  :  — 


Table  XX. 


CH,OH 

C,H,OH 

C,H.OH 

C,HsOII 

C-iII^OH  ]C,n,OH 

C«H,K 

C^H^F 

0„H,F 

CH3OH 

CH5OH 

O.H^OH 

Absolute  temperatures  at  eor-  \ 

!()•;-) 

13-8 

14-0 

3-0 

40 

1-5 

Vajioiir-prt'ssures     at     corre-  [ 
spoiuliiin;  t.empenitures ;  | 

3910 

G020 

1035-0 

(V5-8 

136-2 

27-6 

Muleeular  volumes  ol'   liquiil  "1 
at  corresponding  jirossures    1 

3-5 

41 

30 

1-2 

1-3 

1-2 

Molecular  volumes  oi'  liquid  at  [ 
corresponding  temperatures  J 

3-2 

3  0 

3-4 

0-9 

1-8 

1-5 

Molecular   volumes    of    satu-  | 

rated  vapour  at  correspond-  > 

112-9 

130 

11-5 

4-0 

5-7 

6-3 

Molecular    volumes    of    satu-  j 
rated  vapour  at  correspond-  j- 
ing  temperatures    J 

157-0 

220-4 

211-0 

395 

30-6 

12-9 

When  the  alcohols  are  compared  with  one  another,  the  devia- 
tions of  the  ratios  from  constancy  are  much  smaller  than  when 
fluorhenzene  is  taken  as  the  standard  substance,  but  they  are 
still  far  outside  the  limits  of  experiuKuital  error.  It  may, 
])erha))s,  be  said — as  with  the  members  of  Group  II.  in  the 
comparisons  with  fiuorbenzene — that  the  generalizations  otfer 
a  rough  approximation  to  the  truth. 

Here,  again,  the  comparison  of  the  molecular  volumes  of 
saturated  vapour  at  corresponding  pressures  is  very  much 
more  satisfactory  than  at  corresponding  temperatures. 

In  the  Philosophical  Magazine  for  November  18ii(),  p  417, 
it  was  pointed  out  by  Prof.  Orme  JMasson  that  the  ratio  of  the 
molecular  volumes  (in  the  liquid  state)  of  any  two  members 
of  certain  groups  of  nearly  related  carbon  compounds,  at  their 
boiling-points  under  equal  pressure,  is  equal  to  the  ratio  of 
those  boiling-}mints,  expressed  on  the  absolute  scale  of  tem- 

V  _T 

perafure,  or  tt'  ~"  T' * 

In  the  same  number  of  the  Philosophical  Magazine  (}>.  420) 
1  showed  that  ]\Iasson's  relation  is  a  special  case  of  a  more 
general  one  which  should  hold  good  if  the  generalizulions  of 
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Van  (lor   AVaals   wore  strictly   tiuo.      This   rolatiuii    may   he 
expressed  by  the  equations 


T 

r'~V'~T'"y.' 


r  _  V    _  T        // 


where  v  ami  v'  are  the  molecular  volumes  of  saturated  vajiour, 
V  and  V  those  of  liquid,  and  T  and  T'  the  l)oilin^-|)()ints  on 
the  absolute  scale  of  any  two  substances  at  corresponding 
pressures  p  and  j>'. 

When  the  critical  pressures  are  e(jualy>=y/'  and  the  e(|ua- 
tions  become 

t^  __  V  ^  T 

v'"  V      T' 

or  the  molecular  volumes,  whether  of  liquid  or  saturaied 
vajjour,  at  the  boiling-points  under  e(|ual  jiressure  are  ])ro- 
])ortional  to  the  boiling-points  expressed  on  the  absolute  scale. 

That  the  relation  cannot  be  strictly  true  when  the  critical 
pressures  are  different  is  obvious,  since  it  is  not  generally  true 
that  the  vapour-pressures  at  corresponding  temperatures  are 
corresponding  pressures.  It  is  still  possible,  howes'er,  that 
the  relation  may  be  true  for  the  critical  temperatures,  pres- 
sures, and  volumes.  Unfortunately,  the  critical  volumes 
have  only  been  determined  in  a  few  cases,  but  it  has  been 
shown  that  the  ratios  of  the  molecular  volumes  at  correspond- 
ing pressures  do  not  vary  within  verv  wide  limits  ;  and  it  is, 
therefore,  possible  to  test  the  relation  in  a  limited  form,  taking 
the  critical  temperatures  and  pressures  and  the  mean  ratios  of 
the  molecular  volumes  at  corresponding  pressures. 

A  preliminary  comparison  was  given  in  the  paper  referred 
to,  but  it  w-as  very  incomplete,  and  there  was  a  small  error  in 
some  of  the  calculations  owing  to  the  mis[)lacement  of  a  figure 
in  the  critical  pressure  of  fluorbenzene,  which  was  given  as 
S'dVM)  instead  of  03910. 

As  the  experimental  results  have  been  considerably  extended 
since  that  time  and  now  include  the  molecular  volumes  of  the 
saturated  vapours,  it  is  possible  to  give  the  Table  in  a  com- 
plete form. 
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Table  XXI. 

T  ' 

CoiniKu-ison  of  Values  of  ,r„  x'-    with  Mean  Ratios  of 

I       p 

Molecular  Volumes  at  corresponding  Pressures. 


Substiinccs  compared. 

C,n.Cl,C,II-,F  

C  ir.Br/C,.H,F 

T       ;/ 
T'X^- 

Mean  Ratios  of 
Molecular  Volumes. 

Percentage 
difrcieiice  between 
iiigliest  and  lowest 
of  the  three  values. 

Liquid. 

Saturated 
Vapour. 

1-1308 

11074 

1-2884 

1-0.589 

1  1304 

1-0760 

-0351 

-Osc.l 

1-2771 

1-04C.8 

■5203 

•6537 

•8533 

•8303 

1-2564 

16101 

1  3054 

M2-16 

1-1.-02 

12772 

10405 

1-1358 

1-0822 

•0^39 

1-0105 

12793 

1-0342 

•42;>8 

•6153 

•7005 

-0342 

l-4.5:',4 

1-8S00 

1-2909 

1-137 

1-180 

1  282 

1-047 

1-132 

1080 

•040 

-903 

1-282 

1-038 

•507 

•676 

•8.59 

-503 

1  -320 

ir.93 
1-274 

11 

1-5 

0-9 

1-1 

0-7 

0-(5 

1-2 

3-4 

0-4 

V2 

23-1 

9-9 

7-4 

40-0 

157 

15-2 

25 

C  ll'l/C  11. F 

C,.H,Br/C,H,Cl 

oJhj/c.h.ci  

C  H  I'C  H,Br  

CHgC  H,F  

CCl /C  H,F       

SnCl4/CoH-F 

(0,H,),0/C,H,F   

CH  OH/C„H,F 

C2H,0H/C,H,F    

C.H^OH/C.H^P    

CH,COOH/C,H,F    ... 

C„n-,OH/CH,OH  

C.ilLOH/CH,OH  

Call.OH/C^HsOH 

For  the  halogen  derivatives  of  benzene  ^5=^^'. 

It  will  be  seen  that  the  differences  between  the  three  values 
are  not  very  great,  except  in  tlie  comparisons  of  the  three 
alcohols  and  acetic  acid  with  fluorbenzene,  and  of  ethyl  and 
propyl  alcohol  with  methyl  alcohol.  In  the  other  cases, 
including  the  comparison  of  propyl  with  ethyl  alcohol,  tho 
relation 

r  ^V 

v'      V 


T      p' 

i        p 


may  be  considered  as  approximately  true  with  the  limitations 
already  stated. 

The  two  substances — methyl  alcohol  and  acetic  acid,  and 
to  a  small  extent  ethyl  and  propyl  alcohol — are  clearly  ex- 
ceptional in  their  behaviour,  and  it  is  of  interest  to  note,  in 
comparing  these  substances  with  fiuorbenzene,  that  while 
with  acetic  acid  the  ratios  of  the  molecular  volumes  both  of 
li(|uid  and  satui-ated  vapour  are  very  low,  with  methyl  alcohol 
it  is  only  in  the  li^uiil  state  that  this  is  to  be  observed.     This 
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may  again  point  to  the  existence  of  complex  molecules  of 
acetic  acid  in  both  the  liquid  and  gaseous  states,  but  of  methyl 
alcohol  in  the  liquid  state  only,  except  possibly  very  near  the 
critical  j>oint. 

With  ethyl  and  propyl  alcohols  the  ratios  of  the  molecular 
volumes  of  liquid  to  those  of  tiuorbcnzene  are  also  low,  though 
not  nearly  to  the  same  extent  as  with  methyl  alcohol. 

JTote  on  the  Detenninatioti  of  Cvit/cal  Constants. 

Of  the  three  critical  constants,  temperature,  pressure,  and 
volume,  the  first  is  the  most  easily  determined,  for  by  em- 
ploying as  heating-agents  the  vapours  of  pure  liquids  boiling 
umler  known  pressures,  the  temj)erature  is  perfectly  imder 
control  and  is  easily  measured.  Moreover,  the  j)resence  of  a 
very  small  amount  of  impurity  does  not  influence  the  critical 
temperature  of  a  substance  to  nearly  the  same  extent  as  the 
critical  pressure. 

The  critical  pressure  may  also  as  a  rule  be  determined 
without  very  much  difficulty,  provided  that  absence  of  impurity 
is  ensured,  but  this  point  is  of  the  utmost  importance.  In 
the  case  of  substances  that  attack  mercury  at  high  tem- 
peratures, such  as  carbon  tetrachloride  and  stannic  chloride, 
the  ordinary  method  of  operation  requires  modification,  atid 
the  calculations  become  more  laborious,  but  otherwise  the 
difficulty  is  not  gi'eatly  increased. 

The  determination  of  the  critical  volume  of  a  substance, 
even  when  perfectly  pure  and  without  action  on  mercury. 


Fijr.  1. 


Fie:.  2. 
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is,  however,  a  much  more  difficult  matter.     That  this  is  so  is 
evident  from  the  form  of  the  curves  re[>resenting  the  relation 
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of  the  volumes  of"  liquitl  and  of  saturated  vapour  to  the  tem- 
perature or  j)ressure,  as  shown  in  the  accompanying  diagrams 
constructed  from  the  results  with  ethyl  alcohol. 

A  very  small  alteration  of  temperature,  such  as  0'1°,  at  or 
just  below  the  critical  ]i()int,  produces  a  considerable  alteration 
in  the  volume  ;  therefore  in  order  to  obtain  a  direct  reading  of 
the  critical  volume  it  is  necessary  that  the  substance  shall  be 
exactly  at  its  critical  temperature. 

I  have  assumed  that  a  substance  is  in  this  state  when  on 
rapidly  increasing  the  volume  somewhat  above  the  critical 
vohnne  the  fall  of  temperature  due  to  the  expansion  causes 
a  momentary  separation  of  liquid  and  vapour. 

In  order  to  determine  the  critical  volume,  I  note  the  position 
of  this  temporary  mark  of  division  and  then  diminish  the 
volume  sli<>htlv.  After  waiting  a  few  minutes  for  the  tem- 
})erature  to  become  constant  again,  I  increase  the  volume  very 
slightly  but  rapidly,  and  again  note  the  position  of  the  mark 
of  division,  which  is  now  nearer  to  the  top  of  the  tube. 
Proceeding  in  this  way  it  is  possible  under  favourable  con- 
ditions to  make  the  substance  occup}^  such  a  volume  that  a 
very  slight  but  rapid  expansion  gives  a  temporary  mark  of 
division  of  liquid  and  vapour  almost  exactly  at  the  top  of  the 
tube.  This  volume  I  take  to  be  the  critical  volume,  and  I 
have  succeeded  in  determining  it  directly  in  the  case  of 
benzene,  fluorbenzene,  and  acetic  acid  ;  while  with  chloro- 
benzene,  for  which  mercury  vapour  was  employed  as  a  jacket, 
it  was  only  possible  to  obtain  a  rough  approximation  to  the 
true  volume  on  account  of  the  slight  unsteadiness  of  the 
temperature. 

The  critical  volumes  of  the  other  substances  may  probably 
be  ascertained  with  fair  accuracy  in  the  following  maimer  : — 

At  low  temperatures  and  pressures  the  ratios  of  the  mole- 
cular volumes  of  liquid  and  saturated  vapour  of  any  one 
substance  to  those  of  fluorbenzene  at  corresponding  tem- 
peratures and  pressures  differ  somewhat  widely  as  a  rule,  but 
as  the  critical  point  is  approached  the  differences  diminish 
and  at  the  critical  point  itself  all  four  values  should,  of  course, 
be  iilentical.  It  follows,  therefore,  that  by  mapping  the  ratios 
against  temperature,  four  straight  lines  or  curves  should  be 
obtained,  which,  when  produced,  should  cut  one  another  at  the 
critical  temperatui'e,  and  the  point  of  intersection  should  give 
the  ratio  of  the  molecular  critical  volume  to  that  of  fluorbenzene. 

It  will  be  seen  from  the  accompanying  diagrams,  figs.  3  to  6, 
Plates  II.  &  III.,  that  in  the  case  of  benzene  and  acetic  acid  the 
four  curves  do  very  nearly  cut  one  another  at  the  critical 
temperature,    and    the    ratios    of   the    critical    volumes   thus 
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obtainoil  afjree  very  well  with  those  calculatotl  from  the 
experimental  results.  The  other  substances  will  be  considered 
in  their  order. 

Ildloi/f'n  Derivatives  of  Benzene. — Accurate  determinations 
of  tlie  volumes  of  liquid  have  been  obtained  only  up  to  280°, 
but  the  ratios  are  very  nearly  constant  and  are  practically 
identical  at  correspomling  temperatures  and  pressures  ;  the 
extrapolation  may  therefore  be  considered  justifiable.  In  the 
case  of  chlorobenzene  a  few  apj)roximate  determinations  have 
been  made  near  the  critical  tem|)erature  ;  they  give  slightly 
higher  ratios  than  those  at  lower  tem})eratiires,  and  agr('(! 
rather  more  closely  with  the  mean  ratio  of  the  absolute 
temperatures  at  corresponding  (equal)  pressures. 

The  molecular  volumes  of  the  saturated  vapours  give 
generally  higher  ratios  than  those  of  the  liquid;  this  may 
be  partly  due  to  experimental  error;  btit  as  the  deviations  are 
nearly  all  in  the  same  direction,  it  seems  hardly  justifiable  to 
attribute  them  entirely  to  this  cause.  It  is  evidentiv  impos- 
sible to  make  use  of  these  ratios  in  determining  the  critical 
volumes ;  but  the  mean  ratios  of  the  molecular  volumes  of 
liquid  may  probably  be  relied  on  to  give  fairly  accurate  results 
(Trans.  Chem.  Soc.  Iv.  p.  517). 

Carbon  Tetrachloride. — As  the  observations  extend  to  within 
a  few  degrees  of  the  critical  temperature,  there  does  not  seem 
to  be  much  room  for  error. 

Stannic  Chloride. — The  molecular  volumes  of  saturated 
vapour  cannot  be  made  use  of,  as  the  results  at  the  highest 
tem[)eratures  are  a  little  doubtful  owing  to  slight  decomposition 
of  the  substance  ;  considerable  extrapolation  would  also  be 
necessary.  The  ratios  for  the  liquid  state  give,  however,  very 
nearly  straight  lines,  which  may  therefore  probably  be  extra- 
polated without  much  error. 

Ktlier. — The  four  curves  would  evidently  be  very  close 
together  at  the  critical  temperature,  but  as  the  results  with 
the  saturated  vapour  are  somewhat  irregular  it  seems  best  to 
rely  only  upon  those  with  the  liquid. 

Methijl  Alcohol. — In  this  case  the  curves  for  the  liquid  state 
do  not  seem  to  agree  well  with  those  for  the  saturated  vapour; 
I  ha^•e  taken  the  mean  value,  but  it  is  evidently  open  to  some 
doubt. 

J-Jth>jl  and  Propyl  Alcohols. — The  agreement  is  better  with 
these  alcohols,  but  the  volumes  of  saturated  vapour  are  some- 
what irregular  near  the  critical  point. 

Acetic  Acid. — The  four  curves  meet  very  satisfactorily  at 
the  critical  temperature. 

The  mean  ratios  of  the  molecular  volumes  to  those  of  fluor- 
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benzene  are  <i;iveu  in  tlio  I'ullowinn;  T:il)lo,  toirctlicr  witli  the 
molecular  and  specific  critical  volumes  calculated  from  them, 
takin<r  the  observed  critical  volume  of  fiuorbenzene  as  correct. 
For  the  sake  of  com|)ari,son  the  specific  volumes  directly 
observed  and  also  those  previously  adopted  by  llamsay  and 
myself  are  given. 

Tahlk  XXII. 


Substance. 

Mean 
Ratio. 

Molecular 
Volume. 

C'iileulated. 

Specific  Volume. 

Calculated. 

Observed. 

Ramsay 
and  Young. 

C,.H.F    

11 24(5 

11 802 

1-2772 

-044 

l-OIO 

1-200 

1047 

-440 

-()20 

•800 

-630 

2i'.2 
275 
208 
220 
235 
301 
244 
103 
144 
18G 
147 

2-34 
1-76 
1-47 
283 
1-.-.3 
1-16 
3-30 
3-21 
315 
3-11 
2-45 

2-43 
2-34-2-45 

2'82 
2-46 

'4-()6 
3-7 
3-5 
3(5 

1 

C.'H-CI  

Cn.Br 

c.ni   

C,H(,  

cell 

SnCli 

(aii,).o  

cir,oH 

C.,U-,OH    

c;h.oh  

cir3000H  ... 

It  will  be  seen  that  the  values  for  benzene  and  acetic  acid, 
calculated  IVom  the  mean  ratios,  agree  very  well  \\ith  tho.«e 
directly  observed,  and  this  may  be  taken  as  evidence  in  favour 
of  the  accuracy  of  the  method  of  direct  measurement  adopted. 
On  the  other  hand,  the  calculated  values  for  ether  and  the 
alcohols  are  considerably  lower  than  those  previously  given 
by  Ramsay  and  myself.  But  it  may  bo  pointed  out  that  tlus 
critical  tem})erature  of  ether  was  almost  certainly  slightly 
underestiniated,  owing  to  the  employment  of  the  vapour  of 
methyl  salicylate  as  a  jacket.  There  is  no  reason  to  suspect 
any  error  in  the  determination  of  the  critical  pressure  ;  and 
if  the  constants  for  Biot's  formula  be  taken  as  correct,  the 
calculated  temperature  corresponding  to  the  critical  pressure 
would  be  191"-4  instead  of  U)o'8,  and  the  higher  value  agrees 
well  with  a  more  recent  determination  by  llamsay,  who  in 
this  case  employed  the  vapour  of  quinoliiie  as  a  jacket.  The 
correction  of  the  critical  tetnperature  of  ether  would  give  a 
lower  value  to  the  critical  volume. 

Again,  Professor  Tait  has  recently  made  an  exhaustive 
mathematical  investigation  of  the  relations  of  pressure,  tem- 
perature, and  volume  of  several  substances,  including  ether, 
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and  he  has  pointed  out  that  the  critical  temperature  is  pro- 
bably a  Httle  hi^rher  than  19o*8,  and  that  the  critical  volume 
of  this  substance  is  certainly  lower  than  4  cubic  centim.,  and 
is  more  probably  about  3"5  cubic  centim.,  a  value  that  agrees 
fairly  well  with  that  calculated  by  the  method  described. 

In  the  case  of  the  alcohols  the  critical  volumes  given  by 
T?amsay  and  myself  were  estimated  by  inspection  of  the 
curves  representing  the  relation  of  the  specific  gra^^ties  of 
liquitl  and  saturated  vapour  to  the  temperature,  and  of  the 
specific  volumes  to  the  pressures,  and  they  were  admittedly 
only  approximate  values. 

M.  Guye  has  shown  (Comptes  Rendus,  cxii.  p.  1257)  that 
an  approximate  relation  exists  between  the  critical  tempera- 
ture, pressure,  and  volume  of  a  substance  and  its  theoretical 
vapour-density  compared  with  air.  This  is  expressed  by  the 
equations 

,_,,...      ^e      _  M  . 

''"■'^^^77(1070  +  6')      L^8-87' 

where  8  is  the  specific  gravity  at  the  critical  point  compared 
with  water  at  4°,  6  the  absolute  critical  temperatiu'e,  tt  the 
critical  pressure,  and  M  the  molecular  weight.  The  critical 
volumes  of  ether  and  the  alcohols  previously  given  by 
Ramsay  and  myself  are  certainly  in  better  agreement  with 
this  relation  than  those  which  1  now  find  ;  but  it  may  be 
mentioned  that,  with  the  exception  of  iodobenzeue,  all  the  sub- 
stances referred  to  in  this  paper  give  somewhat  higher  values 

of  d  than  the  quotient     ..  ^  ■  if  the  molecular  volumes  in 

zoo  I 

Table  XXII.  be  taken  as  correct. 

It  may,  I  think,  be  safely  stated  that  the  true  critical 
volumes  are  not  lower  than  those  directly  observed,  but  it  is 
possible  that  they  may  be  a  little  higher.  It  is  therefore 
perhaps  too  much  to  say  that  the  values  given  in  the  table 
are  definitely  established,  but  I  am  inclined  to  think  that  they 
may  be  accepted  as  fairly  close  approximations  to  the  truth. 

If  that  is  so,  it  would  appear  from  Table  XVII.  that  the 
ratio  of  the  actual  critical  density  to  the  theoretical  density  is  for 
very  many  substances  about  4*4.  Ethyl  and  propyl  alcohol 
iiive  somewhat  higher  values,  while  for  methvl  alcohol  and 
acetic  acid,  especially  the  latter,  the  ratios  are  extremely 
high. 
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XVII.   The  Construction  of  Non-Inductive  Resistances. 
By  Prof.  W.  E.  Ayrton,  F.R.S.,  and  T.  Matheu*. 

[Plate  IV.] 

WITH  all  electric  methods  devised  for  measuj-ing  tlie 
power  given  by  a  vaiying  current  to  a  circuit  that 
may  possess  inductance  or  capacity  it  is  necessary  to  employ 
a  resistance  which  shall  have  zero  iivluctance,  consequently  it 
is  important  to  consider  how  such  resistances  may  most  easily 
be  made. 

If  the  inductance  of  this  nominally  non-inductive  resistance 
be  not  zero,  the  error  thus  introduced  into  the  measurement 
can  still  be  made  relatively  unimportant  if  the  time-constant 
of  this  portion  of  the  circuit  be  made  small.  For,  as  shown 
by  Dr.  Surnpner  and  one  of  us,  in  a  paper  f  read  before  this 
Society  on  June  12th  of  this  year,  the  following  proportion 
holds  true  in  all  the  nine  methods  of  measuring  power  there 
considered :  — 

the  watts  as  measured  _  1  +  tan  6  .  tan  </> 
the  true  watts  1  +  tan-  0     ' 

where  6  and  <^  are  the  angles  of  phase-difference  between  the 
current  and  the  P.D.  for  the  circuit  the  power  given  to  which 
we  desire  to  measure,  and  for  the  auxiliary  circuit  respectively. 

NoAv  for  any  given  configuration  of  a  circuit,  the  time- 
constant  will  be  the  smaller  the  higher  the  specific  resistance 
of  the  conductive  material ;  hence  it  is  very  desirable  to  use  a 
material  of  high  specific  resistance,  like  carbon.  For  this 
reason,  glow-lamps  constitute  valuable  small  time- constant 
resistances,  but  carbon  has  the  disadvantage  that  its  resistance 
varies  rapidly  with  temperature.  Hence,  since  with  the 
methods  of  measuring  power  referred  to  it  is  necessary  to 
know  the  resistance  of  the  non-inductive  circuit  at  the  moment 
of  making  the  measurement^  it  follows  that  if  carbon  be 
em|)loyed  an  extra  measurement  has  to  be  made. 

AVhen  the  non-inductive  resistance  is  put  in  series  with  the 
circuit  the  ])ower  given  to  which  we  desire  to  measure,  as,  for 
example,  with  the  three-voltmeter  method  of  Uieasuring  power, 
a  measurement  of  the  resistance  of  the  glow-lamps  merely 
means  the  reading  of  an  extra  instrument  at  the  moment  the 
power-test  is  made  ;  but  when  the  two  circuits  are  joined  in 
parallel,  as,  for  example,  with  the  one-voltmeter  and  two- 
ammeter  method  of  measuring  power,  a  measurement  of  the 

*  Communicated  by  the  Physical  Society  :  read  June  2G,  1891. 
t  ''Alternate  Ciu-rent    and  Potential    Difiereuce    Analogies    in   the 
.Methods  of  Measuring  Power,  '  Pliil.  Mag.  August  1891,  p.  1^04. 
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resistance  of  the  glow-lamps  cannot  be  made  simultaneously 
with  the  power-test,  since  to  do  this  would  require  the  intro- 
duction of  an  ammeter,  and  therefore  of  inductance,  into  tlie 
circuit,  which  should  be  non-inductive. 

Further,  carbon  is  unsuitable  for  portable  resistances  on 
account  of  its  brittle  nature.  Platinoid,  on  the  other  hand, 
is  flexible,  has  a  low  temperature-coefficient,  and  a  hi^h 
specific  resistance,  though  not  of  course  nearly  as  high  as 
that  possessed  by  carbon.  Platinoid  therefore  appeared  to 
us  to  be  the  best  material  to  employ  in  the  construction  of 
non-inductive  resistances  to  be  used  for  power-tests. 

It  is  well  known  that  a  wire  doubled  on  itself  has  a  very 
small  inductance,  which  approximates  to  3'77  times  the  total 
length  of  the  wire  in  centimetres  as  the  parts  approach  each 
other.  This  value  can,  as  IMaxwell  pointed  out,  be  reduced 
by  using  flat  strips  instead  of  round  wires  ;  and,  if  the  stri[)S 
be  bare  and  be  placed  vertically,  it  is  clear  that  the  cooling 
action  will  be  considerable,  so  that  relatively  strong  currents 
will  produce  but  little  rise  in  temperature  or  increase  of 
resistance. 

We  therefore  decided  in  1887  to  construct  the  non-inductive 
resistance  seen  in  fig.  1,  Plate  IV.,  consisting  of  twelve  plati- 
noid strips,  each  6  metres  long, 4  centim.  wide, and  0'25  millim. 
thick.  Each  strip  is  douljled  on  itself,  two  layers  of  carefull}^ 
shell-lacqued  silk,  0-075  millim.  thick,  being  inserted  between 
the  front  and  back  portions.  The  whole  is  bound  together  by 
means  of  a  narrov/  silk  ribbon  wrapped  round  spirally,  con- 
siderable gaps  being  left  between  the  spires  of  the  silk  ribbon 
so  that  the  platinoid  should  have  plenty  of  free  surface  for 
cooling. 

For  the  purpose  of  expelling  moisture  from  the  sillv  and  the 
shell-lac  varnish,  when  the  resistance-strips  are  first  put  up,  a 
current  was  passed  through  each  strip  strong  enough  to  make 
it  fairly  hot.  During  this  heating  frequent  short-circuitings 
occurred  from  rough  points  of  the  metal  piercing  the  silk,  a 
single  layer  only  of  which  was  originally  employed  to  separate 
the  front  and  back  portions.  An  additional  layer  of  silk  was 
therefore  inserted.  Trouble  was  also  experienced  from  th(^ 
rough  edges  of  the  metal  causing  short-circuits  ;  but  by  cutting 
the  silk  wider  than  the  metal  and  by  folding  the  edge  of  the 
silk  over  the  edge  of  the  platinoid  strip,  tliis  difficulty  was 
overcome. 

The  doubled  strips  are  permanently  joined  up  in  sets  of 
three,  and  to  the  ends  of  each  set  are  soldered  mercury-cups 
and  binding-screws.  The  four  sets  of  three  can  bo  joined  up 
in  series,  or  in  parallel,  or  in  parallel-series  by  bridge-pieces 
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dippiug-  into  the  mercury-cups,  and,  when  all  are  in  series, 
the  resistance  of  the  72  metres  of  strip  at  15°  C.  is  2"932 
ohms.  The  resistance  of  the  arrangement  does  not  alter  by 
more  than  one  tenth  per  cent,  when  a  current  of  15  amperes 
is  passing  through  each  strip. 

Tlic  wooden  iVame  which  carries  this  series  of  platinoid 
strips  hangs  on  paraffined  ebonite  pegs  attached  to  one  of  the 
laboratory  walls,  so  that  it  is  well  insulated. 

The  inductance  of  the  set  of  strips,  even  when  all  are  in 
series,  is  so  small  tliat  we  have  not  been  able  to  measure  it 
even  with  the  secohmmeter.  Some  of  the  tests  have  given 
indications  of  a  small  negative  result,  which,  if  true,  would 
mean  that  the  capacity -effect  slightly  overbalanced  the  induct- 
ance ;  but  a  calculation,  which  we  have  made,  appears  to 
show  that  with  the  dimensions  in  question  such  a  result  is 
impossible.  We  can  therefore  only  conclude  that  this  resist- 
ance-frame, which  was  constructed  by  two  of  our  former 
students,  Messrs.  C.  G.  Lamb  and  E.  W.  Smith,  fulfils  the 
oljject  for  which  it  was  intended  so  well  that  the  inductance 
cannot  be  detected  with  certainty  by  any  test  that  we  have 
hitherto  tried.  We  therefore  have  decided  to  duplicate  the 
arrangement,  the  wooden  framework  (only  one  half  of  which 
is  seen  in  fig.  1)  having  been  constructed  large  enough  to 
hold  a  second  set  of  stri})s. 

Another  method  of  constructing  non-inductive  resistances 
for  large  currents,  which  has  been  in  use  at  the  Central 
Institution  for  the  past  eighteen  months,  is  illustrated  in 
fig.  2,  and  consists  in  winding  two  bare  platinoid  wires  of 
equal  length  and  thickness  into  two  spirals,  one  right-handed, 
the  other  left-handed,  the  diameters  of  the  two  spirals  differ- 
ing slightly  from  each  other  so  that  one  spiral  can  be  placed 
inside  the  other.  They  are  then  connected  up  in  iiarallel, 
so  that  when  a  current  is  sent  through  them  it  circulates 
clockwise  round  one  spiral  and  counterclockwise  round  the 
other,  the  magnetic  effects  of  the  two  thus  tending  to  neu- 
tralize one  another  and  to  produce  a  combination  with  small 
inductance. 

The  inductance  of  coils  constructed  in  this  way  is  almost  as 
small  as  if  the  wires  were  doubly  wound  like  an  ordinary 
resistance-coil,  but  they  possess  the  great  advantage  that 
parts  differing  much  in  potential  are  not  close  to  one  another. 
The  wires  therefore  require  no  insulating  covering,  for  no 
harm  will  occur  if  one  spiral  accidentally  touches  the  other, 
[)rovided  that  reasonable  care  has  been  taken  to  space  the 
convolutions  fairly  uniformly.  Further,  as  the  cooling  sur- 
face, for  a  given  total  cross  section  of  the  conductor,  is  much 
greater  for  two  concentric  spirals  than  for  a  single  spiral  of 
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thicker  wiro,  it  follows  that  this  method  of  constructino;  a 
resistance  not  only  greatly  reduces  the  inductance,  but  also 
enables  a  much  larger  current  to  be  carried  for  a  given 
variation  of  resistance  produced  by  the  current.  Hence  for  a 
given  current  and  for  a  given  permissible  rise  of  temperature 
finer  Avire  can  be  used  ;  the  coils  can  therefore  be  made  shorter, 
and  the  inductance  for  this  reason  still  further  lessened. 

Lastly,  even  when  such  right-  and  left-handed  spirals  are 
traversed  by  a  direct  current,  much  less  disturbance  is  pro- 
duced in  a  neighbouring  delicate  galvanometer  than  if  a 
singly-wound  s[)iral  resistance  be  employed  ;  so  that  these 
right-  and  left-handed  spirals  of  bare  wire  are  valuable  in  the 
construction  of  resistance-frames  for  large  direct  as  well  as  for 
large  alternating  currents. 

A  number  of  portable  resistance-coils  have  been  constructed 
in  this  way  for  general  use  in  the  laboratories  of  the  Central 
Institution.  One  of  these  is  seen  in  fig.  3.  It  has  also  been 
found  convenient  to  fit  up  a  number  of  stationary  right-  and 
left-handed  concentric  spirals  of  platinoid  in  the  d}Tiamo 
laboratory,  for  use  in  the  regular  experiments  with  alternate 
currents. 

Table  I.  gives  the  particulars  of  some  portable  sets  of  stand 
coils  in  the  laboratories  of  the  Central  Institution,  the  second 
three  of  which  have  been  composed  of  right-  and  left-handed 
spirals  in  the  way  just  described  and  illustrated  in  fig.  3. 


Table  I. 
Particulars  of  Portable  Stand  Coils. 


Mark 
3n  the 
Stand. 

Resist- 
ance, in 
Ohms. 

Number  of    Length 
Spirals  in  ;  of  each 
the  Set.     ;    Spiral. 

Number  of  Con- 
volutions in  each 
Spiral. 

Outside  diameter 
of  the  Convolutions. 

Size  of 
the  Wire 
(S.W.G.). 

inches. 

inches. 

1  

1-8 

(i 

18| 

78 

Jli' 

No.  12 

o 

L':.4 

12 

Ifii 

(i3 

h\ 

No.  10 

3 

8-59 
f 

12 
20  double. 

16i 
1 

84 

1,V 

No.  13 

Outer. 

Inner. 

Outer. 

Inner. 

inches. 

inches. 

4 

w| 

that  is  40    j    Ifii 
coils  in  all.   ) 

1.-) 

21 

U 

' 

No.  13 

5 

5(1 

IH 

27 

37 

11 

7 

* 

No.  ]5i 

6 

09 

" 

17 

.54 

79 

:? 

4 

No.  27 
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Table  II.  gives  the  results  of  experiments  made  on  the  sets 
marked  2,  3,  4,  5,  6  by  means  of  the  secohmmeter  ;  the  set 
marked  (3  being  tested  ^Yhen  each  pair  of  coils  were  joined  up 
in  parallel  so  as  to  increase  the  inductance  as  well  as  when 
joined  up  so  as  to  diminish  it. 

Table  II. 
Portable  Platinoid  Spiral  Resistances  (fig.  3), 


Mark 
on  the 
Stand 

Winding. 

Eesistance, 

Inductance, 

Time-constant, 

in  Ohms. 

in  Secohms. 

in  Seconds. 

2  ...    Set  of  Singl v-Woiind  Spirals . . . 

2o4 

u-oooor.9 

23x10-6 

.'J  ...    Set  of  Single-Wound  Spirals  ... 

8-59 

000015 

18x10-6 

r     Set  of  Doubly-Wound  Spirals  ; 
(i    -',  ,       Current  circulatinu;  in  all  in 

1 

I     98-1 

00021 

21x10-6 

1 

the  Same  Direction 

J 

'••{ 

Same    set    of    Doubly-Wound 

Spirals;   Current  circulating 

i      99 

0-00013 

1-3x10-6 

1 

in  Opposite  Directions 

' 

Set  of  Doubly-Wound  Spirals; 

4   • 

Current  circulating  in  Opfo- 
site  Directions 

I       1-4 

0-000004 

2-8x10-° 

Set  of  Doublv-Wound  Spirals ; 

.T      ■ 

Current  circulating  in  Oppo- 
site Directions 

I       5-0 

0-0000094 

1-9x10-6 

The  mean  time-constant,  therefore,  of  one  of  our  sets  of 
spirals,  whether  singly-wound  or  doubly-wound,  provided  that 
the  current  circulates  in  all  the  convolutions  in  the  same 
direction,  is  about  21  X  10~6  ;  whereas  if  the  spirals  be  doubly- 
wound  and  the  current  be  circulating  in  o]jposite  directions 
in  the  two  sets  of  spirals,  the  mean  time-constant  is  about 
2  X  10-6,  or  about  one  tenth  of  the  preceding. 

As  there  happens  to  be  in  the  laboratory  a  solenoid,  the 
silk-covered  copper  wire  on  which  is  wound  in  a  series  of 
concentric  sections,  it  was  thought  interesting  to  compare  the 
time-constant  of  two  of  the  sections  joined  up  in  parallel, 
when  the  current  circulated  round  both  in  the  same  direction, 
with  the  time-constant  when  it  circulated  in  opposite  direc- 
tions. Figs.  4  and  5,  Plate  IV.,  show  the  direction  of  the 
current  in  the  two  cases. 


Resistance, 
in  Ohms. 

Self-induction, 
in  Sechoms. 

Time-constant 
in  Seconds. 

Currents  flowing  round  both  coils  1 
in  the  same  direction  (fig.  4)  ...  J 

Currents  flowing  round  the  coils  1 
in  the  opposite  direction  (fig.  5)  J 

0-346 
0-346 

0-00059 
0-000024 

17x10-6 
009x10-6 
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The  sell-induction  and  time-constant  have  therefore  been 
reduced  to  one  t-\venty-lburth  part  by  sendino-  the  currents  in 
opposite  directions  round  the  two,  but  the  method  of  winding- 
shown  in  fig.  5  could  not,  of  course,  be  employed  with  the 
non-inductive  resistances  constructed  of  bare  wire  for  large 
currents  described  in  this  communication  ;  since  the  funda- 
mental condition — that  parto  differing  much  in  potential  should 
not  lie  near  one  another — would  not  be  fulfilled. 


XVIII.  ^4  Theortf  concerning  the  Constitution  of  Matter. 
By  Chakles  V.  Burton,  D.Sc* 

THE  theory  described  in  the  following  pages  is  based  essen- 
tially on  one  fundamental  hypothesis  ;  without  the  aid  of 
any  further  assumptions,  equations  of  motion  can  be  deduced, 
and  these,  when  simplified  by  certain  conditions  of  symmetry, 
lead  at  once  to  Newton's  Laws.  In  dealing — vaguely  enough 
— with  other  problems,  such  as  gravitation  and  the  discrete 
nature  of  atoms,  it  is  found  necessary  to  make  further  limi- 
tations ;  and  a  few  suggestions  are  also  made  whose  nature  is 
purely  speculative.  But  there  remains  the  one  central  idea, 
whose  development  is  the  especial  object  of  this  paper,  and  in 
the  concluding  paragraphs  the  doctrine  will  be  stated  in  its 
most  general  form  and  the  arguments  once  more  briefly 
enumerated. 

1.  Space,  so  far  as  we  know  it,  is  filled  with  a  medium, 
whose  ultimate  nature  may  be  fluid,  but  which,  owing  to  tur- 
bulent motion  or  some  other  cause,  has  elastic  properties 
resembling  in  some  respects  those  of  a  solid.  The  resistance 
offered  by  such  a  medium  to  the  motion  of  material  bodies  pre- 
sents a  problem  of  some  difficulty,  so  long  as  ive  suppose  an  atom 
to  consist  ahcays  of  the  same  portio/i  of  cetltereal  or  other  sidista/ice; 
but  further  on  it  will  be  shown  that,  with  a  different  assump- 
tion, the  question  may  assume  a  new  aspect.  Before  leaving 
this  subject,  however,  I  may  point  out  what  appears  to  me  a 
very  serious  difficulty  of  the  present  view  :  a  perfect  vacuum 
is  (at  least  very  nearly)  a  perfect  insulator,  and  air  also  insu- 
lates well,  so  that  the  letlier  surrounding  an  electrically 
charged  terrestrial  body  may  remain  in  a  state  of  stress  for  a 
considerable  period  without  appreciable  progressive  yielding, 
while  at  the  same  time  this  charged  body  is  being  whirled 
through  the  a3ther,  which  continually  gives  way  like  an  almost 
perfect  liquid. 

*  Communicated  by  the  Physical  Society :  read  November  20,  1891. 
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2.  Fundamental  Assumption.  Strain-Figure. — Consider  a 
region,  eitlier  infinite  or  having  very  distant  boundaries,  and 
filled  with  a  homogeneous  isotropic  elastic  medium,  whose 
condition  throughout  is  one  of  stable  equilibrium  for  small 
strains  of  any  typo.  Let  the  medium  now  be  strained,  and 
hold  in  its  strained  condition  by  some  compelling  agency  : 
there  will  l)e  a  corres])onding  distril)ution  of  stress  in  the 
medium,  and,  provided  the  strain  has  at  no  point  too  great  a 
value,  the  original  condition  will  be  completely  regained  after 
the  compelling  agency  has  been  removed.  But  suppose  that, 
instead,  the  medium  is  strained  further  and  further  from  its 
initial  state,  and  suppose  that  the  restoring  stresses  do  not 
always  increase  with  the  strain,  but  that  beyond  a  certain 
point  in  the  process  they  begin  to  fiill  off  in  value,  until  at 
last  a  point  is  reached  at  which  the  general  tendency  of  the 
stress  is  to  further  increase  the  strain.  If  the  compelling 
agency  is  now  withdrawn,  the  medium  will  subside  into  a 
new  condition  of  stable  equilibrium,  involving  stress  and  strain 
at  every  point.  The  state  of  things  thus  impressed  on  the 
medium  is,  according  to  my  view,  an  atom  or  a  constituent  of 
an  atom  ;  it  will  hereafter  be  referred  to  as  a  "  strain-figure," 
and  we  may  now  proceed  to  examine  its  dynamical  properties. 

3.  Rigid  Body  Displacements. — A  strain-figure,  being  of 
itself  in  equilibrium,  will  remain  in  equilibrium  if  transferred 
to  some  other  portion  of  the  medium,  or  if  its  orientation  with 
respect  to  the  medium  is  changed  (for  originally  the  medium 
was  homogeneous  and  isotropic) ;  we  may  therefore  give  to 
the  strain-figure  any  displacement  of  which  a  rigid  body 
would  be  capable,  and  the  resulting  condition  of  the  medium 
will  be  one  of  equilibrium  ;  there  is  no  statical  resistance  to 
such  displacement,  and  no  question  of  the  medium  giving  way. 

4.  Equations  of  Motion. — If  a  strain-figure  is  in  motion 
through  the  medium,  certain  conditions  must  be  satisfied  in 
order  that  its  degrees  of  freedom  may  not  be  more  than  those 
of  a  rigid  body  ;  in  order,  that  is,  that  the  strain-figure  may 
retain  the  same  form  as  if  it  were  at  rest  in  the  medium.  For 
suppose  that  disturbances  of  the  same  type  as  the  strains  in 
the  strain-figure  are  propagated  through  the  medium  with 
velocity  V;  then  obviously  a  necessary  condition  is  that  the 
translatioual  velocity  of  the  strain-figure  must  be  very  small 
compared  with  V,  the  rotational  motion  being  (in  general) 
subject  to  a  similar  restriction,  which  cannot  be  quite  so  simply 
expressed.  If  V  is  (as  I  imagine)  the  velocity  with  which 
gravitation  is  propagated,  it  is  a  quantity  whose  finiteness  has 
not  yet  been  demonstrated,  and  compared  with  which  all 
known  molar   and    molecular   motions  are  extremely  slow. 
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Another  coiulitiou  to  be  fulfilled  by  the  motion  of  the  strain- 
fifrnre  is  this  :  the  acceleration  mtist  be  very  small  compared 
with  V/T,  where  VT  is  the  radius  of  the  smallest  spherical  sur- 
face within  which  the  whole  appreciable  efective  mass  (17  a) 
of  the  strain-fioure  may  be  considered  to  r(>side. 

Assuming,  then,  that  the  necessary  conditions  are  satisfied, 
and  that  the  strain-figure  has  only  six  degrees  of  freedom,  let 
us  choose  three  rectangular  axes  (those  of  ^,  77,  ^,  with 
origin  fi)  fixed  in  the  strain-figure,  and  three  other  rectan- 
gular axes  (those  of  .*■,  y,  c,  with  origin  0)  fixed  in  the 
medium  and  in  space  ;  let  the  coordinates  of  f2  referred  to 
0.1-,  Oy,  Oz  be  (X,  Y,  Z),  and  let  the  direction-cosines  of  the 
^,  77,  ^  axes  be  given  by  the  scheme 


(1) 


TFor    convenience    the    diagram    is    only   drawn    in    two 
dimensions.) 
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Let  P  {^,  77,  ^)  be  the  undisturbed  position  of  a  certain 
Volume-element  of  sether  (that  is,  the  position  which  this 
element  would  occupy  if  the  strain-figure  were  non-existent), 
and  let  Q  (|  +  a,  V  +  ^j  ?  +  7)  ^JG  the  actual  position  of  the 
same  element.  Then,  in  accordance  with  the  geometrical 
conditions  of  motion, 

a,  /S,  7  are  functions  of  ^,  tj,  ^  only  ;     .     .     .      (2) 

they  are  the  components  of  displacement  of  the  element  whose 
undisturbed  position  would  have  been  f,  77,  ^. 

If  the  components  of  P  Q  parallel  to  Ox,  Oy,  Oz  be  called 
/,  (J,  h  respectively,  we  shall  have,  after  the  manner  of  (1), 
the  scheme 
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Let  the  original  density  of  the  asther  he  taken  as  unity ;  and  con- 
sider that  ])ortion  of  rother  \vhich,  in  the  undisturhed  condition 
of  the  medium,  would  haye  filled  the  yolnme-element  d^dnd^ 
with  coordinates  (^,  77,  ^).     Since  /',</,  A  are  the  displacements 

parallel  to  Ox,  0?/,  Oz,  of  ilie  port/on  of  cether  so  defined,  j\g,  Ii 
will  be  the  actual  yelocity-components  of  this  portion,  and  the 
energy  due  to  the  motion  of  the  strain-figure  is 

T  =  iIfJ(/'+/  +  '^')'^^^'^^^r.  ....  (4) 
Now  let  the  axes  Of,  D.r],  D.^  be  instantaneously  coincident 
in  direction  with  O.r,  0?y,  Oz  respectiyely,  so  that 

Ii—m2  =  n.  =  l  ;     !.2  =  l2  =  7ni=m^  =  n^  =  n2  =  0,     .     .     (5) 
and 

/l=:»?o=:»3  =  0  ;    ??o=  —  ??i3  =  C()i  ;    J^^  —ni^COo  ',    7ni=  —1.2  =  0)^,     (G) 

where  wj,  0)3,  0)3  are  the  angular  yelocity-components  of  the 
strain-figure  about  the  axes  of  ^,  rj,  ^  or  of  a;,  7/,  z  ;  relations 
which,  in  general,  are  only  instantaneously  true. 
From  (3),  ... 

f=  !,u  +  /o;8  +  /37  +  /,«  +  l-:/3  +  J,y; 
and  writing 

U  ""'''  -bv  "''  ^=«3,&c.,  .  .  (7) 
the  last  equation  !)ecomes 

./■==  ^1  («i  +  «2i  +  ^ob  +  /.•  (/3ii + Ai + ^i)  +  /:/7,  i + r/n  -f  yX) 

+  '/^CC+l^  +  }„y,       ...       (8) 

Again,  from  (1), 

so  that 

i  =  /\(/i^  +  l^  +  /3O  +  mi  {m,^+  w,7j  +  m,^)  +  i>i(n,^  +  n^v  +  n^O 


or,  using  (5)  and  (6), 

Similarly 
and 


-/,X-?»iY-??iZ 


^  =  ft).,?;  —  &)o^  —  X . 

77  =  «»,?-a>3^— Y, 
t=(0.2^—C0]r}  —  Z. 
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Substituting  these  values  in  (8),  and  a^uin  using  (5)  and  (G), 
wo  ol)tain 

/=— ajX  — «oY  — a3Z  +  a)i(ao^— a37?)  +  &)o(«3|  — «i^  +  7) 
Similarly  +<o^{c^iV-^:^-^)- 

//=  — 7iX— 7oY  — 73Z  +  c«)i(7o?  — 7;.7/  +  /3)  +  &)j(73|^— yi?— ^>) 

+  ^3(7177  — 7o|). 


1^    (9) 


If  these  values  are  substituted  in  (4),  we  obtain  immediately 
a  complete  expression  for  the  energy  due  to  the  motion  of  the 

strain-figure  j  and  this  expression  involves  only  X,  Y,  Z, 
0)1,  (1)2,  (Us,  and  quantities  which  remain  constant  throughout 
the  motion.  We  may  therefore  apply  the  principle  of  moving 
axes  to  find  the  components  F,  G,  H  of  effective  force  on  the 
strain-figure  ;  thus 

r  = -r    —. co3.--^+coo — r> 

di   -dX  dY  BZ 

which  by  means  of  (4)  and  (9)  becomes 
F  =  (11)X  +  (12)Y  +  (31)Z 

-  {\  2)co,X  -  (22)6)3!  -  (23)ft)3Z 
+  (31)&)2X  +  (23)a)2Y+  (33)w2Z 

+  {(3l7?)-(120  +  {iSly)}«i  +  {(ll?)-(31|)  +  (7l«)W2 

+  {(12^)-(ll7?)  +  («l/3)}o;3 
+  {(3lO-(33|)  +  (73«)K^  +  {(1277)-(22|)-(«2/3;}a)3^ 

+  { 2(23^) -(120- (3177  )  +  («3/3)-(y2«)}o)2«3 
+  { (22^  -  {2Sn)  +  (^27)  }co,co,  +  {(3377)  -  (230  +  (^37)}a>,co2,  (10) 
with  similar  values  for  G  and  H,  where  we  write 
J j"j  («i^^  +  ^;-'  +  7iO  d^  dr,  d^  ^  (11) ,  &c.,  "] 

fj"J(«2«3  + A^3  +  7273)  d^dnd^^  (23)  ^  (32),  &c.,  I  ^^^^ 
JJJ(«2a3  +  /3,/83  +  7273)f  ^If^'/^r^  (23^)^(32a&c.,  | 

{^]{^a-i^)d^drtdK^  (/317)  -=  -(7I/3),  &e.         j 
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Again,  if  L,  M,  N  are  the  effective  couples, 

<^<     B«l  BY  BX  B«2  B«3 

=  {(12r)-(3l77)-(/3l7)}X+U-^377)-(220  +  (/S27)}Y 

+  {(337y)-(23?)  +  (^3y)}Z 
+  (23)Y2-(23jZ2  +  K33)-(22)}YZ-(12)ZX  +  (31)XY 
+  {(12^)-(llr;)  +  («l/3)}a,2X+{(31^)-(110-(7l«)}«3X 
+  {(337;)-(23r)  +  (/337)}«iY+{(22r)-(2377)-(/327)}a)iZ 
+  {(22f )  -  (33^)  +  (31  ^)  -  (127;)  +  (73«)  +  («2/3)  }(o),Y-a)3Z) 
+  {2(23|)-(12?)-(31^)  +  («3/3)-(72«)}(a)3Y  +  a)2Z; 
+  {(22n  +  (337?^)  -2(237;0-(yS27?)  +  {^hv))^, 
+  {(23^^)  +  (3l7?r)-(33|7?)-(12r-^)-(y2«0  +  (73«^) 

-(/337^)  +  (/3l70}«2 
+  {(127?^)  +  (23^77)  -  (22?^)  -  (317,2)  _  (^2^t)  +  («3;S7;) 

-(^l7'7)  +  (y827^)}a;3 
+  {(«3^^)-(«lyS0  +  (yl«7;)-(72«^)  +  (;S7)[  (coa^-a)^^) 
+  {«2^|)  -  («1;S7;)  +  (73«^)  -  (7l«r)  +  m  -  (t)}«2«3 
+  {(33?^)  +  (12n-(23?|)-(3l770  +  (72«0-(73«^) 

+  (/337l)-(/3l7?)}«3«i 
+  {(127?0  +  (23|^^)-(22^f)-(3W)-(«2^r)  +  («3/37;) 

-(/3l7^)  +  (yS27^)}a)xa,2,     .     .     (12) 

with  similar  values  for  M  and  N,  where,  in  addition  to  (11), 
we  have 

j;\y(«i«2+A;g2+7i72)7?^?^?77rfr=(i27??)  &c.,  1 
Q;fy87./^/^^r=()87)&c.  3 

Mr.  G.  H.  Bryan  has  pointed  out  to  me  that  the  equations 
of  motion  (10)  and  (12)  are  of  exactl}- the  same  form  as  those 
of  a  solid  immersed  in  a  perfect  liquid. 

5.  If  U  is  the  force-function  of  the  impressed  forces,  we 
shall  have  of  course 

^_BU    p_BU    TT_BU 
^  ~BX'  ^"BY'  ^~BZ  ' 
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and  evidently 

where  r/|'  dr]'  dt^  is  a  volume-element  in  the  actual  condition 
of  the  medium,  /",  g,  h  the  displacements  of  the  sether  which 
now  fills  this  volume-element,  and  a  d^'  drj'  d^  &c.,  the  forces 
exerted  on  the  element  of  aether.  Remembering  (1),  (3), 
(j),  and  (7),  we  may  write  the  last  equation 

:^^  and   ^7j  liavmg  similar  values,  and  ^-3-  (fee.  being  simi- 

larly  obtainable. 

We  may  also  express  a,  h,  c  in  terms  of  the  components  of 
stress  [^1],  [lyf]  &c. ;  thus 

i'=-l^m-}^[nv-]-^^m^  y.  .  .(15) 

In  this  section  it  has  been  virtually  assumed  that  the  strain- 
figure  is  exactly  superimposed  on  the  otherwise  existing 
condition  of  the  medium. 

6.  If  the  motion  of  the  strain-figure  is  one  of  pure  trans- 
lation, oji,  CO2,  tws  are  all  constantly  zero,  and  equation  (10) 
reduces  to 

F=(ll)X  +  (12)Y  +  (ai)Z;     j 
at  the  same  time  ..  .,  ..       '  ,-,,,> 

G  =  (12)X  +  (22)Y+(23jZ;    p      *     ^^^^ 

lI  =  (31)X  +  (2a)Y+(33)Z:  J 

Now  construct  the  ellipsoid 

(ll)r  +  (22V+(33)r  +  2(23)^?-|-2(31)?^  +  2(12)^^  =  Me2;     (17) 

and  it  is  evident  from  (16)  above  that  when    the  motion  is 
one  of  pure  translation,  the  effective  force  (components  F,  G, 
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H)  is  perpendicular  to  tlie  diametral  plane  of  the  acceleration 

(components  X,  Y,  Z),  taken  with  respect  to  the  ellipsoid  (17). 

(11),  (22),  (33),  which  are  the  sums  of  squares,  are  the 
values  of  the  effective  mass  in  the  directions  of  the  axes  of 
reference  ;  while  (23),  (31),  (12),  which  are  the  sums  of  ])ro- 
ducts,  correspond  to  ])roducts  of  inertia  in  Rigid  Dynamics, 
and  may  be  called  "  products  of  mass."  It  may  easily  be 
shown  that  if  r  is  the  length  of  any  given  radius  of  the 
ellipsoid  (17),  the  effective  mass  reckoned  in  the  direction  of 
this  radius  is  Me'/r^.  It  may  also  be  remarked  that  even 
when  the  motion  is  one  of  pure  translation,  there  will  in 
general  l)e  finite  effective  couples,  as  is  immediately  evident 
from  (12). 

7.  Cage  of  Sipmnetrij. — (Consider  now  the  particular  case  in 
which  the  strain -figure  is  symmetrical  about  a  point,  and  let 
this  point  be  H,  the  origin  of  the  axes  of  ^,  77,  f.  We  shall 
then  have 


(ll)  =  (22)  =  (33)  =  efFective  mass; 
(23)  =  (31)  =  (12)  =  0.' 


''    ].     .    (17a) 


It  is  also  evident  that  a  rotation  of  the  strain-figure  about 
any  axis  through  its  centre  of  symmetry  corresponds  to  no 
physical  change  whatever  ;  there  is  no  possibility  of  such 
rotation,  nor  can  any  influence  exerted  on  the  medium  have  a 
tendency  to  turn  the  strain-figure  about  its  centre  of  sym- 
metry. Hence  a  strain-figure  symmetrical  about  a  point  is 
dijnamicalhj  equivalent  to  a  single  particle  of  mass 

JjJ(«f  +  1^1'  +  7i"0^l  drj  cl^  =  jJJ(«2^  +  iS/  +  y/)f/^  dr}  clK 

placed  at  its  coil  re  of  symmetry. 

It  is  worth  remarking  that  the  theory  now  considered, 
though  differing  so  widely  from  the  theory  of  Boscovich, 
leads  to  the  same  dynamical  results. 

8.  So  far  we  have  only  considered  the  case  of  a  single 
strain-figure.  When  there  are  more  than  one,  the  experimental 
properties  of  matter  lead  us  to  suppose  : — 

(i)  That  the  entire  distribution  of  displacement  in  the 
medium  is  to  be  found  (at  least  very  a{)proximately )  by  com- 
pounding geometrically  the  distributions  which  the  various 
strain-figures  would  have  produced  separately. 

(ii)  That  the  strain-figures  exert  forces  upon  one  another, 
thus  changing  or  tending  to  change  their  motion  through  the 
medium. 
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in  spoakino;  of  the  medium  I  have  more  particularly  in 
mind  the  hypothesis  of  a  turbulently  moving  liquid,  as  pro- 
poundeil  l)y  Sir  W.  Thomson*  and  moditied  by  Prof.  Fitz- 
gerald t*  AV'ithout  entering  on  the  subject  mathematically 
(which  I  am  unable  to  do),  it  may  be  noticed  that,  according 
to  this  view,  the  gether  is  made  up  of  interlacing  vortex- 
Hlameuts,  the  inter.s[)aces  between  which  are  filled  with 
quiescent  or  irrotationally  moving  liquid.  The  network  of 
filaments  is  equivalent  to  a  sponge-like  comjjressible  solid, 
whose  pores,  however,  are  completely  filled  with  incompressible 
fiuid.  The  mediiun,  taken  as  a  ichole,  is  equivalent  to  an 
incompressible  soUd  ;  but  as  the  efi'ectively  liquid  (/.  e.  irrota- 
tionally moving)  portion  of  the  medium  cannot  suffer  any 
strain  which  calls  up  an  opposing  stress,  it  appears  that  in 
considering  the  strain-figure  we  should  have  to  deal  Avith  the 
sj)onge-like  compressible  solid,  made  up  of  vortex-filaments. 

y.  Gravitation. — Disregarding  this  last  speculation,  let 
us  return  to  the  more  general  question  of  strain,  and  for  sim- 
phcity  take  the  case  when  the  strain-figure  is  symmetrical 
about  a  point  0.  So  far  as  this  one  strain- 
figure  is  concerned,  we  may,  roughly  speaking,  -pjo-  2 
divide  the  medium  into  tw^o  portions,  in  one 
of  which  the  strain  tends  to  increase,  while 
in  the  other  it  tends  to  decrease.  If  these 
portions  are  separated  by  a  single  surface,  then, 
m  the  present  case  of  symmetry,  this  surface 
(A)  will  be  spherical.  On  one  side  of  A  the 
medium  will  be  so  strained  that  a  small  additional 
strain  of  the  same  type  would  correspond  to  increased  potential 
energy,  while  on  the  other  side  of  A  a  small  increase  of  strai'i 
would  correspond  to  decreased  potential  energy.  If  the  strain 
outside  A  corresponds  to  increased  potential  energy,  two  distant 
strain-figures  will  rejjel  one  another  ;  but  if  the  strain  outside 
A  corresponds  to  decreased  potential  energy,  two  distant 
strain-figures  will  attract  one  another.  If  gravitation  is  to  Ije 
explained  in  accordance  with  the  theory  of  this  paper,  the 
above  would  seem  to  indicate  the  nature  of  the  explanation. 
There  must  be  some  type  of  strain  which  would  of  itself  be 
produced  in  the  medium,  were  it  not  that  in  some  other 
portion  of  the  medium  there  would  be  an  accompanying  strain 
of  a  type  corresponding  to  stability.  Perhaps  we  may  also 
vaguely  infer  why  the  gra\itative  attraction  exerted  Ijy  a 
bod}''  is  proportional  to  its  mass,  for  we  have  supposed,  both 

*  B.  A.  Report,  1887,  p.  486 ;  Phil.  Mag.,  October  1887,  p.  342. 
t  '  Nature,"  May  9,  18«U. 
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those  quantities  to  be  determined  by  the  distribution  of  strain 
in  the  medium  ;  it  seems  possible,  indeed,  that  the  greater 
part  of  the  effective  mass  of  a  strain-figure  might  reside  in 
that  region  where  attraction  follows  the  Newtonian  law. 

10.  Collision. — If  wo  bring  tho  centres  of  two  strain-figures 
close  together,  so  that  the  spheres  A  intersect  sufficiently  far, 
we  shall  l)e  partly  superposing  two  strain-distributions  of  such 
a  typo  that  the  energy  increases  with  the  strain,  so  that  re- 
})ulsion  may,  perhaps,  ensue.  Of  course  this  is  only  a  very 
rough  attempt  at  explaining  the  effects  of  collision,  and  takes 
no  account  of  any  deformation  which  iniglit  be  j)roduced  in  the 
strain-figures  on  bringing  their  centres  to  such  close  quarters. 
But  even  wore  such  doformation  produced,  the  results  of  a 
collision  might  still  be  of  a  very  simple  character.  So  long 
as  the  condition  of  §  4  is  satisfied,  so  long,  that  is,  as  the 
motions  concerned  are  extremely  slow  compared  with  V  (the 
velocity  loith  which  gravitation  is  i^ropagated)  the  distribution  of 
displacement  in  the  medium  loill  he  at  each  instant  the  same  as 
if  the  tioo  strain-figures  ivere  at  rest.  Hence,  though  the  two 
strain-figures  may  recoil  from  one  another  icith  altered  velocities 
they  ivill  not  have  acquired  any  vibratory  motion  from,  the 
impact.  This  statement  is  equally  true  whether  the  strain- 
figure  is  symmetrical  or  not,  but  in  the  case  of  symmetry 
about  a  point,  the  properties  of  a  strain-figure  will  be  identical 
with  those  of  a  Boscovich  particle,  exerting  actions  at  a  dis- 
tance according  to  a  law  of  force. 

11.  The  result  just  established  has  a  bearing  on  the  dyna- 
mical theory  of  heat.  We  know  that  the  number  of  degrees 
of  freedom  of  a  molecule,  and  consequentl}'  also  of  an  atom, 
is  probably  finite.  If  an  atom  consisted  of  n  strain-figures  of 
the  most  general  kind,  the  total  number  of  degrees  of  freedom 
would  be  On  ;  but  if  each  of  tho  constituent  strain-figures 
were  symmetrical  about  a  point  the  number  w^ould  be  reduced 
to  3w.  Since  the  spectra  of  elementary  vapours  teach  us  that 
the  number  of  degrees  of  freedom,  though  finite,  is  usually 
very  large,  we  are  led  to  infer  that  most  atoms  are  formed  by 
the  aiiffroiiation  of  a  large  number  of  straiu-fiffures. 

12.  Discrete  Nature  of  Atoms. — Why  do  the  atoms  form  a 
discrete  series,  and  why  are  all  atoms  of  a  given  element 
identical  in  physical  and  chemical  properties?  These  are 
questions  which  it  would  be  difficult  to  answer,  though  it 
does  not  seem  quite  so  difficult  to  point  out  a  direction 
in  which  we  may  possibly  look  for  an  explanation.  If  an 
atom  consists  of  a  number  of  points  endowed  with  inertia 
and  with  the  power  of  exerting  actions  at  a  distance,  it  is 
hard  to  see  how  any  explanation  can  be  given  :  nor  is  the 
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diftioiiltv  much  less  if  the  atom  consists  of  a  vortex  ring  or  a 
vortex  tangle,  for  Ave  should  then  simply  have  to  infer  that 
the  existing  rings  or  tangles  are  as  they  are  hecause  they  have 
always  been  so,  and  that  an  indefinite  variety  of  rings  or 
tangles  of  intermediate  forms  and  sizes  would  be  a  j^riori 
perfectly  possible.  But  if  the  atom  consists  of  one  or  more 
strain-tigures,  the  question  becomes:  Why  do  the  strain- 
figures  form  a  discrete  series?  Now  we  have  conceived  a 
strain-figure  to  be  a  disturbed  condition  of  the  medium, 
ichich  is  of  itself  in  stable  equilibrium  throughout,  and  this 
immediately  imposes  au  immense  restriction  on  the  possible 
varieties  ;  since,  also,  the  strains  are  impressed  on  a  medium 
which  would  otherwise  be  homogeneous  and  isotropic,  the 
conditions  essential  to  stable  equilibrium  will  be  the  same  for 
all  strain-figures,  provided,  that  is,  that  the  proximity  of  the 
centres  of  two  or  more  does  not  disturb  their  form.  But  at 
this  point  a  further  assumption  will  be  necessary  ;  for  if  the 
turbulent  motion  or  other  structure  of  the  medium  were  abso- 
lutely homogeneous  (which  implies  infinite  fine-grainedness), 
and  if  a  strain-figure  defined  by  a  distribution  of  displacement 
A  were  a  possible  one,  then  the  figure  defined  by  the  dis- 
tribution A  magnified  n  diameters  would  be  equally  possible. 
Thus  the  possible  strain-figures,  though  infinitely  restricted 
in  variety  by  the  conditions  of  equilibrium,  would  form  not  a 
discrete  but  a  continuous  series,  or  possibly  a  discrete  system 
of  continuous  series.  We  must  suppose,  then,  that  the  coarse- 
grainedness  of  the  medium  has  an  influence  in  determining 
the  size  of  possible  strain-figures. 

13.  Physical  Illustration. — A  very  imperfect  illustration  of 
this  last  point  may  be  drawn  from  a  physical  phenomenon  ; 
for  consider  a  region  free  from  the  action  of  gravity  and  filled 
with  a  saturated  vapour,  which  by  some  means  is  maintained 
at  constant  temperature  and  pressure.  If  compression  takes 
place,  liquid  will  be  formed,  and  will  exist  in  equilibrium  with 
the  vapour,  no  intermediate  condition  of  the  substance  being- 
consistent  with  equilibrium  and  stability.  But,  neglecting 
surface-tension,  the  liquid  need  not  be  formed  in  masses  of 
any  special  size  ;  that  is,  the  possible  sizes  of  the  drops  of 
hquid  will  form  a  continuous  series.  If,  however,  surface- 
tension  is  taken  into  account,  the  case  is  different ;  for  suppose 
that  the  vapour  is  slightly  supersaturated,  and  contains  a 
number  of  sjtherical  drops  of  liquid.  Very  large  drops  will 
continue  to  increase,  and  very  small  drops  will  diminish, 
while  drops  of  one  particular  size  (if  any  such  are  present) 
will  just  be  in  equilibrium  with  the  vapour,  although  the 
equilibrium    is   necessarily    unstable.      But    notwithstanding 
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that  the  analogy  fails  in  this  and  in  many  other  respects,  it 
may  serve  to  roughly  illustrate  the  suggestion  that  the  size 
of  strain-figures,  and  consequently  of  atoms,  is  determined  hy 
the  coarse-grainedness  of  the  medium. 

14.  Foi'mation  of  Atoms. — As  regards  the  diflterent  varieties 
of  atomsj  we  may  conceive  them  to  be  made  up  of  one  kind  or 
of  several  kinds  of  strain-figures.  In 
place  of  the  simpler  form  of  fig.  2  we 
might  for  example  imagine  a  form  like 
fig.  3,  where  in  the  regions  C,  E  the 
strain  is  such  that  the  potential  energy 
would  decrease  with  increase  of  strain, 
while  in  the  regions  B,  D  the  strain 
and  the  potential  energy  would  increase 
together.  We  might  also  imagine  dis- 
tributions which  were  not  s})lierical,  in 
which  case  it  might  happen  (§  4j  that 
the  laws  of  motion  were  less  simple  than  those  of  Newton. 
It  would  not  then  necessarily  follow  that  an  atom  consisting 
of  more  than  one  strain-figure  would  possess  the  same  complex 
dynamical  properties,  though  I  am  not  aware  of  any  evidence 
that  the  separate  atoms  or  molecules  of  a  substance  move  in 
accordance  with  Newton's  laws. 

Of  course  the  0])eration  described  in  §  2  is  not  intended  to 
represent  i\\Q  formation  of  a  strain-figure,  but  merely  to  show 
that  the  existence  of  such  a  distribution  is  conceivably  possible. 
If  the  ultimate  fluid  had  long  ago  possessed  motion  of  the 
most  general  kind,  w^e  might  imagine  its  present  condition  to 
be  due  to  the  degeneration  of  that  motion  into  a  fine-grained 
turbulence  ;  and  if,  in  the  quasi-solid  so  constituted,  the 
existence  of  strain-figures  were  possible,  it  seems  not  unlikely 
that  such  would  incidentally  have  been  formed,  unless  the 
motion  fulfilled  special  conditions.  I  would  suggest  then, 
very  tentatively,  that  if  the  distrihation  of  motion  in  the  ultimate 
fluid  had  fulfilled  certain  special  conditions^  there  would  have  been 
no  atomic  matter  in  the  universe,  and  that  the  existence  of  matter 
as  we  knoic  it  is  an  indication  that  such  conditions  were  loanting. 

C^oncerning  the  i)0ssibility  of  the  "  transmutation ''  of 
elements,  this  investigation  leads  to  no  immediate  conclusion, 
but  any  conceivable  superposition  of  two  strain-figures  would 
probably  involve  only  finite  potential  energy,  so  that  the 
effect  of  a  ver}-  severe  direct  encounter  might  be  to  make  the 
two  strain-figures  pass  through  one  another.  It  seems  pos- 
sible, too,  that  at  some  stage  of  the  impact  the  distribution 
might  resolve  itself  into  one  or  more  strain-figures  of  a 
different  kind,  the  entire  effective  mass  not  being  necessarily 
the  same  as  before. 
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15.  It  may  be  rcmarkcnl  tliat,  aeconlino-  to  the  assumptions 
of  this  paper,  every  motion  in  the  tuiiverse  is  nltiniatoly  ilue 
to  stationary  motion  in  a  quasi-sohd  medium.  This  medium, 
which  extends  through  all  kno^vn  space,  is  supposed  to  be  (at 
least  appreciably)  perfect  in  its  elastic  properties,  that  is,  free 
from  viscous  yiehlino-  and  internal  friction ;  and  its  ever 
changing  distribution  of  stress  and  strain  is  to  be  held 
accountable  for  all  observed  phenomena. 

IG.  The  subject  of  this  paper  being  now  explained,  so  far 
as  the  vagueness  of  my  own  views  will  allow,  the  fundamental 
proposition  may  be  stated  as  follows  : — 

-.4  given  portion  of  matter  consists,  not  of  any  individual 
portion  of  ait  her  eal  or  other  substance,  hut  of  modifications  in  the 
structure  or  energy  or  other  tpialities  of  the  ather,  and  tchen 
matter  moves  it  is  merely  these  modifications  of  structure  or  of 
energy  or  of  other  qualities  ivhich  are  transferred  from  one 
portion  of  the  a;ther  to  another. 

The  strain-figure  has  here  been  almost  exclusively  con- 
sidered, and  we  have  seen 

(i)  That  provided  the  motion  is  slow  compared  with  a 
certain  velocity  V  (§  4),  a  strain-tigure  will  encounter  no 
resistance  in  travelling  through  the  fcther,  and  will  obey  laws 
of  motion  which  include  Newton's  Laws  as  a  particular  case. 

(ii)  That  gravitative  and  iuter-atomic  forces  may  possibly 
be  supposed  to  arise  from  the  stresses  which  accompany  the 
distribution  of  strain. 

(iii)  That  a  collision  between  two  single  strain-figures 
would  not  set  them  vil)rating,  so  that  an  atom  consisting  of 
strain-figures  would  have  a  finite  number  of  degrees  of  free- 
dom, as  required  by  the  dynamical  theory  of  heat. 

(iv)  That  the  size  and  nature  of  possible  strain-figures, 
and  therefore  also  of  possible  atoms,  would  be  limited  by  the 
conditions  of  equilibrium,  thus  giving  rise,  perhaps,  to  a 
discrete  series. 

On  the  other  hand,  it  is  a  special  difficulty  of  my  theory 
that  we  require  some  assumption  as  to  the  superposition  of 
strain-figures  to  account  for  the  fact  that  the  mass  of  a 
material  body  is  equal  to  the  sum  of  the  masses  of  its  con- 
stituent jxirticles. 

In  conclusion,  I  have  to  thank  Mr.  G.  H.  Bryan  for  his 
kindness  in  verifying  some  portions  of  the  analysis,  as  well  as 
for  a  suggestion  which  has  immensely  lessened  the  labour  of 
calculation. 

J!fote  added  November  21. 
In  the   discussion    which    followed    this    paper,   Professor 
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Fitzgerald  mentioned  tluit  in  bis  lectures  he  had  spoken  of 
matter  as  possibly  travelling  tbrougb  space  in  the  same  way 
that  a  drop  of  water  travels  through  a  block  of  ice.  The  idea 
involved  is  the  same  as  tbat  which  forms  the  basis  of  the  fore- 
going pages.  I  have  availed  myself  of  Profi^ssor  Fitzgerald^s 
criticism  to  amend  some  remarks  contained  in  the  earlier  part 
of  the  paper,  and  there  is  just  one  thing  more  which  I  should 
like  to  add.  Every  oj)inion  expressed  in  the  paper  is  not  to 
be  taken  as  an  essential  part  of  the  theory,  and,  indeed,  the 
most  I  can  ho})e  from  an  investigation  so  obviously  incomplete 
is  that  it  may  prove  suggestive  to  those  who  are  working 
at  the  subject. 

XIX.    On  the  ])ensitij  and  Composition  of  Dilute  Sidphunc 
Acid.—^o.  II.    ^Bij  A.  W.  RiJCKER,  M.A.,  F.E.S* 

IN  a  pa})er  on  the  "Densities  of  Sul])huric-Acid  Solutions,^' 
which  appeared  in  the  January  number  of  this  Magazine, 
Mr.  Pickering  has  replied  to  my  criticism  of  one  of  his  curves, 
which  was  published  in  September  (Phil  Mag.  Sept.  1891, 
}).  304).  I  propose  as  briefly  as  possible  to  indicate  the 
points  in  which  he  traverses  my  arguments,  and  the  reasons 
wh}'  I  do  not  think  that  his  conclusions  are  justified. 

(1)  Mr.  Pickering  objects  that  my  equation  is  "  of  a  com- 
plex and  highly  artificial  form."  The  question  as  to  what  is 
a  "  com})lex "  expression  may  be  more  or  less  a  matter  of 
opinion.  I  can  only  say  that  I  think  Mr.  Pickering  will 
find  that  my  equation  lends  itself  to  numerical  computation 
much  more  easily  than 

y  =  a  +  ha  +  ex-  +  dx^  +  ew'^  +fx^  +  ff^v*^, 

which  he  seems  to  consider  comparatively  simple. 

He  is  also  probably  aware  that  every  time  he  a]')plies  his 
bent  ruler  to  the  paper,  he  is  employing  a  curve  of  which  the 
equation  involves  elliptic  integrals  and  is  far  more  complex 
than  that  to  which  he  objects. 

Of  course  he  might  reply  that  the  short  jiortions  of  the 
elastic  curve  which  he  uses  might  be  expressed  with  sufficient 
accuracy  by  simpler  ap])roximate  formuhi^.  If  this  argument 
were  valid,  I  might  point  out  that  he  could  get  still  simpler 
results  and  reduce  all  his  curves  to  straight  lines  if  he  carried 
the  process  of  subtlivision  further.  It  is  in  general  the  case 
that  an  equation  which  represents  a  long  range  of  ex})eri- 
ments  will  be  more  complex  than  one  which  applies  to  a 
few  only.     This  affords  no  argument  against  its  use  as  an 

*  Commuuiciited  by  the  Author. 
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ompirical  expression  of  the  tacts  unless  the  number  of  con- 
stants involved  be  inordinately  larr!;o. 

This  brinfjs  me  to  the  second  of  Mr.  Pickering's  arouments. 

(2)  The  number  of  constants  in  my  equation  is  so  great  that 
a  close  agreement  with  his  results  is  not  surprising. 

I  reply  that  it  is  not  disputed  that  my  curve  covers  a  range 
greater  than  that  embraced  liy  three,  and  less  than  that 
embraced  by  five  of  his  curves.  If  we  assume  that  each  one 
of  these  curves  could  be  expressed  with  sufficient  accuracy  by 
means  of  approximate  formulge  each  of  which  involved  two 
disposable  constants  only,  it  follows  that  Mr.  Pickering- 
expresses  by  the  aid  of  6  and  10  constants  respectively 
ranges  of  which  the  first  is  somewhat  less,  and  the  st^cond 
somewhat  greater,  than  that  which  I  cover  by  means  of  7 
constants.  As  the  assumptions  I  have  made  are  extremely 
favourable  to  Mr.  Pickering,  tliis  shows  that  he  cannot  claim 
any  superiority  on  this  head. 

(3)  Mr.  Pickering  objects  to  the  numbers  given  by  those 
terms  in  my  equation  which  occurred  to  me  first  being- 
brought  into  harmony  with  experiment  by  means  of  another 
term. 

What  would  he  think  if,  when  a  computer  had  noticed  that 
the  results  of  certain  experiments  could  be  approximately 
expressed  by  means  of  the  circle 

9     I  O  9 

.«-  +  ?/''=)'-, 

he  was  thereby  debarred  (though  a  better  result  could  be 
thereby  obtained)  from  converting  the  circle  into  the  ellipse 

x\l-u^)  +  rf  =  r\ 

where  «  is  a  small  quantity.  It  is  often  only  by  first  using  a 
rough  approximation  that  a  formula  for  the  results  of  expe- 
riment can  be  framed. 

(4)  Mr.  Pickering  regards  the  last  term  in  my  equation  as 
a  "  hump,"  and  the  points  at  which  it  becomes  and  ceases  to 
become  important  as  "  marking  the  practical  starting  of  a 
fresh  order  of  things." 

This  may  be  answered  in  the  same  way  as  the  last  argument. 

The  values  of?/  given  by  the  two  equations  y^=r^  —  x^  and 

y'^  =  r^  —  x^[\—a^)   agree  when  x=0.     Does  Mr.   Pickering 

think  that  if  the  results  of  observation  are  expressed  more 

accurately  by  the  latter,  that  the  points  in   which  the  two 

corresponding  values  of  y  in  the  two  curves  become  noticeably 

different  mark  "  a  practical  starting  of  a  fresh  order  of  things  " 

111- 
m  the  ellipse. 

The  projection  of  the  ellipse  beyond  the  circle  is  an  integral 
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part  of  the  representation  of  the  experiments,  not  a  "  hump  " 
upon  a  fundamental  circle. 

The  only  case  in  Avhicli  Mr.  Pickerino's  point  of  view  is 
allowable  is  that  in  which  the  range  ex])ressed  by  the  curve 
assumed  to  be  fundamental  is  very  nuich  greater  than  that 
over  which  the  assumed  disturbance  extends.  In  the  case  of 
my  equation  this  is  not  so.  If  the  last  term  be  omitted,  the 
curve  fails  to  fit  the  experiments  over  more  than  half  the 
range  to  which  it  a])])lies,  and  fails  entirely  outside  that  range. 
The  first  terms  have  no  sort  of  claim  to  be  regardcul  as  funda- 
mental.    All  ar(;  ;dike  empirical  and  must  be  taken  together. 

Further  ]n-oofs  of  the  weakness  of  such  arguments  are  not 
wanting.  If  it  is  permissible  thus  to  separate  the  terms  of 
the  equation,  we  may  treat  them  in  other  ways. 

The  first  part  of  my  expression  gives  a  straight  line,  which 
expresses  Mr.  Pickering's  results  very  well  (and  with  a  slight 
modification  would  express  them  still  better)  between  •i(r94 
per  cent,  and  58"94  per  cent.  Above  the  latter  point  a  linear 
equation  does  not  suffice.  As  this  point  is  close  to  one  of 
Mr.  Pickering's  breaks  he  might,  by  dividing  my  equation 
thus,  have  argued  that  it  proved  the  existence  of  this  break  ; 
but  by  separating  the  terms  in  another  way  he  has  been  led 
to  the  opinion  that  this  is  the  only  break  which  the  equation 
satisfactorily  lu'idges. 

A  method  of  manipulating  the  symbols  which  leads  to  such 
discordant  results  is  self-condemned.  When  Professor  Lodge 
condemned  in  'Nature'  the  use  of  empirical  equations  for 
detecting  discontinuities,  Mr.  Pickering  disclaimed  the  method. 
He  is  now  using  it  in  his  defence,  lie  makes  different 
equations  of  my  one  by  leaving  out  various  terms  at  pleasure, 
and  then  proceeds  to  argue  as  though  they  had  some  physcical 
meaning. 

(5)  Mr.  Pickering  contends  that  my  curve  extends  to  so 
small  a  distance  beyond  the  first  and  last  break  alleged  to 
exist  within  its  range  that  it  cannot  be  regarded  as  having 
bridged  them. 

Had  I  started  close  to  one  of  Mr.  Pickering's  breaks,  he 
would  no  doubt  have  argued  that  the  fact  that  my  curve  did 
not  apply  beyond  it  proved  the  existence  of  a  discontinuity. 
His  conclusions  would,  however,  have  been  disproved  had  I 
shown  that  his  experimental  results  coulil  be  equally  well 
represented  by  a  series  of  discontinuous  curves,  each  of  which 
began  within  the  range  of  a  part  of  the  curve  which  he  con- 
sidered continuous,  and  bridged  continuously  a  part  which  he 
regarded  as  discontinuous.  If  these  new  curves  had  the  same 
average  length  as  his  own,  the  distances  of  their  extremities 
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from  his  breaks  Avould  have  been  (>qual  to  half  the  average 
length  of  his  curves.  This  operation  is  in  eftect  tliat  which 
I  have  performetl,  except  that  I  have  fused  into  one  the  four 
curves  which  would  have  been  necessary  to  cover  the  range 
considered  ;  but  the  condition  still  holds,  that  an  overlap 
at  the  extremities  about  equal  to  half  the  range  of  one  of 
Mr,  Pickering's  curves  is  adequate. 

Mr.  Pickering  finally  finds  seventeen  breaks  between  0  per 
cent,  and  100  per  cent.  ;  /.  e.  he  divides  the  curve  into 
eighteen  parts,  the  average  range  of  which  is  5*5  per  cent. 
Half  of  this  is  2*7  per  cent.,  and  the  overlaps  of  my  curve  are 
2'5  per  cent,  and  4  per  cent,  at  the  two  ends  respectively. 

It  is  true  that  the  distance  between  the  breaks  under  con- 
sideration is  considerably  over  the  average  for  the  whole 
range  ;  but  that  no  argument  can  be  based  on  this  is  proved 
by  the  fact  that  in  one  case  (viz.  between  72'8  per  cent,  and 
78  per  cent.)  it  is  a  little  less  than  the  average. 

As  to  Mr.  Pickering's  argument  in  the  footnotes  on  p.  138, 
in  which  he  urges  the  uncertainty  of  his  own  observations  in 
support  of  the  view  that  the  end  of  my  curve  may  be  nearer 
to  a  break  than  appears  from  the  nmul)ers  he  himself  quotes, 
I  can  only  say,  that  a  research  cannot  be  propped  up  by  its 
own  uncertainty. 

I  have  discussed  these  arguments  of  Mr.  Pickering  because 
I  wish,  as  far  as  possible,  to  meet  him  on  his  own  ground,  but 
I  must  frankly  say  that  I  do  not  think  the  discussion  can  with 
advantage  be  carried  further,  and  I  hope  that  he  will  not 
think  that  I  admit  the  validity  of  any  further  arguments  he 
may  adduce  if  I  do  not  answer  them. 

No  definite  mathematical  method   for  decidino-   how  the 

•  -I 

results  of  a  group  of  experiments  can  best  be  graphically  or 
analytically  respresented  exists. 

Hence  the  discussion  becomes  a  wearisome  argument  as  to 
how  a  ruler  may  be  held,  whether  curves  have  "  humps  "  and 
the  like. 

I  have  answered  Mr.  Pickering's  arguments  on  such  points 
because  I  wished  at  the  end  to  take  a  wider  point  of  view 
without  beinfj  charged  with  havinf?  evaded  them. 

The  state  of  the  question  appears  to  me  now  to  be  as 
follows  : — 

Mr.  Pickering  claims  to  have  established  the  existence  of 
certain  hydrates  of  sulphuric  acid  by  detecting  discontinuities 
in  the  curves  which  represent  the  physical  properties  of 
solutions  of  the  acid.  He  asserts  that  the  evidence  is  cumu- 
lative, but  it  would  avowedly  take  months  to  examine  it  all  in 
minute  detail.  I  have  therefore  sam])led  it.  I  took  what  I 
have  every  reason  to  believe  Mr.  Pickering  considers  to  be 
the  best  part  of  his  work,  the  determination  of  the  densities. 
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I  clioso  that  one  of  the  four  curves  which  appeared  to  me 
(judging  from  Mr.  Pickering^s  figures)  to  be  based  on  ob- 
servations wliicli  were  especially  free  from  abnormal  errors. 

I  chose  that  ])art  of  this  curve  which  passed  through  the 
percentage  corresponding  to  the  hydrate  which  Mr.  Tickering 
has  isolated,  and  a  range  which  is  about  one  third  of  the 
whole.  As  the  result  there  are  now  extant  three  representa- 
tions of  the  part  of  the  curve  which  I  studied  :■  — 

(1)  Mr.  Pickering's  drawings,  which  show  four  discon- 
tinuities. 

(2)  My  curve,  which  Mr.  Pickering  frankly  admits  agrees 
with  the  "experimental  resiilts  just  as  satisfactorily  as  [his] 
own  drawings  do  '^  (j).  13G). 

(3)  Mr.  Pickering  has  himself  put  forward  a  new  solution 
(footnote,  p.  141)  in  which  he  divides  the  range  into  two 
parts  by  means  of  two  curves,  which  agree  with  my  single 
curve  so  closely  that  he  himself  states  "  that  the  magnitude  of 
the  error  will  not  help  us  to  decide  between  their  respective 
merits.'* 

Now  amid  all  the  discussion  as  to  whether  the  results  are 
best  represented  by  continuous  or  discontinuous  curves,  one 
thing  is  certain.  Any  peculiarity  in  a  curve  on  which 
argument  is  founded  must  be  proved  to  be  outside  the  error 
of  experiment.  No  weight  can  be  attached  to  a  representa- 
tion which  is  not  unique  in  the  sense  that  no  other  is  com- 
patible with  the  observations  when  all  allowance  is  made  for 
experimental  error.  Mr.  Pickering's  first  solution  (the  four- 
break  one)  is  not  unique.  He  has  himself  offered  another 
(one  break)  and  I  have  contributed  a  third  (no  breaks),  all  of 
which  by  his  own  admission  are  such  "  that  the  magnitude  of  the 
error  will  not  help  us  to  decide  between  their  respective  merits.''^ 
Put  briefly,  the  observations,  accurate  and  numerous 
as  they  are,  are  not  accurate  enough  and  not  numerous 
enough  to  decide  whether  the  18°  density  curve  is  or  is  not 
discontinuous  between  47  per  cent,  and  80  per  cent.  This  is 
wdiat  I  claimed  to  have  established,  and  Mr.  Pickering  has 
joined  forces  with  me  by  producing  a  second  solution  of  his  own. 

As  to  the  deductions  which  are  to  be  drawn  from  this 
conclusion,  I  have  previously  expressed  the  opinion  that  Mr. 
Pickering  will  enjoy  a  certain  dialectical  advantage  until 
some  of  his  other  curves  have  been  examined  in  detail,  and 
that  I  do  not  intend  to  undertake  that  examination  (which  will 
be  lengthy  and  troublesome)  myself. 

Absolutely  convinced,  as  of  course  I  am,  of  his  bo7ia  fides, 
I  am  not  disposed  to  ignore  his  arguments  as  to  the  con- 
cordance of  his  results,  or  to  generalize  hastily  from  my  own 
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investigation.  1  do  not  therefore  either  aitirm  or  deny  his 
conchisions.  I  do  affirm  that  they  are  supported  by  a  rope 
of  arounient  to  the  strength  of  which  the  one  strand  which  I 
have  tested  contributes  notln'ng.  It  is  difficult  to  believe  in 
discontinuities  which  their  discoverer  himself  abandons  in  the 
heat  of  arcrument  by  showing  that  his  original'  solution  may 
be  replaced  by  another  in  which  three  may  be  entire  curves 
and  parts  of  two  others  replaced  by  two  only. 

XX.   On  the  Theory  of  Surface  Forces. — II.    Compressible 
Fluids.     By  Lord  Rayleigh,  Sec.  R.S.* 

IN  the  first  part  of  the  paper  published  under  the  above  title 
(Phil.  Mag.,  Oct.  and  Dec.  1890)  the  theory  of  Young 
and  Laplace  was  considered,  and  further  developed  in  certain 
directions.  The  two  leading  assumptions  of  this  theory  are 
(1)  that  the  range  of  the  cohesive  forces,  though  very  small 
in  com])arison  with  the  dimensions  of  ordinary  bodies,  is 
nevertheless  large  in  comparison  with  molecular  distances,  so 
that  matter  may  be  treated  as  continuous  ;  and  (2)  that  the 
fluids  considered  are  incompressible.  So  far  as  I  am  aAvare, 
there  is  at  present  no  reason  to  suppose  that  the  applicability 
of  the  results  to  actual  matter  is  greatly  prejudiced  by  imper- 
fect fulfilment  of  (1) ;  but,  on  the  other  hand,  the  assumption 
of  incompressibility  is  a  somewhat  violent  one,  even  in  the 
cases  of  liquids,  and  altogether  precludes  the  application  of 
the  theory  to  gases  and  vapours.  In  the  present  communica- 
tion an  attempt  is  made  to  extend  the  theory  to  compressible 
fluids,  and  especially  to  the  case  of  a  liquid  in  contact  with 
its  own  vapour,  retaining  the  first  assumption  of  continuity, 
or  rather  of  ultimate  homogeneity.  There  will  not  be  two 
opinions  as  to  the  advantage  of  the  extension  to  compressible 
fluids  ;  but  some  may  })erhaps  be  inclined  to  ask  whether  it  is 
worth  while  to  spend  labour  iq)on  a  theory  which  ignores  the 
accumulated  evidence  before  us  in  favour  of  molecular  struc- 
ture. To  this  the  answer  is  that  molecular  theories  are 
extremely  difficult,  and  that  the  phenomenon  of  a  change  of 
state  from  vapour  to  hquid  is  of  such  extreme  importance  as 
to  be  worthy  of  all  the  light  that  can  be  thrown  upon  it.  We 
shall  see,  I  think,  that  a  sufficient  account  can  be  given 
without  introducing  the  consideration  of  molecules,  which  on 
this  view  belongs  to  another  stage  of  the  theory. 

Ifp  denote  the  ordinary  hydrostatical  pressure  at  any  point 
in  the  interior  of  a  self-attracting  fluid,  p  the  density,  and  V 
the  potential,  the  equation  of  equilibrium  is 
*  Communicated  by  the  Author. 
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dp=pdN (1) 

If,  as  \vc  shall  hero  suppose,  the  matter  be  arranged  in  plane 
strata,  the  expression  for  the  potential  at  any  point  is 

.         Y=-l'jTV%'ir[z)dz, (2) 

where  p  is  the  density  at  a  distance  z  from   the  point  in 
question.     Expanding  in  series,  we  may  write 


,       _^    dp  ^    z'-    .Pp_^ 


so  that 
where 


V  =  2K.p  +  2L^^+...,     ....     (3) 


d: 


K=27rr    ir{z)d.:,     L  =  7r  f    c^W  ^~.    ...     (4) 
Jo  Jo 

The  integrals  involving  odd  powers  of  z  disappear  in  virtue  of 
the  relation  ^fr{—z)=■\Jr{:). 

Wo  may  use  (3)  to  form  an  expression  for  the  pressure 
applicable  to  regions  of  uniform  density  (and  potential). 
Thus,  integrating  (1)  from  a  place  where  p=Pi  to  one  where 
p=p2,  we  have 

P,-p,  =  SpdY=[pY]-^Ydp 

=  2K{p,'^p,')-^dp\2Kp  +  2Ld'pldz'  +  ...} 

=  K(po'-p,')-^dp{2Ld'p/dz'  +  ...\. 

In  the  latter  integral  each  term  vanishes.     For  example, 

and  at  the  linn'ts  all  the  diiferential  coefficients  of  p  vanish 
by  supposition.  Thus,  in  the  application  to  regions  of  uniform 
density — uniform,  thai:  is,  through  a  space  exceeding  the  range 
of  the  attractive  forces, 

P2-pi  =  'K{p2--pi-); (5) 

or,  as  we  may  also  write  it, 

/'  =  t3-  +  Kp-, (6) 

whore  t3-  is  a  constant,  denoting  what  the  value  of  p  would  be 
in  a  region  whore  p  =  0.  We  may  regard  sr  as  the  external 
pressure  operative  upon  the  fluid.     Equation  (a)  may  also  be 
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obtained,  less  analytically,  by  the  argument  employed  upon  a 
former  occasion*,  and  still  more  simply  perhaps  by  considera- 
tion of  the  forces  operative  upon  the  entire  mass  of  fluid 
included  between  the  two  strata  in  question  regarded  as  a 
gid  body.  It  is  very  important  to  remember  that  it  ceases 
to  applii  at  places  xvhere  p  is  varyimi,  and  that  unless  the  strata 
are  plane  it  requires  correction  even  iu  its  application  to 
regions  of  uniform  density. 

In  the  case  of  a  uniform  medium,  (6)  gives  the  relation 
between  the  external  pressure  ot,  measured  in  experiments, 
and  the  total  internal  pressure  p,  found  by  adding  to  the 
former  the  intrinsic  pressure  l\p^.  By  the  constitution  of  the 
medium,  independently  of  the  self-attracting  property,  there 
is  a  relation  between  p  and  p,  and  thence,  by  (6),  between 
■UT  and  p.  If  we  suppose  that  the  medium,  freed  from  self- 
attraciion,  would  obey  Boyle's  law,  y>  =  /p,  and 

'oj^hp-^p^ (7) 

According  to  (7),  when  p  is  very  small,  ot  varies  as  p.  As 
p  increases,  ct  increases  wuth  it,  until  p  =  kl'2Yi^  when  -ar 
reaches  a  maximum.  Beyond  this  point  ot  diminishes  as  p 
increases,  and  this  without  limit.  The  curve  which  represents 
the  relationship  of  ot  and  p 
is  a  parabola  ;  and  it  is  evi-  Fig.  1. 

dent  that  all  bevond  the  _ 
vertex  represents  unstable 
conditions.  For  at  any  point 
on  this  portion  the  pressure 
diminishes  asp  increases.  If, 
therefore,  the  original  uni- 
formity W'ere  slightly  dis- 
turbed, without  change  of 
total  volume,  one  part  of 
the  fluid  becoming  denser 
and    the    other   rarer    than 

before,  the  latter  would  tend  still  further  to  expand  and  the 
former  to  contract.  And  according  to  our  equations  the  col- 
lapse would  have  no  limit. 

Points  on  the  parabola  between  0  and  the  vertex  represent 
conditions  which  are  stable  so  far  as  the  interior  of  the  fluid 
is  concerned,  but  it  may  be  necessary  to  consider  the  action 
of  the  walls  upon  the  fluid  situated  in  their  neighbourhood. 
The  simplest  case  is  when  the  containing  vessel,  which  may 
be  a  cylinder  and  piston,  exercises  no  attraction  upon  the 
fluid.  The  fluid  may  then  be  compressed  up  to  the  vertex  of 
*  "On  Laplace's  Theory  of  Capillarity,"  Phil.  Mag.  Oct.  1883. 
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the  parabola  without  losing  its  iiniformity  or  becoming  un- 
stable. If,  however,  there  be  sutHcient  attraction  between 
the  walls  of  the  vessel  and  the  tluid,  instability  leading  to 
total  colla])se  will  set  in  before  the  vertex  is  reached. 

It  will  be  seen  that  condensation  to  a  denser  state  is  easily 
explained,  without  any  reference  to  molecules,  as  a  direct 
consequence  of  self-attraction  in  a  medium  otherwise  obepng 
Boyle^s  law.  The  objection  that  may  be  raised  at  this  point 
is  rather  that  the  explanatioii  is  too  good,  inasmuch  as  it 
points  to  indefinite  colla})se,  instead  of  to  a  high,  but  finite, 
contraction  in  the  condensed  part. 

A  simple  and  well-known  modification  provides  an  escape 
from  a  conclusion  which  follows  inevitably  from  a  rigorous 
a])plication  of  Boyle's  law.  A  provision  is  required  to  prevent 
extreme  collapse,  and  this  we  may  find  in  the  assumption  that 
a  constant  must  be  subtracted  from  the  volume  in  order  to 
ol)taiu  the  quantity  to  which  the  pressure  is  proportional. 
In  this  case  it  is  usual  and  convenient  to  express  the  relation 
by  the  volume  v  of  the  unit  mass,  rather  than  by  the  density. 

We  have  r       i\  ^     + 

p[y-—o)  ■—  constant. 


or 


(zT  +  K/u^)(y  —  h)  =  constant, 


(8) 


Fie:.  2. 


the  well-known  equation  of  Van  der  Waals.  Here  h  is  the 
smallest  volume  to  which  the  fluid  can  be  compressed  ;  and 
under  this  law  the  collapse  of  the  fluid  is  arrested  at  a  cer- 
tain stage,  equilibrium  being  attained  when  the  values  of  -ct  are 
again  equal  for  the  condensed  anduncondensed  partsof  the  fluid. 
According  to  (8),  there  are  three  values  of  v  corresponding 
to  a  given  ot.  Below  the  critical  temperature  the  three 
values  are  real,  and  the  isothermal  curve  assumes  the  form 
A  B  ( J  D  E  F  G  H  (fig.  2)  suggested  by  Prof.  James  Thomson. 
The  part  D  F  is  unrealizable  for 
a  fluid  in  mass,  being  essen- 
tially unstable  :  but  the  parts 
A  D,  F  H  represent  stable  con- 
ditions, so  far  as  the  interior 
of  the  homogeneous  fluid  is 
concerned.  The  line  C  G  re- 
presents the  (external)  pressure 
at  which  the  vapour  can  exist 
in  contact  with  the  licpiid  in 
mass,  and  the  isothermal  found 
by  experiment  is  usuallv  said 
to  be  H  G  E  C  B  A.  This  state- 
ment can  hardly  be  defended. 
If  a  vapour  be  compi-essed  from  H  through  G,  it  can  only 
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travel  along  the  straight  line  from  G  towards  E  under  very 
peculiar  conditions.  Apart  from  the  action  of  the  walls  of 
the  containing  vessel,  and  of  suspended  nuclei,  the  ])ath  from 
G  to  F  nmst  be  followed.  The  path  from  G  to  E  implies  that 
the  vapour  at  G  is  in  contact  with  the  licpiid  in  mass.  This 
is  by  su})positiou  not  the  case  ;  and  the  passage  iu  question 
could  only  be  the  result  of  foreign  matter  whose  properties 
happened  to  coincide  with  those  of  the  liquid.  If  the  walls 
attract  the  vapour  less  than  the  va})Our  attracts  itself,  they 
cannot  promote  condensation,  and  the  path  H  G  F  must  be 
l)ursued.  In  the  contrary  case  condensation  must  begin 
before  G  is  reached,  although  it  may  be  to  only  a  limited 
extent.  Probably  the  latter  is  the  state  of  things  usually  met 
with  in  practice.  So  soon  as  the  walls  are  covered  with  a 
certain  thickness  of  liquid,  the  path  coincides  with  a  portion 
of  GEO,  and  the  angle  at  Gis  only  shghtly  rounded  o^. 

Similar  considerations  apply  at  the  other  end  of  the  straight 
course.  If  the  liquid  be  expanded  through  C,  it  will  not,  in 
general,  pass  along  C  E,  but  will  continue  to  pursue  the  curve 
0  D,  and  will  even  attain  the  limit  D,  if  the  attraction  of  the 
walls  upon  the  liquid  be  not  less  than  that  of  the  liquid  upon 
itself.  In  the  contrary  case  separation  will  suddenly  occur  at 
a  point  upon  the  wall,  a  bubble  of  vapour  will  be  formed,  and 
a  point  on  the  straight  line  C  E  will  be  attained.  It  is  thus 
scarcely  conceivable  that  a  fluid  should  follow  the  broken 
course  A  B  C  E  G  H  without  some  rounding  of  the  corners,  or 
else  of  overshooting  the  points  C,  G,  with  subsequent  precipi- 
tation upon  the  line  C  E  G. 

A  very  important  question  is  the  position  of  the  line  0  G. 
Maxwell  *  showed  that  inasmuch  as  the  area  of  the  curve 
represents  work  performed  at  a  constant  temperature,  it  must  be 
the  same  for  the  complete  course  as  for  the  broken  one.  The 
line  C  G  is  therefore  so  situated  as  to  cut  off  equal  areas  above 
and  below. 

This  discussion  is  of  course  quite  independent  of  the  precise 
form  of  the  relation  between  p  and  v.  All  that  is  necessarv 
is  such  a  modification  of  Boyle's  law  at  great  densities  as  will 
secure  the  fluid  against  indefinite  collapse  under  the  influence 
of  its  self-attraction. 

We  will  now  pass  to  the  question  of  the  transition  from 
liquid  to  vapour,  still  supposing  the  strata  to  be  plane.  This 
is  a  problem  considered  by  Maxwell  iu  his  article  upon 
"Capillary  Action"  in  the  EiicyclopcBdia  Britaiinica  f;  but 

*  '  Nature,'  vol.  xi.  p.  358,  1875 ;  Reprint,  vol.  ii.  p.  418. 
t  Reprint,  vol.  ii.  p.  560. 
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liis  solution  appears  to  me  to  ))e  vitiated  by  more  than  one 
oversight.  By  differentiation  of  (6)  he  obtains  (with  A  written 
for  K) 

dp  =  2Ap  dp, 
and  thence,  by  (1), 

2Apdp=pdY; 
so  that 

V  =  2Ap  +  constant. 

In  tlie  subsequent  argument  the  identity  of  A  with  K  is 
overlooked  ;  and  the  whole  i)rocess  is  vitiated  by  the  illegiti- 
mate differentiation  of  (G),  Avhich  is  only  ap])licable  at  places 
where  p  is  not  varying.  The  final  result,  which  a])pears  to 
be  arrived  at  without  any  assumption  as  to  the  physical  con- 
nexion between  p  and  p,  is  thus  devoid  of  significance. 

Let  us  integrate  (1)  from  a  place  in  the  vapour  round 
which  the  density  has  the  uniform  value  p,  to  a  place  in  the 
liquid  where  the  uniform  density  is  pg.     Thus 

C^=y2-y^  =  2K{p,-p,),.     .     .     .     (9) 
J(i)   ^ 

by  (o).  The  external  pressure  is  uniform  throughout,  and 
may  be  denoted  by  ■nr';  and  by  (6), 

^'=/'i— Kpi-=/>2  — Kp2- (10) 

At  places  where  p  is  varying,  that  is  in  the  transitional  layer, 
OT,  as  given  by  (G),  does  not  represent  the  external  pressure ; 
but  we  will  still  regard  it  as  defined  analytically  by  (6). 
Thus 

J(,)   P       J(»  PV^P  I  J(^)pdp 

By  comparison  of  (9)  and  (11), 

(2)  1   dzT 

dp^O', (12) 


J' 


'(I)  P  dp 
or  on  integration  by  parts, 

P     ^ 

The  values  of  tn-  at  the  limits  are  the  same,  and  have  been 
denoted  by  ot'.     Hence 

—^dp=0 (13) 


LpJ(i)    J(i) 


[ 


(1)     P 
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Since  dp/p'  (xdv,  this  equation,  obtained  by  purely  hydro- 
stjitieal  methods  applied  to  the  liquid  and  vapour  and  the 
layer  of  transition  between  them,  has  precisely  the  same  sig- 
nificance as  Maxwell's  theorem  upon  the  position  of  the  line 
C  G  in  J.  Thomson's  diagram.  In  that  theorem  ct  represents 
the  external  pressure  that  would  be  exerted  by  the  fluid  in 
various  states  of  uniform  density,  some  of  which  are  not 
realizable.  In  the  subject  of  the  present  investi(>ation  all  the 
densities  intermediate  between  those  of  the  vapour  and  liquid 
actually  occur  ;  but,  except  at  the  extremities,  -sr  no  longer 
represents  external  pressure. 

The  explanation  of  the  stable  existence  in  the  transitional 
layer  of  certain  densities  which  would  be  unstable  in  mass, 
depends  of  course  upon  the  fact  that  in  the  transitional  layer 
the  complete  self-attraction  due  to  the  density  is  not  developed 
in  consequence  of  the  rapid  variation  of  density  in  the 
neighbourhood. 

The  distribution  of  density  in  the  transitional  layer,  and  the 
tension  of  the  surface,  can  only  be  calculated  upon  the  basis  of 
a  knowledge  of  the  physical  constitution  of  the  fluid  as  ex- 
pressed by  the  relation  between  p  and  p,  and  by  the  law  of 
self-attraction.  Poissou's  contention  that  the  surface-tension 
cannot  be  found  upon  the  supposition  of  an  abrupt  transition 
from  the  liquid  to  its  vapour  is  evidently  justified  ;  and  since 
the  thickness  of  the  layer  of  transition  is  necessarily  of  the 
order  of  the  range  of  the  attraction,  it  follows  that  the  cor- 
rection for  gradual  transition  is  not  likely  to  be  small.  A 
complete  calculation  of  a  particular  case  would  be  of  interest, 
even  on  rather  forced  suppositious;  but  the  mathematical 
difficulties  are  considerable.  An  approximate  investigation 
might  be  conducted  as  follows  : — 

From  (1)  and  (3), 


J 


p  '^  dz- 


If  we  neglect  the  terms  in  d'^p/dz'^,  &c.,  this  becomes 

^^§=j7-^K.p=/(p)-2K.p,      .     .     (14) 

where  f(p)  —ylplp   is  a  function  of  p  given  by  the  consti- 
tution of  the  medium. 

Equation  (14)  may  now  be  integrated  by  quadratures. 


^  (iy=j/(/^)^/'-v, 
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and 

z=U^[^Ap)dp-'^p'Y^  dp (15) 

It  is  i)0ssil)le  that  a  gra])liical  process  would  be  found  suitable. 
Equation  (1-4)  determines  the  curvature  at  any  point  of  the 
curve  representing  iX\Q  relation  between  p  and  z  in  terms  of 
the  coordinates  and  the  slope, 

When  the  relation  between  p  and  z  is  known,  the  calcula- 
tion of  the  surface-tension  is  a  matter  of  quadratures.  Probably 
the  simplest  way  of  considering  the  question  is  to  regard  the 
free  surface  as  sjiherical  (liquid  within  and  vapour  without), 
and  to  calculate  the  difference  of  pressures. 

We  have  from  (1), 

/'2-i'i  =  [pV]-r'''v./p  =  2K(p2— pf)-^^^^^-^'    •   (16) 
J(i)  J(i)       "•^ 

~  being  measured  outwards  along  the  radius.     The  question  is 

thus  reduced  to  the  determination  of  V  at  the  various  points 

Fie:.  3. 


of  tlie  layer  of  transition,  for  all  of  which  r  =  Il  ap])roximately. 
Let  P  (fig.  3)  be  a  point  at  which  V  is  to  be  estimated, 
so  that  0P=~,  and  let  AQB  be  a  spherical  shell  of  radius 
~  — ^,  of  thickness  dX,  and  of  density  p'.  We  have  first  to 
estimate  the  potential  dY  of  this  shell  at  P. 
The  element  of  mass  at  Q  is 

p'.'Iir^n-ieddiz-^fdi;. 
If,  as  before,  <^(/')  express  the  ultimate  law  of  attraction,  and 

n(/)=Jl/)(/).//; 

we  have  to  multiply  the  above  element  of  mass   by  II(/). 
Now 

/=^  =  PQ2  =  e2  +  (.-0=^-2.(c-0cos^, 
so  that 

—  acos  t/=     ■    -  T. 
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The  element  of  tlio  potential  is  therefore 

In  the  intofjration  the  limits  of /'are  AP  and  BP.  The  former 
is  denoteil  l)y  ^,  ami  the  latter  may  be  identified  with  co  , 
since  z  or  11  is  supposed  to  be  a  very  large  multij)le  of  the 
range  of  the  forces.  Accordingly  for  the  potential  at  P 
of  the  whole  shell,  we  have 

^y^2V(.-r)rfff(?)^  .  .  .  .(17) 

where,  as  usual, 

t(r)=J''n(/)/.//.  ....   (18) 

To  find  the  whole  potential  at  P,  (17)  must  be  integrated  with 
respect  to  ^  from  —  --o  to  +  X) ,  p'  being  treated  as  a  function 
of  ^.  As  we  need  only  consider  P  near  the  layer  of  transition, 
z  in  (17)  may  be  identified  with  R. 

If  the  transition  is  continuous,  we  may  ex[)and  p'  in  the 
series 

^-^-^^/I+iTi;^^--"' 

and  then  at  the  point  P, 

+   R  J_  \hz  ^  17276  1?^  •  •  7'^(^)  '^^ 
'  dz'  dz  dz^ 

where  (as  in  Maxwell's  "  Capillary  Action  ") 

PJiil.  Mag.  S.  5.  Vol.  33.  No.  201.  Feb.  1892.  Q 
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When  (10)  is  iiuiltiplied  hj  dp/dz  and  integrated  across  the 
wliole  layer  of  transition,  we  get  for  the  p;irt  independent 
of  it, 

J(i)     "~ 

simply,  all  the  other  terms  in  L,  M,  .  . .  vanishing.     Hence 
by  (10),  with  integration  by  parts, 

The  first  term  upon  the  right  in  (21)  is  the  same  as  when 
the  strata  are  plane.  The  second  gives  the  capillary  tension 
(T),  and  we  conclude  that  when  the  transition  is  continuous 


-C(2)''-"C®" 


+ (22) 


From  these  results  we  see  that  "the  existence  of  a  capillary 
force  is  connected  with  suddenness  of  transition  from  one 
metliuin  to  another,  and  that  it  may  disap})ear  altogether  when 
tlu!  ti-ansition  is  sufficiently  gradual"'^. 

The  series  (22)  would  probably  suffice  for  the  calculation 
of  surface-tension  between  lie^uid  and  vapour  when  once  the 
hiw  connecting  p  and  ^  is  known.  It  is  possible,  however, 
that  its  convergence  would  be  inadecjuate,  and  in  this  respect 
it  must  certainly  fail  to  give  the  result  for  an  abru[)t  transition. 
In  the  latter  case,  where  the  whole  variation  of  density  occurs 
at  one  place,  (IG)  becomes 

p.^-.j>^  =  2K{p.f  —  p{')  —  {p..-p^)Y,    .     .     .     (23) 
V  relating  to  the  place  in  question.     And  by  (17) 

Thus 

/-,-y-,=:K(p;-'-pr)+2T/ll,  .     .     .     .     (2i) 

*  "  On  Lapliice's  Theory  of  Cai)illiuity,"  i'hil.  Ma^;-.  October  1863. 


Theory  of  Surface  Forces.  219 

if 

''^='^\  KM^)dK-ip,-p,Y,   .    .    .    (25) 

Jo 

where  (2.'))  ao;rees  with  tlio  vahie  of  the  tension  found  for  this 
case  by  Laplace. 

In  the  appUcation  to  a  spliere  of  liipiid  surroinnhMl  hy  an 
atniosj)here  of  vapour,  equations  (9),  (11),  (12)  remain  un- 
changed, in  spite  of  the  curvature  of  the  surface.  If  •or"  denote 
the  external  pressure  acting  upon  the  vapour, 

;>i=^"  +  lvr, (.m 

p,=^^"  +  Kp,'  +  2TIYi.     .     .     .     (27) 

The  symbol  ct  is  still  regarded  as  defined  algebraically  by 
(G),  so  that 

CT.rr:^",      OTo  =  ot"  +  2 T,  R {•l'^) 

Integrating  (12)  by  })arts,  we  find 


P-2  Pi  J(,)    P 

or  bv  {-l^), 

— ^f/p+f~=0 29) 

In  this  equation  -nr  is  a  known  function  of  p.  If  we  com- 
pare it  with  (lo),  where  -cr'  represents  the  external  pressure 
of  the  vapour  in  contact  with  a  plane  surface  of  liquid,  we 
shall  be  able  to  estimate  the  effect  of  the  curvature.  Ifc  is  to 
be  observed  that  the  limits  of  integration  are  not  the  same  in 
the  two  eases.  If  we  retain  pi,  pa  for  the  plane  surface,  and 
for  the  curved  surface  write  p^  +  hp^.  p.i  +  Spo,  we  have  from  (29) 

P/  Pi  Jp,         P  \i{p.  +  Sp,) 

or  l)v  (28), 

The  limits  of  integration  are  now  the  same  as  in  (K))j  ^o 
that  l)y  subtraction 

,    ,        „  /I        1\        2T 
\p.,       pj        iip.2 
or 

^"  =  -0:'+    -■^^•- (ol) 

p-2— pi 

Q-2 


220        Mr.  Callendar  on  Experiments  with  a  Platinum 

This  is  the  value  for  the  excess  of  vapour-pressure  in  equi- 
librium "with  a  convex  surface  that  is  olven  in  Maxwelfs 
"  Heat"  as  a  deduction  from  Sir  W.  Thomson^s  princi})le. 

The  application  of  this  j)rinci[)le  may  be  extendcul  in  another 
direction.  When  liquid  rises  in  a  capillary  tube  open  above, 
the  more  attenuated  vapour  at  the  upper  level  is  in  equilibrium 
with  the  concave  surface,  and  the  more  dense  vapour  below  is 
in  equilibrium  with  the  plane  surface  ot  the  li(|uid.  But,  as 
was  |)ointed  out  in  the  former  paper,  the  rise  of  liquid  is  not 
limited  to  the  height  of  the  meniscus.  Above  that  point  the 
walls  of  the  tube  are  coated  with  a  layer  of  fluid,  of  gradually 
diminishing  thickness,  less  than  the  range  of  forces,  and 
extending  to  an  immense  height.  At  every  point  the  layer  of 
fluid  must  he  in.  e<]uilihrium  xcith  the  vapour  to  be  found  at  the 
same  level.  The  data  scarcely  exist  for  anything  like  a  pre- 
cise estimate  of  the  effect  to  be  ex|)ected,  but  the  argument 
suffices  to  show  that  a  solid  body  brought  into  contact  with 
vapour  at  a  density  which  may  be  much  below  the  so-called 
point  of  saturation  will  cover  itself  with  a  layer  of  fluid,  and 
that  this  layer  may  be  retained  in  some  degree  even  in  what 
passes  for  a  good  vacuum.  The  fluid  composing  the  layer, 
though  denser  than  the  surroundiug  atmosphere  of  vapour, 
cannot  properly  be  described  as  either  liquid  or  gaseous. 

In  our  atmos])here  fresh  surfaces,  e.g.  of  split  mica  or  ol 
mercury,  attract  to  themselves  at  once  a  coating  of  moisture. 
In  a  few  hours  this  is  replaced,  or  supplemented,  by  a  layer  of 
grease,  which  gives  rise  to  a  large  variety  of  curious  pheno- 
mena. In  the  case  of  mica  the  fresh  surface  conducts  elec- 
tricity, while  an  old  surface,  in  which  presumably  the  moisture 
has  been  replaced  by  grease,  insulates  well. 


XXI.  Some  Experiments  with  a  Platiman  Pyrometer  on  the 
Melting-points  of  Gold  and.  Silver.  By  H.  L.  Callendak, 
M.A.,  Fellow  of  Trinity  College,  Cambridge* . 

[Plato  v.] 

I!N  a  pn])er  which  appeared  in  the  Philosophical  Magazine 
for  July  Ii591  I  alluded  to  some  experiments  I  had  made 
with  a  platinum  pyrometer  on  the  melting-point  of  silver,  and 
stated  that  the  readings  of  these  instruments  were  constant  to 
a  tenth  of  a  degree  at  temperatures  above  1000°  C. 

Through    the    kindness    of   Prof.    Roberts-Austen    I  have 
recently  had  an  opjiortunity  of  making  some  further  experi- 

*  CominuuicatLd  by  the  Author. 
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nients  on  tho  melting-points  of  ^old  and  silver  at  his  laboratory 
at  the  Royal  31  int.  Pro  lessor  Roberts- Austen  hiniselt"  sug- 
gested most  of  tlie  experiments,  and  verified  some  of  the 
observations.  The  results  are  interesting,  not  only  as  con- 
firming his  experiments,  but  also  as  showing  the  applicability 
of  the  j)latinum  pyrometer  to  tlie  accurate  observation  of  small 
changes  in  the  freezing-points  of  allovs  at  high  temperatures. 

The  {)yrometer  used  was  constructed  as  described  in  my 
previous  paper.  It  had  a  scale  of  1  centimetre  to  the  degree, 
and  the  galvanometer  was  so  sensitive  that  it  was  possible  to 
read  the  scale  tcifh  certainty  to  a  tenth  of  a  degree  at  1000°  C. 

The  first  experiment  was  an  observation  of  the  freezing- 
point  of  a  specimen  of  gold  containing  as  impurity  a  small 
percentage  (0'05)  of  silver,  which  Prof.  Rol>erts-Austen  has 
shown  to  have  very  little  effect  in  lowering  the  freezing-point, 
as  it  possesses  very  nearly  the  same  atomic  volume*.  It 
probably  tends  to  crystallize  out,  when  present  in  small 
quantities,  isomorphously  with  the  gold. 

About  10  ounces  of  gold  were  melted  in  a  clay  crucible  in  a 
small  Fletcher  oxygen  furnace  and  allowed  to  cool.  The 
temperature  of  the  metal  was  observed  to  fall  rapidly  till  the 
freezing-point  was  reached.  It  then  remained  steady  to  a 
tenth  of  a  degree  for  a  minute  or  two  at  jyt  =  902°"2  (on  the 
platinum  scale)  while  the  metal  was  solidifying.  The  gold 
was  then  ao;ain  melted  and  well  stirred  and  another  readino; 
was  taken.  The  result  found  was  pt  =  902°"3,  differing  by 
only  a  tenth  of  a  degree  from  the  preceding. 
•  In  order  to  test  the  effect  of  the  addition  of  silver  in  lower- 
ing the  freezing-point  the  mass  was  well  heated,  and  0*5  per 
cent,  of  silver  was  added  to  it.  A  rough  observation  taken 
while  cooling  gave  pt  =  901°-5.  The  metal  was  again 
cautiously  n)elted  and  continuously  stirred  while  cooling. 
An  ol)servation  of  the  freezing-point  gave /:»^  =901°"8.  This 
Avas  repeated  with  the  result  p^=  90 1°*9.  This  seems  to  show 
that  the  effect  of  silver  in  lowering  the  freezing-point,  though 
very  slight,  is  still  distinctly  appreciable. 

Some  observations  of  the  melting-point  of  the  metal  were 
taken  as  well  as  the  freezing-point,  but  it  w'as  not  found 
possible  to  make  the  conditions  during  heating  as  uniform  as 
during  cooling.  It  was  observed  th;it  the  temperature  rose 
rapidly  up  to  near  the  freezing-point  and  then  very  slowly 
for  2  or  3  degrees  till  the  whole  was  melted,  when  the  tem- 
perature again  rose  rapidly.  The  solid  metal  cannot  be 
stirred,  so  that  one  part  melts  before  the  other,  even  if  the 

*  Proc.  Roy.  Soc,  March  1691,  p.  355. 
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heat  be  very  gradually  and  iinit'orinly  applied  ;  but  it  was 
found  that  the  more  uniform  and  gradual  the  heating,  the 
more  closely  the  melting-point  agreed  with  the  freezing-])oint. 
In  one  case  the  whole  of  the  inetal  was  melted  within  half  a 
degree  above  the  freezing-point. 

An  experiment  was  then  tried  in  oi'der  to  ascertain  the 
effect  of  adding  aluminium  to  the  gold  contaminated  with 
silver.  The  gold-silver  alloy  was  raised  to  a  temperature 
about  10°  above  its  melting-point,  and  O'O  per  cent,  of  Al 
was  added  to  it  and  stirred  in  with  a  red-hot  ]iipe-clay  rod. 
Considerable  heat  was  evolved  in  the  combination.  As 
the  mass  cooled,  jiortions  of  the  metal  began  to  solidify  at 
the  bottom  at  a  temperature  very  little  lower  than  the 
freezing-point  of  gold,  but  there  was  no  well-defined  arrest 
in  the  fall  of  temperature  at  any  point.  A  layer  of  metal  at 
the  top  remained  in  a  gritty  and  pasty  condition,  as  tested  by 
the  stirrer,  and  did  not  ultimately  solidify  till  the  mass  had 
cooled  down  to  a  temperature  of  about  (500°  C 

The  pyrometer  was  then  melted  out  and  tested  for  change 
of  zero  by  comparing  it  with  a  mercury-thermometer  in  a 
vessel  of  cold  water.     No  change  of  zero  could  be  detected. 

An  experiment  was  next  tried  on  the  freezing-point  of  a 
nearly  pure  specimen  of  silver  (y9"97  per  cent.).  About 
7  ounces  of  the  metal  were  melted  as  before  in  the  oxygen 
furnace.  The  temperature  of  the  mass  did  not  become  quite 
steadv  during  solidification,  but  fell  slowlv  from  pt  =  &2d'l  to 
2jf  =  829-0. 

This  result  was  somewhat  unexpected.  In  my  own  expe- 
riments above  mentioned  I  had  used  some  27  ounces  of  silver, 
the  fineness  of  which  was  about  99'9  per  cent.  The  freezing- 
point  had  always  been  sharply  marked  within  a  tenth  of  a 
degree  of  ji>^=boO°'0  with  this  pyrometer.  With  the  purer 
specimen  now  used  we  expected  to  find  a  higher  result.  On 
repeating  the  experiment,  however,  the  same  efil'ect  was 
observed.  It  was  noticed  that  the  silver  began  to  "spit" 
violently  about  8°  below  its  freezing-point,  and  that  its  tem- 
perature fell  some  20°  very  ra})idlv  while  the  spitting  con- 
tinued*. In  my  previous  experiments  the  silver  had  been 
melted  in  a  gas-furnace  with  an  ordinary  air-blast  and  a 
reducing-flame,  and  I  had  noticed  very  little  spitting.  Prof. 
Roberts- Austen  su";oested  that  the  lowerino;  of  the  freezing- 


'f^O^ 


*  The  fall  of  temperature  Avas,  at  this  sta<re,  too  rapid  ta  allow  accurate 
observations  to  be  taken  witli  the  bridge-wire.  Subsequent  experiments 
by  a  different  method  show  that  "  spitting"  does  not  usually  begin  before 
814°  Pt.,  and  that  the  fall  of  temperature  is  more  rapid  if  there  is  no 
spitting. 
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point  in  the  present  case  was  probably  due  to  the  occlusion  of 
oxycren. 

The  silver  was  therefore  renielted  cautiously  with  a  smaller 
su)>ply  of  oxyfjen,  and  care  was  taken  not  to  heat  it  nianv 
deii,rees  above  its  nudtino-point.  Tlie  freezing-point  was  now 
nuudi  more  sharply  defined  at  pf  =  ii2\)°'S,  and  there  was  far 
less  spitting. 

The  experiment  was  again  repeated,  keeping  a  small  supply 
of  coal-gas  on  during  cooling  to  |)revent  the  absorption  of 
oxygen.  The  freezing-point  was  now  found  to  be  quite 
clearly  marked  at  pf  =  SoO°'l. 

The  above  observations  show  that  the  influence  of  the 
occluded  oxygen  cannot  be  neglected,  and,  further,  that  it  has 
the  effectj  like  many  other  impurities,  of  obliterating  the 
sharpness  of  the  freezing-point,  as  well  as  of  lowering  it. 
The  experiments  show,  however,  that  it  is  possible  to  obtain 
very  consistent  results  if  precautions  are  taken  to  prevent 
the  absorption  of  oxygen. 

The  silver  was  subsequently  remelted  and  0*5  per  cent,  of 
lead  was  added.  The  metal  soon  became  covered  with  a  tihn 
of  molten  oxide,  although  some  gas  was  left  on  to  retard  the 
oxidation.  The  freezing-point  of  the  alloy  was  fairly  well 
defined  at  pt  =  827'8.  On  taking  out  the  pyrometer  it  w^as 
noticed  that  the  lead  oxide  had  attacked  the  glaze  on  the 
porcelain  tube.  It  was  therefore  again  tested  in  cold  water, 
but  no  change  of  zero  could  be  detected. 

The  temperatures  so  far  have  all  been  expressed  on  the 
platinum  scale.  The  reduction  to  the  air-thermometer  scale 
is  still,  unfortunately,  subject  to  considerable  uncertainty. 

If  we  assume  the  empirical  formula 

t-pt^HtJIwf-t/m)}^   .   .    .    .    (d) 

which  holds  \erj  accurately  at  temperatures  up  to  500°  C, 
we  find  for  the  freezing-point  of  silver  the  value  i  =  U81°-G  C. 
according  to  this  pyrometer  (S=l*751). 

Becqnerel  and  Kiemsdyk,  however,  have  both  shown  that 
the  melting-point  of  silver  is  nearly  the  same  as  the  boiling- 
point  of  zinc.  The  latter  point  has  been  determined  by 
Deville  and  Troost*  with  a  porcelain  air-thermometer  with 
great  care.  They  find  the  figure  942°  C.  as  the  mean  of 
twenty-seven  observations  varying  between  954°  and   929°. 

*  Comptes  Itendm,  xc.  (1880),  p.  773.  Using  hydrogen  instead  of  air 
thev  found  values  between  9lG°  and  925" ;  uslug'  CO.,,  values  between 
1007°  and  107iP. 
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Le  Chatelier  lias  adopted  for  the  graduation  of  liis  thermo- 
couples the  value  1*45°  (J. 

r  ]iav(^  myself  made  some  direct  experiments  on  the  freezing- 
point  of  silver  by  means  of  air-tlierinometers  "with  small  bulbs, 
about  2  cubic  centim.  ca])acity,  ])oth  of  platinum  and  por- 
celain. These  experiments  point  to  a  similar  result,  but 
cannot  be  considered  very  satisfactory.  The  platinum  oc- 
cludes gas,  and  the  glaze  of  the  porcelain  cracks  so  that  the 
material  becomes  porous.  I  hope  shortly  to  be  able  to  make 
some  bulbs  of  fused  silica,  wliich  is  a  far  more  refractory 
material,  and  ought  to  give  bettcu'  results. 

If  we  take  for  the  present  the  value  945°  C,  and  assume 
that  the  coefficient  S  in  formula  {d)  is  of  the  form  {a  +  ht), 
we  find  for  this  pyrometer  a  =  2*050,  Z>=— '00065.  Assu- 
ming these  values,  we  find  for  the  freezing-point  of  gold  the 
figure  ;  =  1037°  C. 

This  is  lower  than  the  usually  accepted  figure  1045°  C, 
which  rests  mainly  on  the  experiments  of  Violle  ;  but  if,  as 
Roberts- Austen  tliinks  probable*,  Violle^s  determinations  of 
the  specific  heat  of  gold  are  low,  the  figure  he  (Violle) 
obtained  for  the  melting-point  of  gold  would  be  too  high. 
The  value  ^=1037°  C,  given  above,  may  therefore  prove  to 
be  the  more  correct. 

The  lowering  of  the  freezing-point  of  the  silver  by  the 
addition  of  0*5  per  cent,  of  lead  was  found  to  be  2°'3  on  the 
platinum  scale.  This  becomes  2°*y  when  reduced  to  the  air- 
thermometer  scale. 

The  alloy  was  subsequently  assayed  at  the  Mint  and  proved 
to  contain  0'54  per  cent,  of  lead.  This  corresponds  to  0*26 
atoms  of  lead  to  100  of  silver.  The  fall  produced  per  atom  is 
therefore  11°*2.  Assuming  the  latent  heat  of  fusion  of  silver 
to  be  21'07  (Person),  the  theoretical  fall  should  be  l2°-8. 
It  appears  that  the  composition  of  the  alloy  was  not  uniform, 
the  upper  portions  being  richer  in  lead.  The  agreement  with 
the  theoretical  fall  is  therefore  quite  as  close  as  could  be 
expected.  It  may  be  noted  that  Heycock  and  Neville  find 
that  silver  dissolved  in  lead  lowers  the  freezing-point  exactly 
to  the  extent  predicted  by  theory  on  the  assumption  that  its 
molecule  is  monatomic  in  solution. 

I  have  since  made  some  further  experiments  by  a  new 
method  with  a  view  to  investigate  more  particularly  the  con- 
ditions under  which  silver  absorbs  oxygen,  the  extent  to  which 
its  freezing-ponit  is  thereby  lowered,  and  the  temperature  at 
which  spitting  occurs. 

*  Proc.  Roy.  Soc.  March  1891,  p.  352. 
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To  ftieilitato  observations,  the  apparatus  was  so  arranged 
that  small  chann;os  of  temperature  could  be  followed  and 
recordeil  by  Avatching  the  movements  of  a  spot  of  light 
reflected  by  the  galvanometer-mirror  on  to  a  scale*.  The 
instrument  was  adjusted  so  thai  a  deflexion  of  40  millim.  on 
the  scale  was  equivalent  to  10°  Ft. 

The  silver  was  melted  in  the  usual  way  and  well  stirretl. 
The  resistances  in  the  box  were  adjusted  approximately  to  the 
balance.  Readings  of  the  position  of  the  spot  of  light  on  the 
scale  were  taken  at  intervals  of  10  seconds  as  the  mass  cooled. 
These  readings  were  ])lotted  in  the  form  of  curves,  as  shown 
in  Plate  V.,  giving  a  continuous  record  of  the  coolino;. 

The  uppermost  of  the  curves,  No.  1,  is  the  record  of  the 
cooling  of  silver  nearly  free  from  oxygen.  The  temperature 
fell  rapidly  to  830°,  the  noi-mal  freezing-point.  It  then 
remained  stationar}^  to  a  tenth  of  a  degree  for  about  two 
minutes  and  a  half.  The  lower  part  of  the  silver  having  by 
this  time  completely  soliditied  while  the  upper  part  was  still 
partially  liquid,  the  temperature  began  to  fall,  slowly  at  first, 
and  after  about  two  minutes,  when  the  whole  mass  was  solid, 
very  rapidly.  A  little  spitting  was  noticed  between  810°  and 
805°  Pt.,  but  it  was  extremely  slight  and  faint. 

The  silver  was  then  remelted  and  heated  up  to  about 
890°  Pt.  Oxygen  was  blown  through  it  for  about  30  or  40 
seconds.  This  time  the  temperature  fell  to  ^'2Ci°,  as  shown 
in  curve  No.  2,  before  it  began  to  freeze.  The  temj)era- 
ture  remained  nearly  stationary  at  first,  falling  less  than  half 
a  degree  in  the  first  minute.  It  then  began  to  fall  more 
rapidly.  Spitting  commenced  at  about  814°,  and  became 
very  violent  between  810°  and  805°.  It  is  evident  from  an 
inspection  of  the  curve  that  much  heat  was  evolved  during  the 
spitting,  since  the  rate  of  cooling  decreased  considerably  when 
the  spitting  was  at  a  maxinmm.  Shortlv  after  the  spitting 
ceased  the  temperature  began  to  fall  at  the  normal  rate,  as  in 
curve  No.  1. 

The  silver  was  then  remelted  with  a  reducing-flame,  and 
another  record  of  cooling  was  taken  without  the  addition  of 
oxvgen.  The  curve  proved  to  be  an  exact  repetition  of 
N6.  1. 

The  silver  was  then  heated  to  870°  Pt.,  and  more  oxygen 
passed  for  about  a  minute  and  a  half.  To  my  surprise,  on 
coolmg,  it  began  to  freeze   at  828°*8,  as  shown  in  curve  3, 

*  For  this  purpose  it  was  found  necessary  to  compensate  tlio  galvano- 
meter in  such  a  way  that  its  deflexions  were  independent  of  the  tempe- 
rature and  resistance  of  its  coils  and  of  the  strength  of  the  batter3\ 
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and  tlie  spittino;  was  iniicli  less  violent.  Tliis  seemed  to  show 
that  silver  would  not  tihsorh  o.\v(2;en  readily  unless  it  was 
heated  more  than  40°  Pt.  above  its  melting-point.  It  was 
therefore  again  heated  to  ^90°,  and  oxygen  was  passed  for 
half  a  minute.  The  observations  taken  during  cooling  gave 
curve  No.  4,  which  is  almost  a  repetition  of  2  except  that 
less  oxygen  was  absorbed.  The  silver  was  then  heated  up 
to  910°  Pt,,  and  oxygen  was  passed  for  two  or  three  minutes 
with  a  view  to  satin-ate  it.     On  cooling  it  began  to  freeze  at 

.  .... 

825  *!,  as  shown  in  curve  5.  The  spitting  in  this  case 
was  exceedingly  violent.  I  have  not  succeeded  in  making 
the  silver  absorb  a  larger  proportion  of  oxygen  than  this.  A 
subsequent  experiment,  in  which  it  was  maintained  at  930° 
while  oxygen  was  ])assed  for  five  minutes,  gave  a  record  wdiich 
was  almost  an  exact  repetition  of  No.  4. 

The  greatest  lowering  of  the  freezing-point  which  I  have 
observed  in  the  case  of  silver  saturated  with  oxygen  in  this 
way  amounts  to  G°*4  C.  This  corresponds  very  nearly  with 
a  ratio  of  1  molecule  of  oxvgen  to  200  molecules  of  silver. 
Assuming  both  molecules  to  have  the  same  atomicity,  we  find 
that  100  grams  of  silver  are  capable  of  absorbing  '074  gram 
of  oxygen,  ?'.  e.  about  Oj  times  its  volume  of  the  gas.  Gay- 
Lussac  found  that  silver,  when  fused  under  nitrate  of  potash, 
absorbed  in  one  case  22  times  its  volume  of  oxygen.  Graham 
and  Roberts-Austen  have  shown  that  spongy  silver  in  the 
solid  state  at  a  red  heat  will  absorb  from  G  to  8  times  its 
volume.  It  would  have  been  interesting,  had  time  permitted, 
to  have  made  quantitative  experiments,  by  some  independent 
method,  to  determine  the  amount  of  oxygen  absorbed  in  the 
present  case. 

A  comparison  of  curves  1  and  4,  in  which  the  initial 
conditions  and  rates  of  cooling  were  the  same,  seems  to  indi- 
cate that  the  total  heat  evolved  in  the  solidification  of  silver 
free  from  oxvo;en  is  Jess  than  in  the  case  when  oxvgen  is 
present.  The  quantitv  of  heat  evolved  in  the  decomposition 
of  the  solution  must  therefore  be  considerable.  The  whole  of 
the  silver  appears  to  be  absolutely  solid  at  a  temperature  at 
least  10°  above  the  point  at  which  it  begins  to  spit.  The  heat 
evolved  in  spitting  is  sufhcient  to  raise  the  extruded  volcano 
of  silver  bubbles  to  a  temjierature  considerably  above  its 
melting-point.  A  great  deal  of  the  heat  is  certainly  dissi- 
])ated  in  the  volcano,  where  it  cannot  affect  the  jiyrometer. 
The  amount  actually  generated  must  therefore  be  considerably 
in  excess  of  that  indicated  by  the  curves. 

I  have  also  made  some  further  exjieriments  by  the  same 
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method  at  tlio  Mint,  in  conjuneiion  witli  Professor  Itoberts- 
Austen,  on  the  eti'ect  of  gold  dissolved  in  silver.  We  found 
that  the  addition  of  0"G  per  cent,  of  gold  raised  the  freezing- 
point  of  silver  by  about  0°'2  C.  A  further  addition  of 
0'6  per  cent,  raised  the  free/ing-point  0°*6  C.  in  all.  A 
further  addition  of  1"2  per  cent.,  making  2'4:  per  cent,  in  all, 
raised  the  freezing-point  V^'o  ('.  It  is  interesting  to  oljserve 
that  the  effect  of  gold  on  silver  is  similar  to  that  of  silver  on 
gold,  and  forms  an  exception  to  the  general  rule.  It  might 
have  been  expected,  a  priori,  that  the  addition  of  .1*3  atoms  of 
gold  ])er  100  of  silver  would  liave  loicered  the  freezing-point 
by  about  17°  C;  instead  of  which,  a  small  but  clearly  marked 
rise  was  observed.  Silver,  as  shown  above,  when  dissolved  in 
gold,  produces  a  similarly  slight  but  distinctly  appreciable 
fall.  It  may  be  remarked  that  the  rise  produced  by  gold  in 
silver  bears  nearly  the  same  proportion  to  the  interval 
between  their  freezing-points  (1)45°  and  1037°)  as  the  num- 
ber of  atoms  of  gold  present  bears  to  the  number  of  atoms  of 
silver. 

As  a  further  experiment,  aluminium  was  added  to  the  mass 
in  proportion  (about  O'tJ  per  cent.)  sufficient  to  form,  with 
the  gold  already  in  the  silver,  the  alloy  AT1AI2,  which  Koberts- 
Austen  has  shown  to  possess  most  interesting  and  remarkable 
properties.  The  mass  was  well  stirred,  and  a  curve  of  cooling 
was  taken,  shown  by  the  dotted  line  (No.  6)  in  Plate  Y.  The 
temperature  fell  to  819°  Pt.,  where  it  remained  quite  stationary 
for  about  a  minute.  It  then  fell  slowly  for  about  two 
minutes,  before  the  normal  rate  of  cooling  was  reached. 
The  lowering  of  the  freezing-point  12'3°  0.  is  rather  less  than 
that  required  by  theory  for  a  solution  of  1*3  molecules  of 
AuAU  in  100  of  silver;  but  it  was  obsen-ed  that  an  a])pre- 
ciable  quantity  of  the  alloy  sublimed  about  the  moutli  of  the 
furnace  and  on  the  stem  of  the  pyrometer.  It  is  also  doubtful 
whether  the  mass  was  perfectly  homogeneous.  The  extent  to 
which  the  freezing-point  was  lowered  would,  however,  appear 
to  indicate  that  this  was  a  true  case  of  solution. 

From  want  of  sufficient  metallurgical  knowledge,  I  cannot 
pretend  to  interj)ret  these  results  more  fully.  I  am  induced 
to  publish  them,  incomplete  as  they  are,  rather  as  an  illustra- 
tion of  the  degree  of  accuracy  attainable  by  the  use  of  {)Iatinum 
pyrometers,  and  in  the  hope  tliat,  in  more  experienced  hands, 
they  may  lead  to  really  valuable  results. 

I  have  also  tested  one  of  these  pj^rometers  in  molt(>n  cast 
iron  raised  to  a  temperature  considerably  above  its  melting- 
point.     As  the  mass  cooled  it  assumed  a  past}-  condition,  and 
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no  well-defined  freoziiio;-])oint  conld  be  detected.  The  iron, 
liowovcr,  was  of  very  interior  qualitv,  and  by  no  means  homo- 
geneous. The  glaze  on  the  porcelain  tube  was  attacked  by 
the  iron,  but  tiie  pyrometer  was  otherwise  iminjured  and 
showed  no  chanoe  of  zero.  It  should  certainly  be  possible 
with  these  instruments  to  observe  the  eiTects  of  various  im- 
purities in  altering  the  melting-point  even  of  steel,  and  it  is 
probable  that  the  results  in  this  case  might  be  of  some  value 
to  manufacturers. 


XXII.  Notices  respecting  New  Books. 

Elemeniarif  Tlicrmodijnamics.     Bij  J.  Parker,  M.A. 
(Cambridge  University  Press.) 

n~^HIS  is  an  interesting  work.  It  bristles  with  originalities.  They 
-^  are  not  always  quite  souud,  but  originality  seldom  is.  The  book 
is  very  i-efreshing  after  the  flood  of  text-books  with  which  the 
world  of  students  is  inundated.  It  is  not  written  to  suit  any 
syllabus.  It  is  written  to  advance  science  by  bringing  forward  the 
methods  and  views  of  the  author.  These  methods  and  \iews,  e^■en 
where  they  are  open  to  criticism  from  being  ingeniously  complex 
or  unreally  simple,  are  those  of  an  ingenious  and  original  mind, 
and  are  consequently  worthy  of  serious  consideration. 

As  the  book  is  full  of  matter  that  it  would  be  interesting  to  criticise, 
some  few  points  only  can  be  chosen.  The  division  of  forces  into 
contact-forces  and  ether-forces  is  interesting,  though  the  descrip- 
tion of  contact-forces  which  implies  that  particles  are  absolutely 
rigid  is  almost  certainly  an  unreal  sim])lilication  which  is  hardly 
required  in  order  to  justify  Thermodynamic  ])rinciples,  and  whicli, 
unless  essential,  should  not  have  been  introduced.  This  same 
unnecessary  simplitication  leads  to  a  very  curious  calculation  as 
to  the  velocity  of  a  molecule  of  ice  (p.  118).  Ether-forces  are 
gravitation,  radiation-forces  (by  which  radiation  moves  particles), 
the  causes  of  chemical,  physical,  electric,  and  magnetic  actions. 
"  Eadiation-forces  are,  of  course,  far  too  small  to  be  detected  by 
instrumeutal  means."  Why  "  of  course "  ?  What  about  Tesla 
motors  ?  To  these  radiation-forces  he  attributes  comets'  tails, 
without  any  the  least  explanation  as  to  liow  they  came  to  be  due 
to  the  forces  which  move  particles  when  a  body  is  warmed  by 
radiation.  Though  he  divides  the  Energy  of  a  system  into  Mecha- 
nical and  non-Mechanical  Energy,  the  latter  being  generally  heat, 
he  does  not  seem  at  first  clearly  to  distinguish  Matter  Kinetic 
Energy  and  Ether  Kinetic  Energy.  Iji  these  divisions  and  dis- 
tinctions it  would  make  it  much  easier  to  follow  if  the  author  had 
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condescended  to  give  some  examples  illustrating  his  general  state- 
ments, lie  revels  in  abstract  generalities.  It  is  very  hard  on  the 
poor  reader  to  dose  him  with  these  undiluted  generalities,  a  little 
dilution  with  concrete  cases  would  have  made  the  dose  much  more 
palatable.  His  devotion  to  generalities  is  so  great  that  he  skips 
along  in  such  a  hurry  when  concrete  questions  arise  that  one  can 
hardly  see  the  sequence  of  his  remarks.  Take,  for  example,  his 
description  of  Friction,  §  14,  and  what  seems  to  be  intended  for 
an  explanation  of  its  existence,  but  which  neglects  to  explain  how 
it  is  an  irreversible  action,  although  described  as  a  purely  mecha- 
nical effect  due  to  the  roughness  of  the  surfaces.  ".  .  .  .  if  two 
bodies,  A  and  B.  be  pressed  together,  their  surfaces  of  contact  will 
sink  into  one  another,  and  if  we  attempt  to  move  one  body  over 
the  other  we  shall  experience  a  resistance  in  addition  to  the  ex- 
ternal forces."'  This  statement  about  a  force  in  addition  to  the 
external  forces  is  in  itself  quite  unintelligible,  but  it  evidently 
omits  to  explain  why  a  body  is  not  just  as  much  helped  forward  by 
running  down  into  the  roughnesses  as  it  is  stopped  by  having  to 
be  pushed  up  again  out  of  them.  Again,  liquids  are  not  rough,  and 
yet  there  is  what  comes  to  the  same  as  friction  between  their  parts, 
and  any  really  serious  investigation  of  these  questions  should  go 
much  deeper  than  Mr.  Parker  does,  or  else  should  at  least  warn 
the  student  that  the  matter  was  not  at  all  fully  gone  into.  The 
author  evidently  despises  the  concrete.  How  else  can  he  write 
that  the  latent  heat  of  ice  is  "  79-25  calories  or  3,292,052,904 
ergs  "'?  Or,  again,  "  41,.539,759*8  ergs  or  about  3  foot-pounds  "  ? 
Such  a  degree  of  accuracy  should  include  the  specific  heat  of  the 
ether  present,  which  Mr.  Parker  somehow  ignores. 

Similarly,  in  proving  the  concrete  fact  that  the  internal  energy 
of  a  gas  is  independent  of  its  density  he  gives  the  experiment 
with  two  reservoirs,  a  very  bad  metliod,  and  does  not  there  give 
any  reference  to  the  very  much  more  satisfactory  porous-phig 
method,  though  he  himself  gives  this  method  further  on.  In  this 
same  porous-plug  experiment  he  does  not  condescend  to  give  any 
discussion  of  why  the  gas  does  not  become  warmed  like  other 
bodies  by  friction.  It  is  not  because  he  is  averse  to  investigating 
things  to  the  bottom  that  he  slurs  over  these  things.  He  tries  to 
get  at  general  principles  to  explain  everything.  Take,  for  instance, 
his  treatment  of  capillarity.  He  is  not  content  to  do  this  in  the 
usual  way.  He  is  not  content  with  the  well-known  method  of 
calculating  the  thermodynamic  relations  thereof.  Ko,  he  must  found 
it  directly  on  Carnot's  theorem  and  the  all-pervading  friction.  He 
assumes  that  the  vessel,  capillary  tube,  liquid,  and  all  are  carried 
sufticiently  far  down  a  mine  or  up  a  mountain  for  an  observable 
change  in  the  length  of  the  column  of  liquid  raised  to  be  caused 
by  the  change  in  gravity.  The  tube  must  be  given  judicious  taps, 
and  at  last  we  are  to  be  satisfied  that  all  is  right  because  "  it  is 
obvious"  that  a  certain  expression  must  have  a  minimum  value, when 
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it  is  not  a  bit  more  obvious  than  by  the  usual  methods  of  inves- 
tigation, which  do  not  require  such  elaborate  experimental  founda- 
tions as  this  ingeniously  complex  method.  In  most  of  these  appli- 
cations of  Carnot's  principle,  including  such  cases  as  the  evolution 
of  the  planetary  systems,  of  which  he  gives  an  interesting  account, 
it  does  not  seem  quite  clear  whether  friction  is  due  to  Carnot's 
principle  or  Carnot's  principle  due  to  friction,  or  whether  they  are 
the  same.  A  general  haziness  as  to  this  cpiestion  lends  a  flavour 
of  crankiness  to  much  of  the  book.  Much  of  it  is,  however,  very 
interesting  and  most  of  it  suggestive,  as,  for  example,  his  consider- 
ation of  the  objection  that  animals  are  too  efficient.  He  begins  by 
the  curious  remark  that  they  cannot  be  electromagnetic  engines 
because  "  it  is  obvious  that  there  is  no  sensible  absorption  of  electric 
energy."  Like  others  who  border  on  crankdom,  Mr.  Parker  is 
very  fond  of  that  "it  is  obvious."  It  is  obvious,  on  the  other 
hand,  that  there  seems  to  be  quite  as  much  electric  energy  iu  bread 
and  butter  as  in  zinc,  and  zinc  certainly  can  drive  electromagnetic 
engines.  But,  as  he  points  out,  the  real  answer  to  any  objection 
to  Carnot's  principle  founded  on  the  efficiency  of  animals  is  that 
animals  are  not  examples  of  cyclic  processes  and  that  plants  must 
be  included  to  complete  the  cycle;  and  then,  he  might  have  remarked, 
the  high  temperature  of  the  cycle  is  that  at  which  the  radiations 
that  can  act  on  plants  are  evolved  in  sufficient  intensity  to  act  on 
plants ;  and  this  is  a  temperature  comparable  with  that  of  the 
sun. 

Mr.  Parker's  method  of  investigating  Carnot's  theorem  is  inter- 
esting, partly  because  it  is  open  to  some  objections.  He  starts 
from  the  axiom  that  no  work  can  be  done  if  beat  be  taken  in  and 
given  out  all  at  a  single  temperature.  The  axiom  is  unfortunately 
not  true.  If  the  working  substance  be  reduced  during  part  of  its 
cycle  to  absolute  zero,  no  heat  need  ever  be  given  out.  Notwith- 
standing this,  there  is  considerable  advantage  in  getting  rid  of  "  the 
coldest  body  available  ;''  and  if  Mr.  Parker  had  been  content  to 
give  the  investigation  in  a  concrete  form  that  could  be  "  under- 
standed  of  the  people,"  and  not  spread  over  several  pages  of  gener- 
alities, his  method  might  have  bad  a  chance  of  being  read.  As  it 
is,  most  readers  will  be  sickened  by  the  first  few  pages.  He  tries 
to  cover  every  possible  case  by  the  generality  of  his  statements,  and 
nevertheless  makes  all  sorts  of  postulates  that  are  passed  over  as 
evident,  so  that  his  argument,  being  horribly  scholastic,  hides  most 
of  the  foundations  on  which  it  is  based.  He  postulates  in  one 
place  that  giving  heat  by  friction  is  so  absolutely  identical  with 
giving  heat  by  conduction,  that  the  presence  of  a  body  is  unnecessary 
from  which  heat  is  at  one  time  absorbed  by  conduction  when  at 
another  time  heat  is  given  to  it  by  friction.  Under  such  circum- 
stances it  is  rather  hard  on  this  poor  useful  body  to  say  that  its 
presence  is  unnecessary  without  any  further  explanation. 

The  principal  objection  to  Mr.  Parker's  presentation  of  Thermo- 
dynamic theory  is  that  instead  of  calling  attention  continually  to 
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the  way  in  which  Carnot's  Theorem  is  dependent  on  our  inability 
to  deal  individually  with  the  irregular  beat-energy  of  molecules, 
this  view  is  kept  quite  in  the  background  and  the  subject  is  based 
upon  a  set  of  scholastic  geucralities  that  throw  very  little  light  on 
the  phvsical  basis  of  Tiienuodynauiics.  Such  presentations  have 
in  the  past  rather  tended  to  obstruct  than  advance  Science.  And 
yet  the  book  is  suggestive  and  interesting.  Even  if  it  did  no  more 
than  contiiiuallv  call  to  mind  the  ether  as  a  vera  causa,  it  would  be 
worth  studying  ;  muc-h  more  therefore  does  it  deserve  study,  being, 
as  it  is,  the  work  of  an  ingenious  and  original,  if  of  a  somewhat 
scholastic  and  cranky  mind. 

Theonf  of  Heat.  By  J.  Clerk  Maxwell,  M.A.,  F.R.S.  Tenth 
Edition,  tvith  corrections  and  additions  by  LoED  Rayleigh,  8ec. 
R.S.     London:  Longmans,  1891. 

If  the  name  of  Clerk  Maxwell  were  not  in  itself  a  sufficient 
guarantee  of  the  excellence  of  the  book  before  us,  the  fact  that 
it  has  already  passed  through  nine  editions  and  still  remains  the 
standard  text-book  on  the  theory  of  Heat,  indicates  very  clearly 
the  opinion  of  scientific  students  concerning  it.  But  the  advance 
of  science  does  not  permit  of  an  unlimited  number  of  stereotyped 
editions ;  consequently  it  now  becomes  necessary  to  revise,  and 
make  additions  to.  Maxwell's  original  treatise.  There  was  no  one 
who  could  accomplish  this  task  more  satisfactorily  than  Lord 
Kayleigh,  and  we  are  gratified  to  learn  that  he  has  found  leisure 
enough  to  undertake  it,  and  to  add  ten  pages  of  matter  relating 
mostly  to  capillary  phenomena  and  the  kinetic  theory  of  gases  and 
liquids. 

The  book  may  be  divided  into  t\\o  parts,  in  one  of  which  molar, 
and  in  the  other  molecular,  phenomena  are  discussed.  The  first 
of  these  includes  calorimetry,  thermometiy,  and  thermodynamics, 
and  in  it  the  idea  of  temperature  is  taken  as  a  fundamental  one. 
The  second  part  treats  of  capillarity,  diffusion,  and  the  kinetic 
theory  of  gases,  and  it  is  there  shown  that  temperature  is  mea- 
sured by  the  mean  kinetic  energy  of  the  molecules  in  the  case  of 
gases  at  any  rate.  The  theory  of  the  first  part  was  as  complete 
when  Maxwell  wrote  his  treatise  as  it  is  to-day,  it  being  a  logit*al 
sequence  of  the  two  propositions  that  energy  is  indestructible,  and 
that  heat  always  passes  from  a  hotter  to  a  colder  body.  Unless 
either  of  these  axioms  can  be  shown  to  be  false  the  theory  w  ill 
receive  but  little  addition  or  alteration,  and  it  is  not  surprising 
that  Lord  Eayleigh  should  leave  Maxwell's  text  unaltered,  save 
for  the  addition  of  a  little  note  concerning  the  liquefaction  of  the 
so-called  permanent  gases.  There  is  one  paragraph  where  a 
distinct  advance  might  have  been  recorded,  though  it  does  not  in 
the  least  affect  any  theory  of  heat.  On  p.  38  Maxwell  speaks  of 
the  Fahrenheit  scale  of  temperature  as  being  "  very  generally 
used,"  and  of  the  Centigrade  scale  as  "  coming  into  use."     The 
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almost  universal  adoption  of  the  latter  scale  in  recent  years  seems 
to  call  for  a  short  note  to  this  passage. 

The  chapters  on  waves  and  radiation  form  a  good  connecting 
link  between  the  molar  and  moleciUar  phenomena.  An  error  of 
the  previous  editions  is  repeated  on  p.  229  of  the  present  one, 
where  the  quantity  Q  of  the  mathematical  expression  is  stated  to 
be  the  velocity  of  propagation  of  the  wave,  this  latter  being  really 
equal  to  Q,v. 

In  molecular  physics  many  important  advances  have  been  made, 
and  Lord  Rayleigh  has  added  some  valuable  notes  on  the  theory 
of  imperfect  gases  and  of  licpiids,  and  on  capillarity.  Indeed,  he 
may  be  said  to  have  written  a  brief  history  of  Laplace's  capillary 
coefficient  K,  which  represents  the  internal  pressure  in  a  gas  or 
liquid  resulting  from  tlie  mutual  attractions  of  its  molecules,  and 
which  accounts  for  the  observed  cohesion  of  liquids.  In  evapora- 
ting a  liquid  this  cohesion  is  overcome ;  and  Duprc  has  shown  that 
K  is  equal  to  the  energy  required  to  evaporate  a  cubic  centimetre 
of  the  liquid  (that  is,  the  work-equivalent  of  the  latent  beat  of 
unit  volume).  Yan  der  Waals  and  Clausius  assumed  the  existence 
of  this  pressure  in  order  to  account  for  the  known  deviations  of 
gases  from  the  laws  of  perfect  gases,  and  they  have  succeeded  in 
explaining  these  deviations,  at  any  rate  for  gases  and  liquids  near 
the  critical  point.  The  subject  is  exciting  great  interest  at  the 
present  time,  and  many  readers  will  be  acquainted  witb  the  dis- 
cussioit  in  recent  numbers  of  '  Nature  '  between  Lord  Eayleigh  and 
Prof.  Tait,  concerning  the  proper  application  of  Clausius's  "  equa- 
tion of  the  virial "  to  the  case  of  a  gas  or  liquid  with  mutually 
attractive  molecules  of  finite  size.  Lord  Eayleigh,  in  his  note  on 
the  virial  and  its  applications,  in  the  volume  before  us,  steers  quite 
clear  of  any  controversial  matter;  indeed,  we  notice  that  be  is  as 
cautious  as  Max\^ell  A\as  in  treating  as  a  mere  assumption  the 
view  that  the  temperature  of  a  liquid  is  measured  by  the  mean 
kinetic  energy  of  its  molecules.  In  a  recent  paper  Tait  gives 
strong  reasons  to  the  contrary,  derived  from  considering  the 
equality  of  temperature  in  the  various  horizontal  layers  of  a  tall 
column  of  liquid  under  gravity.  We  venture  to  hope  that  when 
the  eleventb  edition  of  Maxwell's  treatise  appears.  Lord  Eayleigh 
will  be  in  a  position  to  give  us  more  definite  information  on  some 
of  these  knotty  points,  and  that  the  advance  in  our  knowledge 
will  be  such  that  he  can  add  another  ten  pages  of  equally  valuable 
matter.  James  L.  Howard. 
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ox  A  COXt^EQUENX'E  OF  THE  POISSON-MOSSOTTI  THEOliY. 
BY  GOTTLIEB  ADLER. 

'I301SS0N'S  theory  of  magnetic  induction  gives  the  magnetizing 
constant  I-  as  depending  in  a  Aery  simple  manner  on  tlie  ratio  <i 
of   the  space   e  actually  occupied  by   the  molecules   of  magnetic 
substance  to  the  whole  volume  v. 

For  g  ^ 

^•=  .   ,-,'      .,  where  (/  =  - (1) 

The  same  equation  liolds  also,  as  Mossotti  has  shown,  for  di- 
electric polarization,  the  magnitudes  e,  v,  and  r/  having  the  same 
significance,  except  that  /t-=(^K  — 1)4-,  where  iv  is  the  dielectric 
constant  of  the  substance. 

As  the  ratio  for  iron  was  found  to  be  5^= 134/135,  and  therefore 
the  space  occupied  by  the  molecules  was  so  great  as  to  be  incon- 
sistent with  the  idea  of  equal  spherical  molecules,  Betti  {Lehrhuch 
der  PoUnticdtlu'orie,  pp.  377, 37^)  was  led  to  modify  Poisson's  funda- 
mental assumption,  and  he  thereby  arrived  at  the  expression 

*=S(fery  •■•••  ••(-') 

which  gave  for  iron  7=134y403;  thus  the  objection  mentioned 
above,  and  first  pointed  out  by  Maxwell  ('  Electricity,'  vol.  ii. 
§  430;  see  also  Mascart  and  Joubert's  'Electricity,'  English 
translation,  vol.  i.  p.  151),  is  removed. 

In  describing  the  phenomena  of  magnetic  or  dielectric  polariza- 
tion, since  these  are  based  on  the  magnitude  Tc  itself,  it  is  quite 
immaterial  whether  we  regard  Ic  as  defined  by  the  expressions  (1) 
or  by  (2),  or  whether  it  is  simply  taken  as  an  empirical  constant.  A 
decision  is,  however,  in  so  far  important,  since  formula  (l)is  taken 
by  some  authors  as  starting-point  for  a  determination  of  the  size 
of  the  molecules  from  the  vakie  g. 

It  is  now  perhaps  remarkable,  that  when  Tc  is  taken  as  defined 
by  the  formula  (1),  or  by  the  function  of  <j  as  defined  by  (2),  at 
the  same  time  we  can  deal  with  a  second  constant  introduced  by 
Helmholtz  and  Kirchhoff  (Helmhollz,  Wied.  Ann.  vol.  xiii.  p.  307, 
18S1  ;  KirchhofP,  "Wied.  Ann.  vol.  xxiv.  p.  55,  1885),  and  used  for 
describing  the  pressures  occurring  in  magnetic  or  dielectric  polarized 
bodies  :  5,7. 


d  Jog  f 

For  ,,_    9/.-      _  dA:      97     _         "^Ic 

S  log  V       dy  9  log  V  oy^ 

as  easily  follows  from  (1). 

Assuming  Poisson's  formula  (1)  we  get 

F=    f    ^-i/i  +  ^Y      ...     ,(3) 
O  log  V  \  6    / 
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On  the  contrary,  assuming  Betti's  formula  (2), 

/^•'=.f^'      =-/.(l+47r/.) (4) 

Oiug.f 

Both  formulas  (.'3)  and  (4)  give  for  the  magnetizing  number  I; 
or  for  the  dielectric  constant  K  =  l  +  47r/i;,  a  decrease  as  the  volume 
increases. 

Both  give  for  feebly  magnetic  or  dielectrically  poLirizable  sub- 
stances, neglecting  terms  of  higher  order, 

7'  ^l"-'  7  /-\ 

/^-  =-,,  —  =  —  /'■, (o) 

o  log  V 

but  otherwise  Jc'  as  a  quadratic  function  of  /.•,  and  therefore 
agreeing  in  the  order  of  magnitude. 

From  the  experimental  results  on  the  dependence  of  Jc  on  the 
increase  of  volume  a  dedsion  is  possible,  whether  Poissou's  or 
Betti's  formula  is  in  accordance  with  facts. 

The  only  dii'ect  experimental  results  on  this  view  are  in  the  case 
of  gases. 

The  measurements  of  Boltzmann  show  that  the  dielectric 
constant  increases  directly  with  the  pressure.  If  with  Boltzmann 
we  make  the  further  assumption  that  the  proportionality  of  the 
increase  of  the  dielectric  constant  with  increase  of  pressure  holds 
up  to  complete  exhaustion,  his  results  maybe  embraced  within  two 
formulas  propounded  by  liim,  the  first  of  which  is  the  dielectric 
constant  for  the  normal  pressure  of  an  atmosphere, 

Ivi  =  l  +  X, (Grt) 

vhile  the  other  fixes  its  dependence  on  the  pressure  })  by 

Jv  =  (l  +  Ai)) "•     •     .  (C) 

I'Vom  (G)  we  have 

d  logp 

Xow  for  a  gas  2n'  =  const.,  and  accordingly  'nogp  =  — dlogv; 
hence 

log^j       5  log  u 

from  which  we  get  the  formula  (5)  deduced  from  Poissou's  and 
Betti's  formula, 

There  are  no  direct  experimental  results  as  to  the  change  oE  ^• 
with  the  volume  except  in  the  case  of  gases. 

From  the  theory  of  Helraholtz  and  Ivirchhoff  as  to  the  change 
of  shape  of  magnetic  or  dielectric  polarized  bodies,  the  magnitude 
of  k'  together  with  Jc  is    decisive  as   to   the  change   of  volume 
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which  these  bodies  experience  in  the  electrical  or  in  the  magnetic 
tield. 

Experiments  which  Quincke  *  made  with  liqnids  in  tlie  electrical 
field  have  shown  that  substances  which  have  almost  the  same 
dielectric  constant  have  a  totally  different  behaviour  as  resrards 
change  of  volume  t.  This  seems  to  iavour  the  supposition  that  at 
any  rate  in  this  case  A'  is  an  independent  constant  characteristic 
of  individual  substances.  Hence  for  these  substances  Poisson's(l) 
or  Betti's  (2)  fonnula,  which  ap]X'ars  to  connect  Ic'  with  I:  in  a 
perfectly  definite  manner  defined  by  formulas  (3)  and  (4),  seems  to 
be  in  disaccord  with  experiment ;  for  these  substances  h  must  be 
regarded  simply  as  an  empirical  constant. 

It  follows  fiu'therfrom  tht-se  considerations  that  the  application 
by  many  authors  of  Poisson's  formula  to  the  determination  of  the 
fraction  (j  of  the  volume  actually  occupied  by  the  molecules  is  only 
allowable  in  the  case  of  gases,  but  for  other  substances  is  wanting 
in  accuracy. — Wied.  Annalm,  vol.  xliv.  p.  173. 


ON  THE  ELECTROMOTIVE  FORCE  OF  GAS  BATTERIES. 
BY  GERTSCHO  MARKOYSKY. 
The  results  of  these  experiments  may  be  stated  in  the  following 
terms : — 

1.  The  electromotive  force  of  a  platinum  plate  coated  with 
hydrogen  against  a  platinum  plate  in  sulphuric  acid  freed  from 
gas,  has  not  the  value  which  has  been  previously  assumed.  Vov 
hydrogen  the  force  is  smaller,  that  is  =0-646  volt  and  for  oxygen 
greater  =0-374  volt. 

2.  Hydrogen  and  oxygen  gases  developed  electrolytically  act 
just  in  the  same  way  as  when  formed  by  purely  chemical  action. 

3.  By  the  addition  of  solution  of  platinum  sulphate  the  electro- 
motive force  of  an  oxygen  element  is  diminished,  while  that  of  a 
hydrogen  one  increases,  and  in  such  a  manner  that  the  electro- 
motive force  of  an  oxygen-hydrogen  element  is  not  changed  by  the 
addition  of  f^olution  of  platinum  sulphate. 

4.  The  electromotive  force  is  independent  of  the  change  of 
density  and  temperature  of  the  gas  introduced. 

5.  Carbon  electrodes  behave  in  a  gas  element,  or  when  polarized 
by  a  current,  differently  from  platinum  electrodes. — "Wiedemann's 
Annalen,  vol.  xi.,  1S91. 

*  Wied.  Ami.  vol.  x.  p.  o2.3,  1880. 
t  Thus  for  oil  of  turpentine,  -where 


for  petroleum,  where 
for  rape  oil,  where 
and  therefore  a  decrease 
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K=2124,       ^^    =  19-23 : 
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VELOCITY  OF  SOL'ND  IN  MEMBRANOUS  BODIES. 
BY  ¥.  MELDE. 

The  autlior  gives  the  following  extract  from  a  longer  memoir 
wliieh  is  shortly  to  appear. 

By  membranous  bodies  he  understands  such  bodies  as  arn 
capable  of  forming  a  membrane,  which  can  be  used  lor  all  pur- 
jtoses  for  which  membranes  can  be  a])plied.  To  these  belong,  for 
instance,  the  various  kinds  of  paper,  linen  and  cotton  materials, 
caoutchouc,  animal  membranes,  and  so  forth.  The  velocity  of 
sound  in  such  bodies  diifers  greatly,  but  can  be  easily  determined 
l)y  Hxing  narrow  strips  at  both  ends,  rubbing  them  in  the  middle, 
and  determining  the  pitch  of  the  fundamental  note.  If  the 
number  of  vibrations  is  n,  and  the  length  of  the  strip  L,  then 

L  =  _^  and  2  L  =  /\  =  the  wave-length  of  the  note  in  question;  so 

that   the   velocity  is  v  =  n\.     In   this  way  the  following  numbers 

were  obtained  for  the  velocity  of  sound. 

Metres. 

Paper  soaked  with  wax ^040 

Stout  red  parchujent-paper 2960 

Yellow  silk  paper .  .  2046 

Drawing-paper  ....      1955 

Smooth  green  paper 19.52 

Yellow  satin  ribbon 1950 

Black  paper   1923 

Red  paper 18.52 

Hemp  string 1720 

Cotton  string 1280 

Colon  red  cross-ribbed  silk  ribbon     ....  930 

Black  \^ax  cloth        570 

TinbliUier  der  P/n/sil-,  vol.  xv.  p.  75G. 


THE  SOLITARY  WAVE  :    CORRECTION  OF  A  SIGN. 

To  the  Editors  of  the  Philosophical  Mar/azine  and  Journal. 

University  College,  Dimdee, 
Ge^ttlemeis-,  January  12,  1892. 

In  my  "Note  supplementary  to  a  Paper  on  the  Solitary  Wave," 
which  appeared  in  the  December  number  of  your  Magazine,  one 
of  the  expressions  is  \\Titten  with  a  wrong  sign,  and  might  there- 
fore prove  somewhat  misleading.  The  series  given  in  the  second 
line  of  page  555,  the  expansion  of  equation  (5)  ot"  my  paper  "On 
the  Solitary  AVave"  (Phil.  Mag.  July  1S91),  for  the  case  of  a; 
negative,  should  be  affected  with  the  negative  sign.  Were  this 
not  corrected  it  might  appear  to  affect  the  argument,  at  least  if 
one  were  to  attend  only  to  the  series  as  Avritten,  neglecting  its 
connexion  with  (5). 

I  am,  Gentlemen, 

Yours  faithfnlly, 

JOHIs   M'^CoWAIf, 
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XXIV.  Petrological  JVotes  on  the  Enpliotide  or  Saussnrite- 
smaragdite  Gahhro  of  the  SaastJinl.  By  Professor  T.  G. 
BoNNEY,  D.Sc,  LL.D.,  F.R.S.,  Sfc* 

EVERY  geologist  has  heard  of,  many  have  seen,  the 
erratics  of  thi'*  pecuhar  variety  of  euphotide,  which  are 
so  abundant  in  the  upper  part  of  the  Saasthal,  and  are  more 
sparingly  distributed  over  the  southern  portion  of  the  Swiss 
lowland.  But  though  they  have  been  noticed  by  some  foreign 
authors  t,  and  are  frequently  mentioned  by  English  J,  the  onl}- 
attempt  at  a  complete  history  of  them  in  our  language  is  to  be 
found  in  a  brief  abstract  of  a  paper  by  Captain  Marshall  Hall  §. 
The  author,  however,  was  not  very  successful  in  obtaining 
good  specimens  and  was  unable  to  arrive  at  any  very  definite 
conclusions,  so  that  some  account  of  my  own  examination 
may  be  useful,  at  any  rate  to  English  students. 

•  Communicated  by  the  Author. 

t  E.  g.  at  some  length  by  R.  Hagge,  3Iikroscoj).  Untersnch.  i'lh.  Gabbro 
u.  verw.  Gesteine.  lieferred  to  brieily  by  liosenbusch,  Mikrvsk.  Physio- 
graphen,  s.  v.  Gabbro. 

X  "  Contributions  to  the  History  of  Euphotide  and  Saussurite " 
(T.  Sterry  Hunt,  Amer.  Journ.  Sci.  xxvii.  p.  '3.3(:),  1859)  contains  a  number 
of  historical  references,  and  gives  the  result  of  a  chemical  and  mineralo- 
{^cal  investigation  of  this  group  of  rocks.  But  as  it  is  founded  on  a 
study  of  hand-specimens  only,  and  these  were  not  examined  with  the 
microscope,  some  of  the  conclusions  appear  to  me  to  hold  good  onl}^  in  a 
mineralogical,  not  in  a  petrological  sense. 

§  Mineralogical  Magazine,  vol.  v.  p.  194. 
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These  erratics*,  which  abound  between  Saas  and  the  end 
of  the  Allalein  glacier,  are  derived  from  the  extremity  of  a 
long  curving  spur,  which  runs  eastward  from  the  summit  of 
the  Alhdeiidioni  (I3,2oo  feet)  and  divides  the  neves  of  the 
Allalein  and  Hochlaub  glaciers.  This  is  indicated  on  the  Swiss 
map  by  the  figures  ol50  m.  (=  10,;-J34:-8  ft.).  On  the  Geo- 
logical Map  (Blatt  xxiil.)  it  is  coloured  "  ser])entine,"  but 
this  term  is  used  by  the  surveyors  v.ith  singular  elasticity. 
For  instance,  in  the  neighbourhood  of  the  Saasthal  it  denotes 
not  only  true  serpentine,  of  which  there  is  a  fair  amount,  but 
also  gabbro,  and  a  rather  hard  schistose  rock,  which  contains 
green  hornblende,  chlorite,  ej)idote,  and  probably  felspar, 
often  garnet,  someiimes  glaucophane,  and  so  has  no  more 
claim  than  a  diorite  to  be  called  a  serpentine.  The  more 
obvious  point  of  departure  for  this  spur  is  the  little  inn  at  the 
Mattmark  See,  from  which  1  think  it  might  be  reached  in 
about  three  hours'  walking  ;  but  it  can  be  visited  without 
much  difficulty  from  Saas  Fee.  For  guidance  by  this  route 
and  for  much  valuable  aid  in  collecting  these  notes  I  am 
indebted  to  my  friend  Mr.  Jas.  Eccles,  F.G.S.,  who  had 
already  made  the  expedition  in  1890  f. 

This  ridge  of  gabbro  is  completely  surrounded  by  snow  and 
ice,  beneath  which,  however,  it  is  doubtless  linked  to  the  spur 
of  the  Allaleinhorn.  Evidence  of  this  may  be  found  in  two 
small  knolls  or  heaps  of  botilders  which  jirotruile  from  the 
snow,  one  slightly  on  the  Allalein  side,  the  other  on  the  Hoch- 

*  They  have  been  long  known  to  me,  and  In  1881  I  endeavoured  to 
reach  the  ridge.  Unfortunately  I  was  obliged  to  turn  back  and  have  had 
to  wait  ten  years  for  another  opportunity. 

t  There  are  two  routes  from  Saas  Fee  (5900  feet).  The  one  passes 
up  the  right  bank  of  the  Fee  glacier  till  it  reaches  a  "  col "  (9872  feet^ 
beneath  the  precipices  of  the  Eggiuerhorn.  This  leads  on  to  the  nene  of 
the  Kessjen  glacier.  Crossing  this  -we  make  (roughly  in  a  S.S.E.  direc- 
tion) for  a  gap  in  the  bounding  ridge,  on  the  left  of  ■which  is  a  mass  of 
light-coloured  calc-niica  schist.  Descending  from  this  gap  (probably 
about  10,095  feet)  we  can  scramble  down  along  the  rocks  in  the  direction 
of  the  Ilinter  Allaleinhorn  until  it  becomes  easier  to  take  to  the  neve  of 
the  Hochlaub  glacier,  and  we  cross  this  to  the  gabbro  ridge. — The  other 
route  turns  to  tlie  right  just  before  reaching  the  lirst  col,  ascends  the 
snow  slopes  of  the  ridge  from  the  Ilinter  Allaleinhorn  obliquely  so  as  to 
get  above  some  ugly  serae>i ;  then,  after  crossing  a  bergschrund,  mounts 
to  the  summit  of  the  "grat."  This  is  followed  to  near  the  base  of  the 
peak  itself,  when  it  becomes  easy  to  descend  to  the  neve  of  the  Hochlaub 
glacier.  We  went  by  the  former  way  and  returned  by  the  other ;  this 
is  higher  (being  by  aneroid — which  that  day  gave  good  results — 10,800 
feet)  but  a  little  more  direct.  It  presents  no  difficulties  to  persons 
familiar  with  Alpine  excursions ;  on  either  route  a  rope  is  needful.  We 
■were  about  4|  hours  going  and  3  hours  returning,  without  hurrying. 
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laul)  side'^  of  the  Hattoiied  siiow-sailillt'  hetweon  the  two  trlacicr 
basins.  These  knolls,  as  will  presently  he  described,  also 
consist  of  a  variety  of  gabbro.  The  ridge  of  which  we  speak 
rises  slightly  from  beneath  the  snow,  and  runs  jiretty  nearly 
on  a  level  for  about  a  couple  of  hundred  yards,  falling 
steeply  on  either  side  towards  the  descending  surface  of  the 
glaciers.  At  the  end,  which  falls  no  less  steeply,  it  may  be 
200  feet  above  the  icef.  Mr.  Eccles,  in  185)0,  also  found 
gabbro  in  the  above-named  spur  of  the  AUaleinhorn,  but  the 
mass  of  it  appeared  to  be  small.  1  think  these  are  all  the 
visible  outcrops  of  any  importance.  That  they  are  limited  to 
the  vicinity  of  this  peak  is  shown  by  the  fact  that  we  find  the 
erratics  cease  in  the  Saasthal  as  soon  as  we  have  got  beyond 
the  right  moraine  of  the  Allalein  olacier.  We  look  for  them 
in  vain  over  the  stone-strewn  bed  of  the  valley  above  the 
Mattmark  See. 

Before  describing  the  rock  of  these  ridges  it  will  be  con- 
venient to  make  some  remarks  ou  that  of  the  boulders,  where 
really  it  is  more  conveniently  examined, thousands  of  s])ecimens 
being,  as  it  were,  laid  out  for  our  inspection.  There  are  many 
varieties,  some  of  which  are  nmch  more  numerous  than  others. 
I  noticed  the  following  : — 

(1)  A  gabbro  consisting  mainly  of  felsj)ar,  varying  from  a 
rather  glassy  bluish-white  to  white  (that  is  to  say,  a  somewhat 
altered  labradorite).  and  a  brownish  diallage,  wath  lustre  not 
conspicuously  metallic.  tStructure  often  ophitic.  Varieties 
occur  from  rather  tine-grained  to  coarse,  W'hen  the  crystals 
may  be  an  inch  or  so  long.     Not  common. 

(2)  Specimens  chiefly  consisting  of  a  greyish-white  saus-^ 
surite  and  a  rather  acicular  hornblende  of  a  dull  slate-blue 
colour,  sometimes  also  containing  pale-red  garnet.     Rare. 

(3)  Specimens  with  but  little  of  the  pyroxenic  constituent, 
consisting  mainly  of  saussurite  and  a  pale  reddish  granular 
mineral  (garnet).     Xot  very  conunon. 

(4)  A  rock  consisting  of  a  white,  rather  granular,  felspathic 
mineral,  and  a  rather  fibrous  hornblende,  deeper  and  duller 
in  colour  than  the  smaragdite  and  of  a  more  actinolitic  habit. 
The    two    minerals    occur    generally    in   irregularly    shaped 

*  The  latter  is  so  small  that  it  is  omitted  (necessarily)  on  the  Swisa 
map. 

t  These  were  our  estimates  at  the  time.  The  Swiss  map,  if  it  is 
intended  to  be  strictly  accurate,  would  add  about  oO  yards  to  the  length. 
Captain  Marshall  liall  states  that  he  was  three  quarters  of  an  hour 
climbing  up  the  end  of  the  wall.  Either  he  must  haye  found  exceptional 
ditficulties  or  we  have  underestimated  the  height. 

S2 
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patches  with  a  slif;lit  ap])roaeh  to  foliation,  though  traces  of 
an  ophitic  sti'ueturo  may  somctiincs  ho  oljservcd.  Th(^  struc- 
ture resembles,  though  it  is  less  definite  and  on  a  coarser 
scale,  that  figured  on  plat(!  xliii.  in  Mr.  Teall's  '  British  Fetro- 
gra]»hy'  (a  gal)hro  from  the  Lizard  district).     Common. 

(5)  The  tv])ical  "  (Mi])hotide,"  consisting  of  white  or  almost 
"vvhito  saussurite,  and  hriglit  green  sniaragditr,  structure  gra- 
nular to  ophitic,  texture;  ir;oderately  coarse  to  very  coarse 
(patches  of  either  mineral  up  to  full  2  inches  in  diameter). 
Very  common. 

It  must  not,  however,  be  supposed  that  these  different 
types  can  be  separated  by  hard  and  fast  lines.  In  the  same 
block  one  variety  may  pass  into  another,  such  as  (8)  into  (5), 
or  even  (4)  into  (5),  l)y  th(;  gradual  incoming  of  smaragdite, 
at  first  in  a  "spotty"  fashion,  and  by  induration  of  the 
felsj)athic  constituent,  or  a  coarse  and  a  fine  variety  may  be 
associated  m  a  way  to  which  we  shall  have  again  to  refer. 

How  far,  then,  are  these  types  represented  in  the  ridge  ? 
We  struck  it  on  the  northern  side,  near  to  the  western  end, 
where  it  rises  from  the  snow,  and  went  to  the  other  one  along 
its  crest*.  On  returning,  we  left  the  ridge  by  its  southern 
face.  The  greater  part,  so  far  as  we  could  see  it,  consists  of 
the  hornblendic  variety  of  the  gabbro  (4),  which,  however, 
occasionally  loses  this  schistose  structure  and  becomes  nor- 
mally holocrystalline.  Smaragdite  occurs  only  locally. 
Occasionally  also  the  rock  becomes  slightly  streaked  or 
banded  hy  the  incoming  of  lines  of  darker,  more  hornblendic, 
rock.  We  met  with  no  endence  here  which  was  conclusive 
as  to  the  origin  of  the  foliation.  The  ordinary  structure 
might  not  unreasonably  be  claimed  as  a  result  of  dynamo- 
nietamor})hism,  hut  the  last-named  one  seems  to  require  some 
•other  explanation.  We  found  a  few  thin  dyke-like  masses  of 
u  more  compact  rock,  some  of  which  reminded  me  of  that 
generally  fine-grained  augitic  or  hornblendic  rock  which 
hreaks  into,  but  is  intimately  associated  with,  the  gahbro  at 
the  Lizard.  The  smaragdite-euphotide  occurs,  so  fiir  as  we 
saw,  only  at  the  eastern  end  of  the  ridge  ;  more  abundantly, 
it  is  my  impression,  on  the  southern  than  on  the  northern 
sidef-  We  observed  the  normal  type  (5)  and  occasionally 
the  one  with  little  smaragdite  (o)  ;  we  also  noticed  that  the 

*  This  cmisists  rather  of  a  pile  of  separate  blocks  tban  of  solid  rock. 
As  is  common  in  mountainous  regions,  the  "coping  stones"  of  the  wall 
are  more  or  less  displaced. 

t  Captain  ^Marshall  Hall  also  found  it  on  the  crags  at  the  eastern  end, 
and  I  have  no  doubt  that  it  occurs  in  other  parts  of  the  ridge,  but  in  those 
which  we  saw  it  was  certainly  subordinate  to  the  other  variety. 
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coarser  varieties  of  the  former  appeared  either  in  streaks  or  in 
vein-like  masses  in  the  ordinary  roek,  without,  liowever,  any- 
sharp  Hne  of  demarcation.  In  fact  (as  I  wrote  in  my  note- 
hook  at  the  time)  all  the  varieties  of  gabbro  seen  on  the  ridge 
"  seem  to  change  rapidly  one  into  another  without  any 
marked  divisional  lines,  just  as  the  coarser  and  finer,  or  the 
more  and  the  less  felspathic  masses  of  the  Lizard  gabbro  pass 
one  into  another — that  is,  they  are  all  variations  of  one  mass," 
the  distinctive  characteristics  being  due  to  differences,  pro- 
bably slight,  either  of  chemical  composition  or  of  environment. 
The  small  outcroji  on  the  southern  side  of  the  snow-saddlo 
consists  mainly  of  the  hornblendic  variety  (4),  and  that  on 
the  northern  side  wholly,  so  far  as  we  saw.  A  specimen 
brought  by  Mr.  Eccles  from  the  exposure  in  the  spur  of  the 
Allaleinhorn  shows  this  to  be  the  same  rock. 

80  much  has  been  already  written  upon  the  microscopic 
structures  of  gabbros,  and  the  varieties  of  rock  into  which 
they  pass,  that  a  brief  notice  will  suftice  for  most  of  those  from 
the  Saasthal.  In  the  specimens  which  I  have  examined  the 
"  saussurite  "  (as  is  usually  the  case)  appears  to  be  a  rather 
variable  aggregate  of  minute  minerals.  Among  these,  two 
kinds  can  be  often  distinguished  :  one  varying  from  fibrous 
to  prismatic,  fairly  clear,  giving,  with  crossed  nicols,  bright 
tints  with  a  iibrous-speckled  aspect  ;  the  other,  rather  more 
distinctly  fibrous  and  occurring  in  patches  of  a  dusty  aspect, 
but  feebly  translucent,  and  apparently  having  weak  double- 
refractive  power,  for  the  tints  are  duller.  In  one  or  two 
specimens,  however,  notably  in  the  variety  (4),  the  con- 
stituents are  larger  and  better  defined.  Here  zoisite  may  be 
recognized  abundantly  in  prisms  sometimes  about  'Go  inch  long, 
M"ith  a  fairly  marked  pinacoidal  cleavage,  and  an  occasional 
basal  one.  Jt  is  very  slightly  fibrous  in  structure,  and  gives 
low  polarization-tints  with  straight  extinction.  There  is  also 
some  colourless  epidote,  a  flake  or  two  of  white  mica,  and  a 
little  interstitial  quartz.  Here  and  there  small  patches  of 
fibrous  hornblende  are  interspersed.  So  this  "saussurite" 
consists  of  more  than  one  microlithic  mineral,  and  is  un- 
doubtedly an  alteration-product  of  a  lime-felspar"^. 

The  smaragdite  in  the  hand-specimens  often  shows  distinct 
cleavage-planes,  sometimes  resembling  those  of  a  diallage,  as 
if  it  occurred  in  large  crystals  ;  but  we  find  these  on  micro- 

*  "  If,  tben,  we  combine  the  researches  of  Lossen,  Kloos,  and  Cathrein, 
we  seem  justified  in  concluding  that  a  basic  felspar  may  be  re)jlaced  by 
albile  and  epidote,  zoisite,  or  a  zeolite  of  the  scolecite  gruuj)."  Tealf, 
'  British  Petrography,'  p.  152  (et  ante). 
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scopic  examination  to  be  really  composed  of  an  agcrregate  of 
minute  crystalline  <rrains,  which,  however,  in  certain  cases, 
show  pigns  of  orientation.  Now  and  then  traces  of  an  old 
cleavage  with  a  diallage-habit  maybe  detected  ;  in  other  cases 
these  are  distinct  and  extinction  with  them  ranges  np  to  about 
40°,  but  the  grains  are  inteistreaked,  })ierced,  or  sometimes 
traversed  by  zones  (as  if  filling  cracks)  of  a  nearly  colourless 
mineral  resembling  actinolite,  and  extinguishing  at  angles  less 
than  20°.  In  other  cases  the  smaragdite  occurs  in  grains,  almost 
colourless  in  thin  slices,  which  sometimes  show  the  charac- 
teristic cleavage  of  hornblende,  and  give  its  extinction-angle, 
but  occasionallv  tJie  latter  indicates  that  an  augite  (omphacite) 
is  also  present*. 

The  green  hornblende  in  (4;  is  often  bordered  by  a  pale 
fibrous  actinolite,  and  sometimes  by  well  crystallized  pale- 
coloured  hornblende  ;  but  the  greater  part  of  the  patch 
retains  traces  of  a  former  close  cleavage  as  above  described, 
but  now  consists  of  a  rather  fibrous  pale  green  hornblende, 
which,  though  composite  in  character,  exhibits  a  rudely 
parallel  orientation,  the  whole  being  much  clouded  by  dusty 
lines  and  patches.  High  ])o\vers  show  many  of  them  to  con- 
sist of  minute  belonites,  and  here  and  there  needles  of  rutile 
can  be  identified.  This  form  is  also  found  in  some  of  the  other 
varieties  of  the  euphotide,  e.  (j.  together  with  the  "  slate-blue  " 
hornblende  of  (2).  Here  it  is  rather  ''muddy"  looking, 
containing  minute  enclosures  and  tiny  brown  films  ;  the 
microliths  bv  their  general  orientation  seem  related  to  some 
occasional  faint  lines,  which  may  be  indications  of  a  former 
cleavage  :  the  films  may  be  traces  of  "  schillerization." 

The  "  slate-blue  "  hornblende  in  (2)  occurs  in  "nests  "of 
irregukr  form,  roughly  resembling  sections  of  amygdaloids  in 
a  scoriaceous  rock.  It  is  sometimes  idiomorjdiic,  sometimes 
rather  fibrous  in  structure  and  irregular  in  shape.  It  varies 
from  colourless  to  a  very  pale  blue,  and  is  not  strongly 
dichroic,  changing  in  longitudinal  sections  from  almost 
colourless  to  a  pale  violet-blue,  in  transverse  sections  from 
bluish  to  a  faint  purple.  Evidently  it  is  one  of  the  paler 
varieties  of  glaucophanef.     The  mineral  usually  is  fairly  free 

*  I  have  seen  the  mineral  with  cliaracteristic  aiigite  cleavage  in  some 
smaragdite  rocks,  but  do  not  lind  a  thoroughly  satisfactory  specimen  in  any 
of  my  slides  from  the  Saasthal. 

t  It  may  be  interesting  to  mention  that  a  glaurophane-eclogite  is  far 
from  uncommon  in  the  boulders  of  the  S.iastlial.  Here  the  mineral  is 
richh'  coloured.  I  have  not  found  the  rock  in  situ,  but  have  no  doubt  it 
is  from  some  part  of  the  range  -which  extends  from  the  Stralilhorn  to  the 
Egginerhorn  Mo>t  of  tliis  is  a  green  scliist  with  garnet,  liornblende,  &c 
and  it  contains,  certainly  sometimes,  probably  often,  glaucophaue. 
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from  enclosures,  but  it  occasionally  contains  a  few  granules 
of  ojiacite,  or  a  ojrain  or  a  cluster  of  granules  of  the  honev- 
brown  mineral  described  below.  In  one  specin.ien  the  edges 
of  the  crystals  are  sometimes  fringetl  with  a  rather  fibrous, 
distinctly  green  hornblende,  indicating  a  change  to  which 
attention  has  often  been  called  by  writers  on  glaucophane- 
rocks. 

The  garnets,  where  they  occur  (they  are  present  in  both 
the  above-named  specimens  containing  glaucophane),  are 
sometimes  roundish  grains,  sometimes  fairly  idiomor|)hic"'^,  a 
pale  straw-colour  with  a  tinge  of  red,  often  so  full  of  enclo- 
sures as  to  have  a  '*  dusty  "  aspect,  but  sometimes  with  clear 
parts.  Some  of  these  enclosures  resemble  films,  and  are 
doubly  refracting,  being  possibly  one  of  the  constituents  of 
the  "  saussurite."  In  one  of  the  specimens  the  garnets  are 
arranged  in  a  kind  of  ring  about  the  ]>atches  of  glaucophane  ; 
the  latter,  however,  occasionally  interposes  between  them  and 
the  '*  saussurite^^  (tig.  1).  This  ring-like  arrangement  of  the 
garnets  is  perceptible  in  the  hand-specimen  f. 

Fig.  1.     (X  15.     The  rrarnet  is  shaded  obliquelj.) 


Lastly,  in  both  these  specimens,  and  less  abundantly  in 
some  of  the  others,  we  find  a  mineral,  which  occurs  in  grains 
and  sometimes  in  prisms  of  a  rich  lioney-brown,  darkened  in 
parts  so  as  to  become  locally  almost  opaque.     Very  possibly 

*  In  one  case  the  arrangement  suggests  that  a  larger  grain  has  been 
broken  up. 

t  Collected  from  a  boulder  between  Zmeiden  and  the  base  of  the 
Ilochlaub  glacier. 
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it  is  psoudobrookitc*.  Characteristic  microliths  of  rutile  are 
occasionally  present. 

I  have  thought  it  needless  to  examine  microscopically  one 
of  the  s])ecimens  where  the  ])yroxenic  constituent  is  diallage, 
for  macroscopicallv  it  is  an  ordinary  gabbro,  with  the  felspar 
considerably  antl  the  diallage  slightly  altered.  I  cannot 
detect  auy  olivine,  but  this  mineral  occurs  in  the  gabbro  of 
Mont  Colon f.  Here  the  pyroxene  changes  into  a  rich  green 
hornblende,  as  it  also  does  (though,  if  my  memory  be  correct, 
the  colour  is  a  little  paler)  in  tlie  gabbro  mass  on  the  west 
flank  of  the  Mattinliorn.  I  do  not  remend)er  to  have  seen 
smarag<lite  at  either  of  these  localities  ;  jtrobably  its  occur- 
rence ill  the  Saasthal  mass  is  due  to  some  slight  accidental 
tlitference  in  chemical  composition  $. 

Among  the  boulders  was  one  resembling  a  daik  greenstone 
in  which  were  scattered  a  few  fairly  conspicuous  crystals  of 
smaragdite.  Under  the  microscope!  it  aj)[)ears  to  be  com])Osed 
of  saussurite  and  various  ])yroxenic  and  hornblendic  consti- 
tuents, much  as  above  described  (without  glaucojdiane),  but 
very  confusedly  mingled  ;  the  only  well-defined  mineral  being 
small  garnets  with  "  dusty  "  centres  and  generally  rounded 
outlines.  It  is  quite  })Ossible  that  the  constituents  may  have 
been  crushed  up  together  ;  but,  if  so,  the  last-named  either 
have  escaped  or  are  later  in  date.  There  are  also  a  few  well- 
formed  flakes  of  white  mica,  and  sometimes  (as  observed  by 
Dr.  Sterry  Hunt)  a  small  (juantity  of  talc. 

It  follows  from  what  is  said  above  that  most  of  the  con- 
stituents in  these  euphotides  are  of  secondary  origin  ;  and  the 
rock  is  the  residt  of  mineral  change  in  a  coarsely  cr>'stalline 
gabbro  which  originally  consisted  mainly  of  a  plagioclase  fel- 
spar, such  as  labradorite,  and  a  diallage  (or  possibly  augite). 
It  is  dithcult  to  determine  whether  the  garnets  are  original 
constituents  of  the  rock  or  not,  for  the  evidence  a])pears  to 
me  rather  contlicting ;  this  may  be  due  to  the  fact  that  the 
Alps  have  been  sidjject  to  disturbance  at  more  than  one  epoch ; 
perhai)S  it  is  on  the  whole  more  })robable  that  they  also  are 
secondary. 

*  This  mineral  is  frequent  in  tlie  ii;-lauco}ihane  cclogites.  It  is  that 
noticed  by  myself,  as  ])r()bably  impure  sphene  or  rutile,  in  the  rock  from 
the  \a\  d'Aosta  (Min.  Man-.  \ol.  vii.  p.  3),  and  by  Mr.  Kutley,  Quart. 
Jonrii.  Geol.  Soc.  vol.  xlv.  p.  (31. 

t  See  the  autlior,  "  On  some  Specimens  of  Gabbro  from  the  Pennine 
Alps,"  Min.  Ma^.  vol.  ii.  p.  o. 

X  Dr.  Sterry  Hunt  (/Contributions  lo  the  History  of  Euphotide,'  X'c.) 
found  in  the  Saasthal  smanifrdite  ■()!  of  t'roO.,,  with  traces  of  nickel  and 
even  of  cobalt.     This  may  be  the  cause  of  the  peculiar  colour. 
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We  may  now  ]iass  on  to  inquire  to  wliat  cause  the  slight 
foliation,  connnonly  perceptible  in  one  variety  of  this  rock 
(No.  4),  should  boattrilmted. 

The  sniaramlite-euphotide,  it  may  be  remarked,  is  a  rock  of 
exceptional  hardness  and  toughness,  breaking,  ap})arently, 
with  equal  dithculty  in  all  directions  ;  but  the  variety  of 
which  we  speak  is  not  quite  so  intractable,  and  is  occasionally, 
though  not  always,  more  fissile  in  the  direction  of  its  streak- 
ing. But,  so  far  as  1  have  observed,  we  do  not  find  any 
surfaces  of  markedly  imj)erfect  cohesion,  such,  for  instance,  as 
are  common  in  the  "  augen-gneisses/'  A  careful,  anil  I  hope 
tmprejudiced,  examination  of  the  smaragdite-euphotide  blocks 
convinceil  me  that  they  I'ail  to  reveal  any  conspicuous  marks  of 
"  dynamo-metamorphism/^  In  many,  notwithstanding  the 
changes  each  constituent  has  undergone,  an  ophitic  structure 
on  a  large  scale  is  still  quite  clear.  The  more  granular 
varieties,  whether  coarser  or  finer,  resemble  the  more  granular 
types  of  ordinary  gabbro. 

Here  it  may  be  well  to  describe  in  some  detail  two  or  three 
examples,  which  appeared  to  me  to  give  important  evidence  as 
to  the  history  of  the  rock.  First  of  these  is  one,  which,  at 
the  first  glance,  might  be  suj)posed  favourable  to  the  idea  of 
dynamo-metamorphism.  It  is  a  large  block  (about  G  feet  by  3^ 
and  at  least  a  yard  thick),  consisting  of  saussnrite  and  a  dull 
green,  almost  dark-slate-coloured  hornblende,  which  is  slightly 
more  porphyritic  in  aspect  than  is  usual,  crystalline  grains  of 
'•  saussnrite ^^  about  1  inch  or  1"25  inch  long  occurring  in  a  mass 
where  they  ranged  downwards  from  about  "5  inch.  These  larger 
crystals  have  a  rather  irregular  outline.  They  are  not,  how- 
ever, oval  as  in  "  augen-gneiss/^  but  the  ends  are  a  little 
ragged  or  *'  teased  "  out,  the  smaller  beinof  more  streak-like 
(fig.  2).  Thus  the  rock  exhibited  a  slight 
foliation,  but  was  not  in  the  least  fissile  j-j^.^  2. 

parallel  with  it  ;  the  structure  in  short  to 
my   eye    suggested    fluxional    movement  cCT^)      ^T^^^J 
prior  to  solidilication  rather  than  a  crush-  cr^ 

ing  of  a    mass  already  solid.      Here  and         CT^^T^ 
there    sraaragdite    comes    in,  grains  of  it  <-^^^ 

being     associated    with    and    ap})arently 
replacing  the  dark-bluish  (honiblendic)  mineral.    These  grains 
occur  in  cloudlike  streaks  or  veins,  which  have  a  slight  tendency 
to  run  parallel  with  the  structure  of  the  rock. 

Another  large  block,  the  face  of  which  was  about  5  feet  wide 
by  3  feet  high,  which  lies  some  distance  farther  u])  the  valley, 
also  affords  important  evidenci'.  At  the  top  is  a  band,  about 
<)  inches  high,  of  a  coarse  gabbro,  containing  both  smaragdite 
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and  dialla^e  (fig.  3) .  In  parts  of  this,  especially  in  the  pyroxenic 
constituent,  a  slight  "  streakiness  "  is  exhibited,  in  others  an 


Fig.  3. — liough  sketch  of  block  showing  a  coarse  gabbro  streakin?  smarag- 
dite-euphotide.     The  upper  band  is  about  5  inches  thick. 


o])hitic  structure  can  be  traced.  In  tliis  the  "  crystals  '^  of 
saussurite  are  sometimes  2*5  or  '6  inches  long  :  the  patches  of 
the  pyroxenic  mineral  being  even  as  much  as  4  inches.  The  one 
form  shades  oft"  into  tlie  other  by  im])erce])tible  changes,  the 
crystals  of  saussurite  tending  to  assume  a  {)arallel  j)0<ition  and 
to  become,  as  it  were,  distorted.  This  coarse  and  shghtly 
''  orientated  "  band  on  the  right-hand  side  of  the  block  changes 
with  great  rapidity  into  a  rather  fine-grained,  less  pyroxenic 
variety  of  euphotide  ;  the  diameter  of  the  pyroxenic  constituents 
being  about  '25  inch  at  most,  that  of  the  saussurite  a  very 
little  more.  The  structure  of  this  rock  is  granular,  and  only 
here  and  there  we  detect  a  slight  streakiness.  But  on  the 
left-hand  side  of  the  block,  as  shown  above,  we  find  a  band, 
about  half  a  yard  long  and  three  inches  broad,  of  a  gabbro  as 
coarse  as  that  of  the  upper  zone,  and  exhibiting  in  its  crystals 
a  similar,  perhaps  a  shade  more  marked,  tendency  to  orienta- 
tion. The  one  is  separated  from  the  other  by  a  band  like  the 
main  mass  of  the  block,  though  a  little  coarser  and  more 
pyroxenic,  but  at  last  the  lower  one  "  streaks  "  upwards  to  the 
u{)})er.  There  is  no  sign  that  the  one  variety  either  has  been 
made  by  a  local  crushing  of  the  other,  or  is  intrusive  into  it ; 
but  we  observe  a  rapid  transition  from  the  one  to  the  other, 
as  in  a  rock  which  originally  consisted  of  two  magmas  slightly 
different  in  composition. 

Boulders  are  common  in  which  there  is  a  streaking  or  vein- 
ing,  without  absolutely  sharp  boundaries,  of  finer  varieties  by 
coarser,  or  of  those  which  are  more  felsjiathic  by  a  rock  richer 
in  a  pyroxenic  constituent — augite,  hornblende,  or  smaragdite. 

Boulders  also  may  be  found  occasionally  in  which  bands  of 
compact  greenstone  cut  across  the  streaky  structure  in  a 
euphotide,  so  as  to  prove  that,  whatever  might  be  its  cause, 
this  structure  existed  at  the  time  of  the  intrusion  of  the 
greenstone. 
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Yet  this  region,  as  a  whole,  undoubtedly  has  been  subjected 
to  very  severe  pressure,  of  Nvhioli  frequently  there  are  con- 
spicuous intlicatious — for  in  some  places  serpentine  has  been 
crushed  into  a  slaty  schist,  other  rather  less  basic  rocks  into 
chloritic  or  hornblendic  schists,  granitoid  rocks  into  slabby 
gneisses  with  '*  sheen  surfaces,'^  &c.* 

Still,  among  these  euphotides,  certain  specimens  of  those 
containing  green  hornblende  (No.  4)  present  structures  which 
make  it  possible  that  the  mass  was  somewhat  modified  by 
erushing.  This  is  the  case  with  tlie  small  specimen  from 
the  spur  of  the  Allalcinhorn,  given  to  me  by  Mr.  Eccles  ;  also, 
though  to  a  less  extent,  in  simdry  specimens  collected  by 
myself,  one  from  the  ridge,  another  froui  one  of  the  bosses. 
But  in  the  majority  of  the  boulders  of  this  type  I  could  find 
no  direct  evidence  in  favour  of  their  slight  "  flaser  "  structure 
being  due  to  this  cause,  while  occasionally  their  structures 
seemed  readily  exjilicable  bv  fluxional  movements,  as  is  the 
case  with  certain  of  the  gabbi'os  at  the  Lizard.  Hence,  while 
I  should  admit  that  this  euphotide  had  been  occasionally 
modified  by  subsequent  pressure,  I  should  infer  that  on  the 
whole  it  hiis  done  little  more  than  modify  structures  w^hich 
were  original,  and  that  these  have  been  generally  unaffected 
by  the  process  of  mountain-making. 

From  these  observations  it  follows  indirectly  that  gabbro  is 
by  no  means  a  promising  subject  for  ''  dynamo-metamor- 
phism,^'  and  to  attribute  a  f/aser  structure  to  this  agency, 
when  no  mark  has  been  left  on  neighbouring  and  less  obstinate 
rocks,  is  to  quit  induction  for  hypothesisf. 

Two  other  matters,  in  connexion  with  these  boulders,  appear 
to  me  to  call  for  a  few  remarks  in  conclusion  : — 

(a)  In  all  parts  of  the  Saasthal  which  I  have  examined, 
the  boulders  containing  smaragdite  are  more  abundant  than 
those  in  which  the  dull  green  hornblende  dominates  (4).  But, 
as  I  have  stated,  this  is  not  the  case  on  the  ridge  itself.  The 
smaragdite,  no  doubt,  may  occur  in  parts  which  I  did  not  see, 
as  it  does  on  the  crags  below  the  eastern  end,  but  on  the  crest 

*  The  "  cleavage  foliation  "  is  often  so  marked  that  the  slabs  are  used 
for  flooring  and  ()cca>ionally  even  for  roofing. 

t  I  have  seen  statements  in  print  so  worded  as  to  suggest  that  a 
"  uralitization  "  or  conversion  of  augite  into  hornblende  is  indicaticc  of 
"  dynamo-metamorphism."  It  is  true  that,  as  augite  is  a  less  stable 
mineral  than  hornblende,  any  disturbing  agency  is  likely  to  set  up  the 
change  from  one  condition  to  another,  and  so  very  often  it  results  from 
dynamo-metamorphism,  but  I  have  found  instances  of  this  change  when 
there  was  not  the  slightest  indication  of  mechanical  disturbance  to  be 
seen  in  the  neighbourhood.  Geologists  would  do  well  to  remember  that 
though  Acauses  B,  B  is  not  always  caused  by  A. 
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and  for  some;  (listivnce  below  it  the  latter  rock  is  certainly 
nnich  <]ie  inor(i  abundant*.  The  euphotide  certainly  is  the 
more  durable  rock,  but  i  do  not  think  that  a  "  survival  of  the 
fittest''  is  a  sufficient  explanation,  and  can  only  suppose  that 
the  sinarao;dite-euphotide  predominated  in  the  part  of  the 
mass  which  has  been  removed. 

(b)  The  second  matter  seems  to  me  a  still  greater  difficulty. 
These  blocks  occur  in  countless  thousands.  To  speak  only  of 
the  valley  above  Saas-im-grund,  the  part  which  I  have 
examined  most  closely,  they  abound  in  every  wall,  and  are 
strewn  thickly  over  many  acres  of  land  by  the  side  of  the 
torrent.  It  is,  I  believe,  no  exaogoration  to  say  that  they 
constitute  one  fourth  of  the  boulders  ;  often  3  or  4  may  be 
seen  actually  touching  one  another  ;  not  seldom  their  voUime 
is  2  or  8  cubic  feet,  often  much  more  than  a  cubic  yard. 
But,  as  I  have  already  indicated,  the  parent  muss  of  rock  is 
rather  small.  Its  surface,  compared  with  that  of  the  ridges 
and  crags  which  pay  tribute  to  the  Hochlaub,  AUalein, 
Schwartzenberg,  and  other  glaciers  is  almost  insignificant. 
An  explanation  might  bo  suggested  on  the  principle  that. 
"  you  cannot  S{)end  and  have  ; "  the  gabbro  mass  may  have 
impoverished  itself  by  a  lavish  distribution  of  boulders,  so 
that  what  we  now  see  may  be  only  a  residual  fragment  of  the 
original  ridge.  Such  an  answer,  however,  in  reality  increases 
rather  than  removes  the  difficulty.  These  boulders  for  the 
most  part  were  distributed  when  the  Alpine  glaciers  were 
much  larger  than  at  present.  Add  only  fifty  feet  to  the 
thickness  of  the  neve,  and  the  height  of  the  ridge  would  be 
seriously  diminished,  while  the  two  small  neighbouring  out- 
crops would,  I  believe,  be  buried.  But  the  form  of  the  ridge 
is  such  that  there  are  difficulties  in  understanding  how  the 
height  could  be  materially  increased.  It  is  like  a  wedge 
resting  on  the  broader  end,  the  crest  being  at  most  only  a 
few  feet  wide,  and  its  craggy  sides  are  everywhere  rather 
steep.  It  is  my  impression  (and  this  accords  with  the  map) 
that  the  greatest  breadth  of  the  base  does  not  exceed  a  hundred 
yards.  It  would  be  difficult  to  pile  up  more  than  about  ten 
thousand  cubic  yards  of  rock  upon  the  present  mass,  yet  the 
volume  of  the  scattered  blocks  must  greatly  exceed  thisf. 

*  I  infer  from  Capt.  Marshall  Hall's  account  that  there  was  at  any  rate 
a  considerable  quantity  of  the  hornblendic  variety  in  the  eastern  crags. 

t  It  luight  be  suggested  that  the  ridge  was  once  longer  and  that  the 
front  part  has  been  removed  by  denudation ;  but  if  so,  and  if  the  removal 
was  eilected  when  the  glaciers  were  larger,  we  ought  now  to  see  a  low 
spur  exposed — the  foundation  of  the  pnrtion  removed — rising  above  the 
ice  at  the  base  of  the  crjig  at  thi'  eastern  end. 
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But  the  blocks  may  also  be  traced  up  the  slopes  some  height 
above  the  bed  of  the  Saasthal*  and  are  carrioil  down  the 
valley  of  the  Rhone  to  beyond  Geneva,  though  of  course  they 
become  much  It^'^s  numerous  in  the  lower  part,  even  of  the 
Visptlial.  If,  however,  the  glaciers  extended  only  as  far  as 
Stalden,  at  least  a  considerable  portion  of  the  ridge  would  be 
concealed,  and  during  no  small  fraction  of  the  Ice  Age  it 
must  have  been  comj)letely  buried.  In  my  opinion,  we  are 
not  materially  helped  by  assuming  that  a  large  area  of  gabbro 
may  be  buried  beneath  the  present  glaciers  f;  for  I  am  not 
aware  of  any  evidence  which  would  justify  us  in  assuming 
that  masses  of  rock  can  be,  to  any  great  extent,  grip})ed  and 
torn  off  by  the  lower  part  of  a  glacier  and  then  transported 
beneath  the  ice.  At  the  present  time,  as  probably  at  all  times, 
most  boulders  of  any  size  begin  their  journey  on  the  surface 
of  the  glacier,  i.  e.  have  fallen  upon  it  from  crags.  Is  it  pos- 
sible that,  during  a  long  period  anterior  to  the  "  Great  Ice  Age," 
the  Alpine  glaciers  either  were  much  smaller  than  they  are  at 
present,  or  perhaps  had  entirely  disappeared  ?  As  I  have 
elsewhere  shown  |,  a  rise  of  onl}-  6°  F.  in  the  mean  tem- 
perature of  Switzerland  would  suffice  to  remove  them  from 
many  districts  and  reduce  them,  even  in  this  part  of  the 
Pennines,  to  comparative  insignificance.  If  so,  blocks  doubt- 
less might  be  accumulated  by  the  ordinary  processes  of 
mountain  destruction  over  an  area  much  more  extensive  than 
is  now  exposed,  and  these  might  be  gradually  swept  onwards 
by  the  advancing  ice.  Some  of  these  also  must  have  been 
lifted  vertically,  for,  as  I  have  said,  they  occur  at  least  500 
feet  above  the  bed  of  the  Vispthal.  But  even  this  hypothesis 
does  not  appear  to  me  to  remove  the  difficulty,  for  where  the 
boulders  are  most  abundant  they  lie  as  if  they  had  been 
dropped  during  the  retreat  of  the  ice.  So  we  must  suppose 
that  the  glacier  kept  depositing  them  on  the  bed  of  the  valley 
and  then  over-riding  them  ;  a  process  which  I  find  not  very 
easy  to  understand,  and  one  which,  if  acknowledged,  would 
be  extremely  difficult  to  reconcile  with  that  excavating  power 

*  I  have  only  seen  tbem  up  to  oOO  or  600  feet  above  the  river,  but  very 
likely  they  go  higher.  I  have  not  had  a  good  opportunity  of  searching 
for  and  determining  their  vertical  range. 

t  At  the  lower  end  of  the  ridge  we  appear  to  be  approaching  the  inferior 
limit  of  the  mas.«,  for  Mr.  Eccles  informs  me  that  in  1890  he  saw  (but 
could  not  actually  touch)  a  dark  green  rock  (either  serpentine  or  the 
"  green  schist''  of  the  district)  below  the  euphotide  and  above  the  surface 
of  the  glacier.  The  ridge  does  not  appear  at  the  present  time  to  give  rise 
to  any  well-marked  moraine. 

X  "The  Growth  and  Sculpture  of  the  Alps,"  'Alpine  Journal,' vol.  xiv. 
p.  233, 
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which  is  ahnost  an  axiom  with  some  frlacialists*.  In  short,  I 
liave  not  been  able  to  find  any  tliorouohly  satisfactory  solu- 
tion of  the  ditHculty, — a  ditKcuky  which  is  not  witliout 
precedent  elsewhere  f.  For  the  present  I  must  be  content  to 
slate  it,  and  let  it  remain  among  the  riddles  in  which  the 
Glacial  Epoch  is  so  fruitful. 


XXV.  On  the  Theory  of  Long  Waves  and  its  Application  to 
the  Tidal  Phenomena  of  Rivers  and  Estuaries.  By  J. 
McCoWAN,  ^[.A.,  B.Sc.,  Assistant  Lecturer  on  Natural 
Bhilosophy,  University  College,  VundeeX. 

THE  theory  of  the  long  wave  has  received  considerable 
attention  since  the  time  of  Lagrange,  who  obtained  the 
well-known  hrst  approximation  for  its  velocity  in  a  channel 
of  uniform  rectangular  cross  section  §.  In  1831)  Green  || 
obtained  the  corresponding  result  for  a  channel  of  triangular 
section,  and  KellaudU  that  for  a  channel  of  any  uniform 
section.  So  far,  however,  only  the  first  approximation  had 
been  discussed.  Sir  George  B.  Air}',  in  his  treatise  on 
"  Tides  and  Waves "  in  the  Lncyclopcedia  Meiropolitana 
(1845),  gave  for  the  first  time,  so  far  as  I  am  aware,  the 
exact  equation  on  which  the  theory  of  the  long  wave  in  a 
channel  of  uniform  rectangular  section  depends  :  he  gave  no 
general  solutions,  but  discussed  certain  problems  very  fully 
by  methods  of  approximation**.  I  do  not  know  that  any 
advance  on  Airy's  treatment  has  since  been  published.  The 
subject  is  briefly  discussed  in  Prof.  G.  H.  Darwin's  article 
on  "Tides"'  in  the  LncyclojKi'dia  Britannica  (ninth  edition), 
but  only  an  abstract  of  Airy's  results  is  given. 

In  the  following  paper  I  have  sought  to  give  a  fairly 
complete  discussion  of  the  motion  of  long  waves  in  a  channel 
of  any  uniform  section,  but  I  have  not  sought  to  consider 
channels  of  varying  section.      For  the  case  of  waves  pro[)a- 

*  It  must  be  remembered  that  here  we  are  among'  the  mountains  in  a 
locality  where  the  excavating  powers  of  the  glaciers  should  be  at  a 
maximum ;  so  the  difficulty  cannot  be  eluded  by  the  analogy  of  a  stream 
which  will  excavate  where  the  descent  is  rapid  and  deposit  Avhere  this  is 
gentle. 

t  Quart.  Journ.  Geol.  Soc.  1885,  p.  514. 

j  Communicated  by  the  Author. 

§  Berlin  Memoirs,  178G. 

II  Trans.  Camb.  Phil.  Soc.  vol.  vii. 

%  Trans.  Roy.  Soc.  Edinb.  vol.  xiv. 

**  An  interesting  account  of  Airy's  results  is  given  by  Stokes  in  his 
"  Report  on  Recent  Researches  in  Hvdrodynamics,"  B.  A.  Reports, 
184G. 
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gated  iu  one  diroetion  only  tlie  complete  solution  is  given, 
and  the  general  solution  for  propagation  in  both  directions  is 
obtained  in  finite  terms  for  a  system  of  different  forms  of 
channel.  One  of  these  forms  of  channel  is  peculiarly 
interesting  in  respect  of  the  fact  that  long  waves  of  any  kind 
are  propagated  along  it  without  change  of  form  :  in  all  other 
forms  of  channel  long  waves  change  in  form  as  they  advance. 
For  such  a  channel,  which  may  be  called  a  channel  of  uniform 
])roj)agation,  the  general  solution  takes  a  specially  simple 
form,  and  I  have  devoted  a  section  to  its  discussion. 

Perhaps  the  most  important  application  of  the  theory  is  to 
the  explanation  of  the  tidal  phenomena  of  rivers  and  estuaries. 
In  the  treatise  on  "Tides  and  Waves"  the  application  was 
made  by  Airy  with  great  success.  As,  however,  the  results 
were  obtained  from  approximations  only,  I  have  thought  it 
desirable  to  re-discuss  some  of  them  with  the  aid  of  the  exact 
solutions.  As  Avas  to  have  been  expected,  they  are,  so  far  as 
they  go,  confirmed  in  the  main  ;  but  one  of  them,  to  which 
some  importance  has  been  attached,  is  found  to  be  erroneous. 
I  refer  to  the  explanation  of  what  are  called  double  tides, 
sometimes  observed  in  rivers  at  stations  sufficiently  far  from 
the  month.  The  splitting  up  of  the  wave,  however,  indicated 
by  Airy's  solution,  and  on  which  the  explanation  depended, 
is  only  apparent  and  depends  on  the  fact  that  the  approxi- 
mation used  is  not  suffieientlv  exact  for  stations  far  up  the 
river  :  in  the  exact  solution  there  is  no  trace  of  such  a 
division. 

1.    Tlie  Kqiiat'ions  of  Motion. 

Consider  a  canal  or  horizontal  channel  of  anv  uniform 
cross  section  filled  initially  to  a  certain  depth  with  water  or 
other  liquid.  Suppose  that  this  liquid  is  now  disturbed  in 
such  a  "way  that  all  particles  which  are  initially  in  any  hori- 
zontal or  vertical  straight  line  perpendicular  to  the  length  of 
the  channel  receive  a  common  horizontal  displacement  and 
are  then  left  free  with  a  connnon  velocity  parallel  to  the 
length  of  the  channel,  the  displacement  and  velocity,  however, 
being  such  that  the  inclination  of  the  path  of  any  particle  to 
the  length  of  the  channel  is  everywhere  very  small  and  the 
motion  continuous.  Such  a  disturbance  will  in  general  give 
rise  to  a  wave-motion  in  which  ''  long  waves  "  with  parallel 
crests  are  propagated  in  both  directions  along  the  channel. 
The  nature  of  this  motion  we  proceed  to  investigate. 

Taking  the  axis  of  a;  parallel  to  the  length  of  the  channel, 
along  its  bottom  say,  let  |  be  the  abscissa  at  time  ^  of  a  plane 
perpendicular  to  this  axis  containing  a  set  of  particles  which, 
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before  the  lujuid  was  disturbed,  had  the  common  abscissa  x. 
Let  z  denote  the  hci;;ht  of  the  free  surface  of  the  li(juid  above 
the  axis  of  x,  where  it  is  cut  by  the  phine  ^,  and  let  A  be  the 
undisturbed  hei<2;ht.  Since  the  form  of  the  cross  section  of 
file  cliannel  is  supposed  given,  the  area  of  the  section  of  the 
iitpiid  made  by  the  ]»hine  ^  is  a  function  of  z  which  can  be 
determined  and  n)ay  tlierefon*  be  supj)Osed  known,  say  (f>(^z), 
and  the  area  of  the  undisturbed  section  being  the  same 
function  of  h  must  therefore  be  ^(/')- 

Consider  now  two  planes,  perpendicular  to  the  length  of 
the  channel,  which  move  with  the  fluid  and  so  contain  always 
the  same  particles,  and  which,  before  the  liquid  was  disturbed, 
were  at  the  smill  distance  8.r  apart  :  at  time  /  their  distance 
apart  will  have  become  o^=B,i'  .d^jd.v,  but  the  quantity  of 
li(|uid  Ijetween  them  will  be  unaltered  and  therefore 
</)(^)6^  =  </)(A)8.r,  or 

dx~  c{>{z) ^^' 

This  is  the  "  equation  of  continuity,"  and  we  have  also,  if 
u  denotes  the  component  of  the  velocity  parallel  to  the  axis 
of  ^j 

1=" (^) 

Next,  let  p  be  the  density  of  the  liquid  and  let  p  I)e  the 
pressure  at  any  point  on  the  plane  ^  :  the  motion,  parallel  to 
the  axis  of  a:,  of  the  particles  near  this  point  will  therefore  be 
given  by  the  dynamical  equation 


ov,  by  (1), 


d^^__^{z)dp 

^dt^  ~    4){h)dx ^  ' 

Now,  from  the  initial  conditions,  it  is  clear  that  the  vertical 
component  of  the  acceleration  will  be  negligible,  and  therefore 
that  the  variation  of  the  pressure  from  point  to  point  will  be 
due  entirely  to  the  variation  in  the  de})th  below  the  surface  : 
thus,  for  points  on  the  same  horizontal  plane,  Sp=gpSz,  and 
therefore  (3)  gives 

dt^  -' <p{h)  dx ^^ 

Thus  the  component  of  the  acceleration  parallel  to  the  axis 
of  X  is  the  same  for  all  the  particles  in  any  plane  ^  perpen- 
dicular to  the  length  of  the  channel,  and  therefore  all  particles 


=  « (2') 
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initially  in  such  a  plane  will  remain  so,  having  a  common 
horizontal  velocity. 

If,  finallv,  we  differentiate  (4)  with  respect  to  x,  we  get 

by  (1), 

^  0(/O d^  ^(z)  dz  ^ 

dt^^iz)"     ^ dx  <f>(/t)  dx  ' 
or 

d  /'6(Ii)\^,, ,  .  dz       d     ,f.dz  ,.. 

,?(Ub))*<''5F=rf-.^*«s-  •  •  •  ^-'^ 

The  particular  case  in  which  the  cross  section  of  the 
channel  is  rectangular  is  specially  important.  Here  </)(^)  is 
proportional  to  z,  and  therefore  the  equations  (1)  to  (5) 
reduce  to 

^A^h (1') 

dx      z 

dj_ 
dt 

d^__zy_P  .„, 

c/«2-         hdx ^^ 

dt""  ^hdx ^    ' 

d  h^  dz  _  d        dz  ,-,, 

cTt7dt~d^^^dx ^^ 

Equations  (1)  to  (5),  with  the  initial  and  boundary  con- 
ditions, completely  determine  the  motion.  It  is,  however, 
very  necessary  to  use  great  care  in  interpreting  these 
equations,  remembering  that  they  are  subject  to  the  limitations 
assumed  in  obtaining  them.  We  shall  see  later  that  though 
the  initial  circumstances  of  the  motion  satisfy  these  conditions, 
still  the  motion  will  gradually  alter  in  character  till  they  are 
no  longer  fulfilled,  and  therefore  the  further  motion  will  not 
be  given  by  these  equations.  It  is  therefore  important  to 
note  clearly  what  are  the  fundamental  conditions  to  be  satisfied 
in  order  that  any  wave-motion  may  be  included  in  the  theory 
of  long  waves. 

The  essential  feature  of  the  theory  is  the  motion  in  parallel 
sections ;  that  is,  the  motion  must  be  such  that  all  particles 
initially  in  a  plane,  perpendicular  to  the  length  of  the  channel, 
remain  in  such  a  plane.  The  investigation  shows  that  the 
motion  will  have  this  character  provided  that  initially  all 
particles  in  such  planes  receive  a  common  displacement  and 
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velocity  parallel  to  the  length  of  the  channel,  great  in  com- 
parison with  the  other  two  components  of  the  displacement 
and  velocity.  It  is  clear  that  this  imposes  a  certain  limitation 
on  the  form  of  the  cross  section  of  the  channel  :  near  the 
surface  the  inclination  of  the  sides  to  the  vertical  must  not  be 
so  great  as  to  occasion  too  great  a  transverse  motion,  as  the 
surface  rises  and  falls  between  wave-crest  and  hollow.  In 
obtaining  (4)  the  exact  assumption  made  is  that  the  vertical 
component  of  the  acceleration  of  any  particle  is  very  small 
in  comparison  with  the  free  acceleration  </  due  to  gravity. 

As  an  example,  suppose  that  the  form  of  the  surface  is 
given  by  a  curve  of  sines  or  similar  curve.  Then  it  is  clear 
that,  to  satisfy  the  conditions,  the  height  of  the  waves,  and 
the  variation  in  the  breadth  of  the  channel  between  wave-crest 
and  trough,  must  be  very  small  in  comparison  with  the  length 
of  the  wave  ;  and  it  may  also  be  seen  without  much  difficulty 
that  the  ratio  of  the  wave-height  to  the  wave-length  must  be 
large  compared  with  the  square  of  the  ratio  of  the  depth  to 
the  wave-length. 

2.   The  Propagation  of  Waves  in  one  Direction  only  : 
General  Solution. 

The  most  important  problems  in  wave-motion  are  those  in 
which  waves  are  propagated  in  one  direction  only.  When 
this  limitation  is  imposed,  the  complete  solution  of  the  problem 
of  the  propagation  of  long  waves  may  be  obtained  as  follows  : — 

Let  a  and  yS  be  functions  of  c,  as  yet  undetermined  ; 
assume  for  a  unidirectional  solution, 

This  gives 

dz  dz 


~dt  '^dx' 


and  therefore  further 


d  ^dz       d    c,r,dz 
dt     dt      dx        dx' 

which  will  become  identical  with  (5) ,  if  we  take 
which  gives 

^^{h)\/  <^'{zy 

The  double  sign  has  only  reference  to  the  direction  of  pro- 
pagation of  the  waves,  and  we  shall  therefore  obtain  sufficient 
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generality  by  taking  the  npper  sign  only.  The  complete 
solution  of  (5)  for  an  advancing  series  of  waves  of  any  form 
is  therefore  given  by 

where  s  =  Fo(.r)  when  /  =  0.  Here  the  onlinute  of  the  surface 
at  any  time  t  is  given  for  the  plane  of  particles  whose  abscissa 
in  their  undisturbed  position  was  .r,  and  we  may  obtain  from 
this  ^,  11,  and  p  by  means  of  equations  (1),  (2),  and  (3).  As, 
however,  it  is  generally  more  convenient  and  shows  the  cha- 
racter of  the  motion  more  clearly,  to  have  all  quantities  given 
in  terms  of  the  actual  abscissa  ^  at  time  t,  rather  than  the 
abscissa  x  corresponding  to  an  anterior  undisturbed  condition, 
we  shall  M'ork  out  the  results  in  this  form. 

Using  the  letter  F  with  various  suflHxes  to  denote  a  series 
of  functions  related  to  Fq  in  ways  which  will  be  sufficiently 
obvious  from  the  transformations  without  other  explanation, 
(6)  may  be  written 

and  therefore  by  (1) 

Mz)  (b(z)       '^  ^       6(z)       <f>  A  V    4>'(z)  ' 


where 


and  kt  is  written  in  place  of  the  arbitrary  function  of  t  which 
would  naturally  appear  on  integration,  for  we  easily  find  on 
substitution  in  (4j  that  this  function  reduces  to  the  form  kt, 
k  being  an  absolute  constant.     Thus,  finally, 

z  =  F{^-{^/g.f(z)-k)t},      ....      (8) 

where  c  =  F(|)  is  the  equation  to  the  wave-form  when  t  =  0. 
Again, 

''=dt  =  dzdt^'^^''^^'^-^' 
Also 

<b(z)      dx      dz  dx  dz  <h{z)  V  q6iz)'  dt  ' 


<^{z)      dx      dzdx  dz<\>{z)\/   r,(fi{zy 


dzdt  ~      V  ' 


T2 


25n  Mr.  J.  McCowan  on  the 

Thus 

"=vv(t(--)-.y^,',^j }-/.-. . . .  (0) 

For  the  case  of  a  channel  of  rectangular  section,  equations 
(6)  to  (9)  reduce  to 

z  =  Fo{.v-tz^lh), (60 

t(-~)  =  3^c, (7') 

z  =  F\^-(^x/iz-k)f\,  ....  (8') 

v  =  2\/Jz-k (9') 

Equations  (7)  to  (9)  suppl}^  immediately  the  solution  of  two 
very  important  general  problems.  Thus,  if  we  are  given  the 
form  of  the  surface,  say  ~  =  F(^),  of  a  train  of  waves  advancing 
in  a  channel  of  given  uniform  cross  section  at  any  time,  which 
may  conveniently  be  taken  as  zero,  the  form  of  the  surface  at 
any  subsequent  time  t  will  be  given  by  (7)  and  (8),  and  the 
velocity  n  by  (9) .  Again,  if  a  procession  of  waves  is  propa- 
gated along  the  channel  by  imposing  a  forced  motion,  say 
z=f{t),  at  some  part  of  the  channel,  which  may  conveniently 
be  taken  as  the  origin,  then  the  form  and  motion  generally  of 
the  advancing  waves  will  again  be  given  by  the  equations  (7) 
to  (9),  (8)  being  modified  to  the  form 

-=f\t-m^'9-^{^)-^)],    ....      (10) 
or  _ 

z=fit-^i{^s/gz-k)\, (10') 

if  the  section  is  rectangular. 

In  both  these  solutions  it  will  be  seen  that  the  constant  h  is 
left  undetermined  ;  by  (9)  we  see  that  it  will  be  determined 
by  the  consideration  of  the  normal  velocity  of  flow  in  the 
channel  independent  of  the  wave-motion.  Thus,  if  when  no 
waves  are  being  propagated  along  the  channel,  there  is  a 
uniform  flow  in  it  in  the  direction  of  the  axis  of  x,  the  velocity 
being  U,  then,  if  we  regard  the  wave-motion  as  such  as  not  in 
itself  producing  a  permanent  flow,  we  must  have 

UT  =  j     n  dt 

when  the  time  T  is  taken  sufficiently  long. 

Thus,  by  (9),  k  will  be  determined  by  the  condition 

n  =^yg\^{z)-^^^\dt-m,  .   .   (11) 
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where  T  is  very  large.     In  the  case  of  rectangular  section 
this  reduces  to 

kT  =  r  2V^dt-VT (11') 


In  a  subsequent  section  a  discussion  of  some  of  the  tidal 
phenomena  of  rivers  and  estuaries  will  afford  a  somewhat 
detailed  illustration  of  the  character  of  the  motion  which  is 
indicated  by  the  equations  we  have  obtained  in  this  section, 
but  meanwhile  a  brief  sketch  of  its  general  nature  is  desirable. 

From  (8)  we  see  that  any  point  on  the  wave-surface  whose 
ordinate  is  c  may  be  regarded  as  advancing  without  change  of 
elevation  with  the  velocity  (  \/g-\lr{z)— k) ;  thus  in  general 
the  waves  will  change  in  form  as  they  advance,  owing  to  the 
difference  in  the  velocities  of  higher  and  lower  parts,  becoming 
steeper  or  less  steep  in  front  according  as  "^i-)  increases  or 
decreases  as  z  increases,  but  they  will  be  propagated  with  a 
constant  velocity  and  without  change  of  form  if  y{r{z)  is 
constant,  a  case  to  be  specially  discussed  in  the  next  section. 
From  (8)  we  also  see  that  though  the  form  may  change,  the 
height  of  the  wave-crests  and  troughs  does  not  alter.  From 
(9)  we  see  that  at  any  point  the  cojnponent  of  the  velocity 
parallel  to  the  axis  of  a  depends  only  on  the  surface-height  at 
the  point ;  the  vertical  component  of  the  velocity  will  of  course 
be  d:/dt  at  the  surface,  and,  since  it  vanishes  at  the  bottom, 
it  will  for  intervening  points  be  proportional  to  their  height 
above  the  bottom. 

An  important  consequence  of  the  continual  change  in  the 
form  of  the  advancing  wave  must  here  be  noted.  As  the 
velocity  of  advance  of  each  point  of  the  wave-surface  depends 
only  on  its  ordinate  and  not  at  all  on  the  time,  it  follows  that, 
the  case  where  y}r(z)  is  a  constant  alone  being  excepted,  the 
inclination  at  some  points  on  the  surface,  however  small 
initially,  will  ultimately  become  so  great  that  the  conditions 
under  which  our  equations  have  been  obtained  no  longer  hold 
there.  It  follows,  therefore,  that  we  must  be  careful  only  to 
apply  our  results  throughout  those  regions  and  during  those 
times  in  which  the  condition  of  small  surface-inclination  holds, 
and  we  must  infer  nothing  as  to  the  further  motion  without 
special  investigation.  It  seems  to  be  generally  held  that  the 
distortion  of  the  surface-form  will  go  on  till  discontinuity 
results  ;  but  such  an  inference  can  hardly  rest  on  secure 
grounds  so  long  as  no  equations  are  known  which  will 
represent  even  approximately  the  motion  when  the  steepness 
of  the  surface  becomes  considerable  ;  on  the  contrary,  from 
the  known  fact  of  the  permanent  propagation  of  certain  forms 
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of  steep  waves,  it  seems  more  probable  that  the  ultimate  fate 
of  the  waves  Avill  depend  entirely  on  the  initial  circumstances. 

3.    The  Channel  of  Uniform  Propagation. 

The  solution  of  the  problem  of  the  propagation  of  long 
waves  in  one  direction  only  which  wo  have  obtained  affords 
little  or  no  clue  to  the  treatment  required  for  the  general  case 
of  propagation  in  both  din^ctions.  The  complete  solution  of 
this  latter  problem  in  finite  terms  is  in  general  unattainable ; 
but,  as  we  shall  see  immediately,  there  is  an  infinite  variety  of 
forms  of  cross  section  for  which  such  solutions  may  be  obtained. 
Of  these  forms  of  section,  however,  there  is  one  which,  from 
its  special  interest  and  simplicity,  deserves  a  separate  dis- 
cussion. 

From  the  form  of  equation  (5)  we  see  that  it  wmII  reduce  to 

^±i^  _    i!  Ml) 

dt^  (fi{z)  "^^  dx'  (f){zy 
or  by  (1)  to 

f =^»S "^) 

if  we  take  ^(~)  such  that 

fci>{h)yct>'iz)  ^1 

l(/)(^)J    <t>{z)        c' 
which  gives  on  integrating 

{i!}^=i-2(--'')^ (13) 

Let  ?/  denote  the  breadth  of  the  cross  section  corresponding 
to  the  ordinate  r,  let  b  denote  the  breadth  at  the  mean  level  h, 
and  let  A  be  written  for  <J>{h),  the  area  of  the  mean  cross 
section.     Then,  by  (13), 

<j^{z)=A/{l-2{z-h)/c\^;       .     .     .     (U) 

.-.    y  =  cf>'{z)=A/c{l-2{z-h)cy^',       .     .  (15) 

.-.     b  =  cf>'{h)  =  A/c, 

or  c  =  A/b (16) 

The  complete  solution  of  (12)  is 

l=/iU-VO+/.('^'  +  VO,  ....     (17) 
where 

V  =  v/^,  =  v'igA/b)  ; (18) 
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arnl  this  gives  by  (I)  and  (14) 

jl_2(c-/0/o}*=/x'Gr-V/)+/2'(^  +  V0,      •     (19) 
and  by  (2) 

«/A^=-//(.r-VO+/2'Gf  +  V0.      •     •     .     (20) 

From  (17)  we  see  that  the  most  general  motion  in  a  channel 
of  such  a  cross  section  as  is  given  by  (15)  may  be  regarded  as 
compounded  of  two  series  of  waves  of  horizontal  displacement 
moving  in  opposite  directions  with  equal  constant  velocities. 
The  constant  velocity  V  given  by  (18),  and  here  appearing 
as  an  exact  result,  is  of  the  same  form  as  Kelland's  well- 
known  approximation  for  the  mean  rate  of  propagation  in  a 
channel  of  any  section,  which  latter  result  may  of  course  be 
derived  innnediately  from  (5).  From  (16)  it  may  be  noted 
that  the  constant  c  is  the  average  depth  over  the  cross 
section.  If  we  consider  the  solution  obtained  by  taking  only 
one  of  the  arbitrary  functions  in  (17)  and  (18),  we  see  that  it 
represents  a  propagation  of  waves  in  one  direction  only,  with 
a  constant  velocity  and  without  change  of  form  ;  hence  a 
channel  with  such  a  cross  section  as  we  are  considering  may 
be  called  a  channel  of  uniform  propagation.  It  is  obvious, 
moreover,  that  it  is  only  that  part  of  the  section  which  lies 
between  the  highest  crest  and  lowest  trouoh  that  need  have 
the  form  given  by  (15),  pro^'ided  the  section  below  this  level 
is  still  such  as  to  make  the  area  equal  to  A.  Thus,  any 
channel  may  be  made  a  channel  of  uniform  propagation  by 
suitably  sloping  the  sides  between  the  levels  of  crest  and 
hollow  of  such  waves  as  traverse  it,  provided  always  of  course 
that  the  slope  required  be  not  such  as  to  imply  a  greater 
transverse  motion  than  is  contemplated  in  the  formation  of  the 
fundamental  equations  (1)  to  (5).  If  6  denote  the  required 
inclination  of  each  of  the  two  sides  to  the  vertical,  corre- 
sponding to  the  ordinate  z,  taking  for  simplicity  the  case  of 
equal  slope  on  each  side,  then  by  (15) 

2  tan  ^  =  <^"(z)  =  3A/c2{  1-2(^-/0 }%    .     .     (21) 

and,  if  6q  be  the  inclination  at  the  mean  level  /i, 

2tan6'o=3A/c^  =  3^VA (22) 

The  equation  to  the  form  of  the  disturbed  surface  at  any 
time  t  \\\\\  be  obtained  explicitly  by  eliminating  x  between 
(17)  and  (19),  but  generally  it  will  be  more  convenient  to 
leave  x  uneliminated,  regarding  it  rather  as  a  variable  para- 
meter. It  is  important  to  notice  that,  though  waves  advancing 
in  one  direction  only  are  propagated  unchanged,  in  the  general 
case  the  form  of  the  surface  cannot  be  obtained  by  simply 
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superposing  the  forms  of  the  two  oppositely  moving  systems 
of  waves  of  wliicli  it  may  be  regarded  as  the  result.  It  is 
clear,  however,  from  (17)  that  the  displacement  of  any  plane 
from  its  mean  or  undisturbed  position  is  simply  the  sum  of 
the  displacements  due  to  the  component  Waves. 


4.  A  General  Solution :  Solutions  in  Finite  Tei'tns. 

The  solution  which  has  just  been  discussed  is  the  simplest 
of  a  series  of  complete  solutions  in  finite  terms  which  may  be 
obtained  for  a  corresponding  series  of  forms  of  cross  section. 
For  if  we  take  (f>(^)  =  (a  +  bz)",  then  taking  advantage  of  (1), 
(4)  may  be  written 

2+\/n 

;     .     .     .     .  (23) 


dt^  ~  7lb  dx^ 


dj 
da; 


and  if  we  change  the  independent  variables  in  this  to  u  =  d^/dt 
and  2>  =  d^ I (Lv,  and  the  dependent  variable  to  ■&=^At*  +  w^  —  ^j 
we  get 

P         dp^~        nb       dic^'    ....      K^-^) 

an  equation  of  a  form  which  has  received  considerable  atten- 
tion, the  equations  of  Riccati  and  Bessel  being  connected 
with  it.  The  general  solution  of  (23)  will  then  be  given  by 
the  following  equations  : — 

dx-  4>{z)-\a  +  bzS  '       •     •     .     .     ^^^) 
_       ja  +  bz)  ja  +  bz^d^ 
''■-  nlTXa  +  bhS    dz'       •     •     ^^^^ 

-i- (^^) 

where  ^  is  the  general  solution  of  (24),  which  may  be  easily 
shown  to  be,  on  substituting  for^  its  value  in  terms  of  s, 

^  =  \   /i(m  —  \^ing{a  +  bz)/b  .  cos  <^)  sin2"<^  .  d<f) 
»J  0 

+  I    f2{u+  \^4np{a  +  bz)/b  .  cos  (}>)  sin-"</) .  d(f>  .    (29(0 
when  n  is  positive,  and 
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3=  (a  +  ?'c)""|  /i{u—^4n(/{a  +  bz)/b .  cos  <^)  sin-^"  (^  .  d(j) 
Jo 

+  {a  +  b:)-"\  /2{u  +  ^Ang{a  +  b:)lb.coi^(}))sin-^"<}> .  d(f),{2db) 
«/o 

when  71  is  negative  :  if  n,  however,  lies  between  +i  and  —  ^ 
either  form  may  be  taken. 

From  this  general  solution  we  see  immediately  that  if  2n 
be  an  odd  integer,  positive  or  negative,  the  solution  will  take 
a  finite  form  on  integrating.     We  shall  obtain,  in  fact, 

d=  ^.{F,{u-s/2gj2i^l){a-i-bz)lb) 


dz' 


+  F2{ii  +  y/2g{2i-l){a  +  bz)/b)},  .     .     (30) 


or 


+  F,{n  +  V-2<,[2i-l){a  +  bz)Jb)},     .    .    (31) 

according  as  n  =  i—^  or  n  =  ^—i,  i  being  a  positive  integer. 
These  cases  of  finite  solution  are  specially  interesting  for  the 
smaller  values  of  {,  as  being  then  more  easily  interpreted  :  it 
may  be  noted  that  the  case  of  the  channel  of  uniform  propa- 
gation is  obtained  by  taking  /=0,  in  (30),  or  ?  =  1,  in  (31). 
It  should  be  observed  that,  as  iu  any  real  channel  the  cross- 
sectional  area  ^{z)  must  increase  with  z,  b  and  n  must  be 
quantities  of  the  same  sign. 

Whatever  be  the  form  of  <^(z),  the  general  equation  (4) 
might  be  treated  by  thus  changing  the  independent  variables 
to  u  and  p  ;  but  the  solution  would  in  general  be  A-ery  com- 
plex in  form.  This  mode  of  solution,  however,  is  interesting 
theoretically  from  its  relation  to  the  finite  solution  we  have 
obtjiined  for  waves  propagated  in  one  direction  only.  For 
that  solution  is  the  most  general  one  that  satisfies  the  con- 
dition u=f(p),  while  this  latter  is  general  only  when  w  and 
p  are  independent ;  thus  the  solutions  are  supplementary  to 
each  other,  the  cases  excluded  from  the  one  system  are  pre- 
cisely those  included  under  the  other. 

5.  Tides  in  Rivers  and  Estuaries. 

The  tide  in  a  river  or  long  narrow  estuary  is  due  to  the 
propagation  upwards  from  the  outlet  of  long  waves  which 
may  be  regarded  as  forced  by  the  oceanic  tide  at  the  mouth. 
This  tide  at  the  mouth  may,  for  our  present  purpose,  be 
regarded  as  compounded  of  two  sin)ple  harmonic  constituents, 
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tlie  lunar  and  solar  semidiurnal  tides  ;  and  if  we  do  not  seek 
to  trace  its  variation  from  spring  tide  to  neap,  it  will  be 
sufficient  to  replace  these,  as  their  periods  are  roughly  equal^ 
by  one,  and  take 

7)  =  r}Q  sin  nt (32) 

as  representing  the  oceanic  tide  at  the  river-mouth  ;  r)  deno- 
ting the  elevation  of  the  surface  above  mean  level,  and 
n=27r/Tthe  "s])ee(P^  of  the  tide,  which  has  the  period  T. 
But  if  we  want  to  consider  the  phenomena  of  spring  and 
neap  tides  we  must  take 

77  =  77,  sin  «!<+ 772  sin  »2^  j     ....     (33) 

where  tjj  and  n^  are  the  speeds,  and  277,,  2772  the  ranges  of  the 
lunar  and  solar  semidiurnals  respectively. 

Consider  the  case  of  a  river  or  long  narrow  estuary  which 
approximates  in  form  to  a  straight  channel  of  uniform  rect- 
angular section.  Let  the  origin  be  tak(m  at  the  mouth  of  the 
river,  and  let  ,v  be  measured  from  the  mouth  up.  Then  if  the 
oceanic  tide  at  the  river-mouth  be  given  by  (32),  we  see  by 
(10')  that,  writing  77  for  z—h,  the  elevation  above  mean  level, 
the  tide-wave  propagated  up  the  river  in  consequence  wall  be 

given  bv  

rj  =  r),,mn{t-^/(ds/'^{hT^)-k},       .      .      (34) 

where  k  is  a  constant  to  be  determined  from  the  mean  rate  of 
efflux  from  the  river.  Thus  if  the  natural  velocity  of  the 
stream  towards  its  mouth  be  <j,  then  by  (11'),  noting  that  the 
integration  need  only  extend  over  the  period, 

^-  =  g  4-  —  j    2  ^g{h  -t  77q  sin  27r^/T)  dt ; 
•^  Jo 


h  +  Vo 


or 


,=,,i^to^E(^^).     .     .     .     (35) 

The  limiting  values  between  which  k  must  always  lie  are 
therefore  given  by 

k  =  q  +  2  v/^  when  770  =  0,     .    (36) 

4v/2    / .  — 

k  =  o-\ V  ^A  =  </  +  1  '8  ^/gh  when  r]^  =  h  ;    .    (37) 

TT 
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so  that  in  approximations  the  value  given  by  (3G)  may 
generally  be  taken. 

By  means  of  these  results  we  can  easily  see  the  chief 
characteristics  of  the  tidal  ebb  and  flow  in  such  a  river  or 
estuary.  From  (34)  it  follows  that  the  height  of  rise  and 
fall  is  the  same  at  all  stations  on  the  river  as  that  of  the 
oceanic  tide  at  the  mouth,  but  the  rise  and  fall  is  not  simple 
harmonic  except  at  the  mouth.  We  see  also  that  high  water 
occurs  later  at  stations  up  the  river  than  at  the  mouth,  the 
lag,  which  is  simply  ])roportional  to  the  distance  from  the 
mouth,  being  less  for  high  than  for  low  tides,  and  also  less 
the  less  the  natural  flow  in  the  river  :  the  same  is  true  for 
the  time  of  low  water,  but  the  lag  is  greater  and  it  is  greater 
for  high  than  for  low  tides  ;  hence  the  interval  from  low 
water  to  the  high  water  following  is  less  than  the  interval 
from  high  water  to  the  following  low  water.  In  fact,  from 
(34),  the  interval  from  high  water  to  the  succeeding  low 
water,  at  a  station  at  distance  ^  from  the  mouth,  is 

or  approximately,  taking  k=q  +  2\^(/h  and  neglecting  tjq^, 

iT  +  f^fe^'; (39) 

and  therefore,  making  the  same  approximations,  the  interval 
from  low  water  to  the  following  high  water  at  the  same 
station  will  be 

iT-f^#4t («) 

i^gh-qf 

From  (39)  and  (40)  it  follows  that  the  difference  in  the 
two  intervals  increases  directly  as  the  distance  from  the 
mouth  and  as  the  height  of  the  tide  approximately  :  it  is 
also  greater  the  greater  the  natural  velocity  q  of  the  stream. 

Again,  by  (9'), 

u  =  2\/g{h  +  'n)~k, (41) 

whence  it  follows  that  the  rate  of  flow  is  a  maximum  at  high 
water,  and  the  rate  of  ebb  a  maximum  at  low  water.  Also, 
flood  ends  and  ebb  begins,  or  vice  versa,  when 


2^g{h  +  v)  =  k, (42) 

and  therefore  at  an  elevation  above    mean  level  which  is 
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greater  the  greater  the  natural  stream- velocity  g  :  when  there 
is  no  stream-velocity  q  ebb  will  begin  a])proximately  at  the 
mean  level  /*,  but  really  somewhat  below  this,  and  more 
notably  when  the  tide  is  a  high  one. 

Again,  by  (34)  and  (42),  the  duration  of  flood  will  bo 

iT-^sin''^, (48) 

where  ij  is  given  by  (42)  :  therefore  the  duration  of  flood  is 
approximately 

iT-l'^,       (44) 


TT 


and  that  of  ebb 


\/  gli 


y^+ll^hb (45) 


IT 


Vgh 


Thus  the  durations  of  flood  and  ebb  arc  very  nearly  equal 
when  there  is  no  independent  flow  in  the  river,  but  the  ebb 
continues  longer  than  the  flow  when  there  is  an  independent 
flow  q  towards  the  sea,  as  was  to  be  expected. 

All  these  results  are  in  complete  accordance  with  the 
observed  phenomena  of  the  tides  in  rivers.  Most  of  them,  in 
their  approximate  form,  were  given  by  Sir  George  B.  Airy  in 
the  article  "  On  Tides  and  Waves,"  already  referred  to.  His 
approximation,  however,  led  him  to  the  further  result  that 
the  wave  of  the  tide  would  subdivide  as  it  advanced  up  the 
river,  so  that  at  stations  far  enough  up  there  would  be  two 
times  of  high  water  in  each  period,  or  even  three  or  more  at 
sufliciently  distant  stations.  As  a  matter  of  fact  there  is  such 
a  ])henomenon  of  double  tide  in  the  upper  parts  of  some 
rivers,  and  this  result  was  therefore  taken  as  its  explanation  : 
it  is  easy  to  see  from  (34),  however,  that  there  is  really  no 
such  subdivision,  and  that  therefore  the  explanation  of  such  a 
peculiarity  must  be  sought  elsewhere.  For  (34)  shov,^s  that 
each  point  on  the  wave-surface  may  be  regarded  as  advancing 
up  the  river  without  change  of  elevation  with  a  velocity 
[3\/(<7^)  — A;],  which  depends  only  on  its  elevation,  and 
which  is  greater  the  greater  the  elevation.  Hence  the  slope 
at  every  point  from  the  trough  to  the  crest  in  front  of  the 
wave,  which  near  the  mouth  has  the  form  of  a  curve  of  sines, 
becomes  greater,  and  at  every  point  in  the  rear  from  crest  to 
trough  it  becomes  less.  Thus  we  can  easily  picture,  or  draw 
if  need  be,  the  form  of  the  advancing  wave  ;  but  withotit  this, 
however,  the  genend  considerations  show  that  there  can  be  no 
subdivision,  even  though  the  wave  were  traced  up  to  the  point 
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at  wliioh  the  equations  indicate  discontinuity,  a  point  far 
beyond  that  permissible  under  the  funchxmental  assumptions. 
It  is  clear,  therefore,  that  the  subdivision  obtained  by  Airy 
must  be  due  to  his  having  extended  his  interpretation  of  his 
approximation  to  a  distance  at  which  it  ceased  to  give  a  fair 
account  of  the  motion.  In  fact,  returning  to  (34),  if  we  put 
71/ •</ gh  =  in,  take  y  — 0  and  k='2\/(fh,  we  shall  get  at  once 
for  an  approximation, 

T]  =  r]f)S\n  {nt  —  m^  —  lm^.7}jh), 
or 

r}  =  i]^s\n{uf  —  )n^)  —  ^.7}J^lh.'))i^-^'m2{nt  —  m^);     .     (4G) 

which  is  the  solution  used  by  Airy.  He  has  given  a  tracing 
of  the  wave-form  represented  by  this  equation,  which  shows  a 
subdivision  of  the  wave  at  a  sufficiently  advanced  station. 
This  tracing,  with  a  brief  summary  of  Airv's  results,  is  repro- 
duced by  Gr.  H.  Darwin  in  his  article  "  On  Tides, ^^  in  the 
Encyclopcedia  Britannica.  Airy  has  further  carried  (46)  to  a 
third  approximation,  winch  may  easily  be  obtained  from  (34) 
and  need  not  be  reproduced  here,  and  from  this  he  finds  there 
may  even  be  a  subdivision  into  three.  All  this,  however, 
follows  inevitably  from  the  form  of  approximation  used,  that 
of  a  series  of  sines  of  multiple  arcs,  when  due  regard  is  not 
paid  to  the  limits  within  which  only  it  can  be  regarded  as  an 
approximation  at  all.  In  fact  such  an  approximation  will 
indicate  a  subdivision  into  as  many  waves  as  it  contains  terms; 
but  the  more  terms  there  are  taken,  the  further  up  the  river 
must  we  advance  before  any  subdivision  is  indicated.  That 
great  caution  is  necessary  in  applying  such  a  series  to  points 
far  up  the  river  is  further  indicated  by  the  occurrence  of 
powers  of  ^  in  the  coefficients. 

It  would  be  equally  simple  to  discuss  the  tidal  phenomena 
produced  in  a  river  by  the  oceanic  tides  given  by  (33)  ;  but 
practically,  the  component  tides  having  nearly  equal  periods, 
the  discussion  of  the  simpler  tide,  given  by  (32),  suffices  to 
give  a  fairly  accurate  account  of  the  more  complex,  if  we 
regard  the  range  as  having  a  slow  periodic  variation,  the 
period  being  the  interval  between  successive  spring  tides  ; 
and  in  fact,  in  referring  to  the  effects  of  high  and  low  tides, 
this  variation  was  kept  in  view  in  the  preceding  discussion. 

Dundee,  December  21,  1891. 
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XXVI.  On  the  Intensity/  at  the  Focal  Point  of  a  Telescope,  when 
the  Ohject-glass  is  covered  hy  a  Diaphragm  pierced  with 
Circular  Apertures.  By  James  Walker,  M.A.^  Demon- 
strator at  the  Clarendon  LaJtoratory,  O.rford^. 

THE  proposal  recently  made,  to  reduce  the  intensity  of 
the  image  of  a  star  by  means  of  screens  placed  before 
the  object-o;lass  of  a  telescope,  renders  it  of  importance  to 
determine  the  theoretical  value  of  the  intensity  in  such  cases. 
In  its  general  form  the  problem  is  one  of  considerable  com- 
plexity ;  but  when  the  apertures  in  the  screen  are  circles,  the 
intensity  at  the  focal  point  itself  can  be  expressed  in  a  form 
from  which  its  value  can  be  calculated  to  any  required  degree 
of  accuracy. 

Taking  the  centre  of  the  screen  as  origin,  let  the  equation 
of  one  of  the  apertures  be 

p2-2apcos^  +  a2-r-  =  0, (1) 

where  r  is  the  radius  of  the  circle,  and  a  the  distance  of  its 
centre  from  the  origin  ;  then,  if  we  denote  the  aberration  by 
/3/3^,  the  amplitude  of  the  displacement  at  the  focal  point  may 
be  represented  by  a  sum  of  terms  of  the  form 

A=\  i   'e^^f'pdpdd,     ....     (2) 

*'  —  sin-l  r/a  ^p, 

where  i=V  —  l,  and  p\,  p^  are  the   roots  of  (1);  and   the 
intensity  at  this  point  is  obtained  by  multiplying  this  sum  by 
the  expression  obtained  from  it  by  changing  the  sign  of  i. 
Expanding  e'^^'  in  a  series,  we  at  once  obtain 


and  since 


p=2«+i  Un  +  2 

p^,    \2p-l\in  +  d-'2p' 

2P-1 

the  general  term  of  the  integral  (2)  is 

*  Communicated  bv  the  Author. 
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(l^Y        ''=2"  +  ^  14/1  +  2  /«sm-lr/a 


./  ,  Vv-r     S     *=== 1  (« cos ^)^»+3-2p 

2/1  — I 

(2/1  +  1)  j/i    ^-^^    |2jt>~l  |4/z  +  3-2;?Jo 

^^   a*"+=^      (t/3)''py  |4?^  +  2 

~    2/«  +  l  ■     |rt      ^f^    [2/)-l|4»  +  3-2/? 

p/2m+l\      /2^jJ.\ 

\«/        ,„to      ^  ^'^^    J///2/1  +  1-P-//Z  2r(?/i+p  +  l) 

Rearranging  the  terms  so  as  to  collect  together  the  coeffi- 
cients  of  like  powers  of  -,  this  expression  may  be  written 


l4n  +  2 


X 


•lp  —  -2q  —  i  |4n  +  3  — 2/>  +  2y 

/2£+l\     /2p-2£+lx 
2/i+l-£+£  .H~T~JH        2         / 


\q\in  +  l-p  r(^^  +  l) 

_  _a^     (t/3)"  P=g+'  /^YP_|2n  + 1_     2|«     ^^ 

-'^^•2/z  +  r     |n        ^t.    Vj   |£|2n  +  l-^5=p-,  ^ 

(2n  +  i  H     2     J. 

j^  ! — z^== . 1 ; 

\p  —  q—l  \-2n  +  ^—p  +  q  +  l  \q 

using  the  expression  |/n  +  ^  to  denote 

Now  the  expression 

'i"  (-1). ig^  XJJ. 

g=p-i  \p-9-^  \2n  +  ^-p  +  g  +  l  Iq 
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is  the  coefficient  of  .^■^~'  in  the  product 

,       xn   ,    ^  f  1       1         1.3    .^'^       1.3.5     A-3    ,        \(  .      o    ^n 
(-l)-'-{l+2-+0'|2+2:2T2'|3-+---||^-('2'^  +  ')-^ 

and  tliis  ])Toduct  is  equal  to 

(_l)p-•.^i(l_.^.)-Kl-.^■)'"^==(-l)''-^7^^(l-;r)^ 

Hence 

q  l^^+i  __L_2  J_  |2n 

?=P-i  ^     ^  |/>-^-l  |2n  +  i-jD  +  g  +  l  '  IV  1^2:1  I2n  +  l-p 

and  the  general  term  of  the  integral  is 

We  thus  obtain  for  the  amplitude  of  the  displacement  at 
the  focal  point  an  expression  of  the  form 

where  C„  is  the  sum  of  the  expressions  obtained  from 
^4n+2  p=^n+)  i'2np  /r\2P 


U|2n  +  l-»f2'  \a) 


by  giving  r  and  a  their  proper  values  :  and  the  intensity  is 

l=7r2|Co'-^+(Ci^-2C3Co)^2+(CV-2C3C\  +  2CAj/3*  +  ...  \. 

An  interesting  case  is  that  in  which  the  apertures  consist 
of  X  equal  circles,  of  which  one  has  its  centre  at  the  middle 
point  of  the  object-glass,  while  the  centres  of  the  remaining 
0?— 1  are  equidistant  from  this  point.     In  this  case,  writing 

r=/xR,     a  =  vR, 

where  11  is  the  radius  of  the  full  aperture  of  the  object-glass, 
the  value  of  the  intensity  at  the  focal  point  is 

I  =  7r^^V'RMDo'+  (Di'-2D2Do)/S2R^ 
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where  Do=  1, 

'n\2n+i\v/  X     p^,  |;,  |p-l  {^2«+ !-/>}' 'Vv/  i 

In  the   particular  case  of  the  screens  supphed  from  tho 
Royal  Observatory,  Greenwich, 


9 


and  hence, 

when  ^\\^=  J,     I  =  7rR*  x  0-0256  x  0-9811  ; 

„     /9R^=J,     I  =  7r-R*xO-025Cx  0-9262; 

the  corresponding  values  of  the  intensity  in  the  case  of 
the  full  aperture  being  tt'^R*  x  0-9464  and  tt'-R^  x  0-8003 
respectively. 


XXYII.  Struts  and  Tie-Rods  icifh  Lateral  T^oads. 
By  Professor  John  Perry,  JJ.Sc,  F.K.S* 

I  THINK  that  this  subject  has  not  yet  been  taken  up 
scientitically;  yet  it  is  very  important.  The  practical 
treatment  of  the  whole  subject  of  struts  is  in  a  very  unsatis- 
factory condition  ;  and  it  is  mainly  due  to  this  that,  of  two 
bridges  designed  for  the  same  spans  and  loads,  b}'  two 
ensfineers,  one  has  sometimes  more  than  twice  the  weight  of 
the  other  ;  and  in  all  probability  the  one  of  least  weight  is  in 
some  parts  very  much  too  strong,  and  in  other  parts  has  very 
little  strength  in  excess  of  what  is  absolutely  necessary. 

It  will  be  in  the  recollection  of  some  of  the  members  pre- 
sent that  Professor  Ayrton  and  I,  in  1886,  showed  why 
experiment  always  gave  a  breaking-load  for  a  strut  which  was 
less  than  that  which  results  from  Euler^s  theory. 

A  strut  is  a  prismatic  body  of  homogeneous  material  sub- 
jected to  equal  and  opposite  crushing  forces  at  its  ends. 
Taking  its  length,  '21  ;  the  leiist  moment  of  inertia  of  its  cross 
section  about  a  straight  line  through  its  centre  of  area,  I  ; 
Young's  modulus  of  elasticitv,  E  ;  fc  the  compressive  stress 
which  the  material  will  stand  :  then  for  a  strut  hinged  at  its 
ends  (that  is,  if  the  resultant  force  at  each  end  acts  at  the 

*  Communicated  by  the  Physical  Society :  read  December  4, 1891. 
Pidl.  Mag.  S.  5.  Vol.  33.  No.  202.  March  1892.  U 
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centre  of  the  end),  Euler's  tlieory  ^ives  the  breaking-load  as 
the  lesser  of  the  two  values 

^='^r' (^) 

and  /.A (2) 

The  hMicrth  oi'  strut  lor  Avhicli  tliese  two  answers  are  the 
same  is 

I 


if  /•  is  the  least  radius  of  gyration  of  the  section  about  a  line 
in  the  section  through  its  centre  of  gravity. 

Now  we  showed  that  want  of  homogeneity,  inaccuracy  of 
loading,  and  initial  want  of  straightness  in  the  strut  all  lead 
to  a  smaller  load  being  able  to  break  the  strut,  and,  indeed, 
that  an  initial  want  of  straightness  (the  assumption  of  an 
initial  deflexion  a  at  the  middle)  may  be  taken  to  represent 
all  three  kinds  of  discrepance.  We  showed  that  for  such  values 
of  I  as  make  the  two  answers  (1)  and  (2)  nearly  the  same,  a 
very  small  error  a  produces  very  great  discrepance — a  very 
great  diminution  in  the  real  breaking-load  from  Euler's 
breaking-load.  We  showed  that  when  a  strut  is  perfect  and 
perfectly  loaded,  there  is  no  deflexion  until  the  breaking-load 
is  reached ;  and  that  if  a  deflexion  be  artificially  produced, 
the  strut  will  straighten  itself  again,  whereas  in  the  imperfect 
strut  there  is  a  deflexion  which  increases  at  first  in  ])roportion 
to  the  load,  and  then  more  rapidly. 

Such  deflexions  had  been  observed  and  carefully  tabulated 
and  published  by  Mr.  Hodgkinson  and  Mr.  Edwin  Clarke,  but 
hitherto  no  use  had  been  made  of  them,  and  they  had  been 
reoarded  as  unaccountable. 

We  pointed  out  that  the  error  a  in  carefully  made  and  care- 
fullv  loaded  struts  seems  roughly  to  follow  a  rule,  and  conse- 
quently that  without  making  the  unwarrantable  assumption 
which  has  hitherto  been  used  to  make  Gordon's  formula  a})|)ear 
to  be  a  rational  one^  we  had  a  right  to  look  upon  Gordon's 
formula  as  an  empirical  formula,  which,  being  of  the  value  (2) 
for  short  struts  and  of  the  value  (1)  for  long  struts,  might  be 
taken  as  right  for  struts  of  any  length. 

Since  the  publication  of  our  paper  ('  The  Engineer,'  Dec. 
10th,  1880)  1  have  been  in  the  habit  of  giving  to  students 
problems  on  struts  laterally  loaded  :  as  when  a  strut  lies  hori- 
zontally and  is  loaded  with  its  own  weight ;  or  as  when  a  strut 
like  the  coupling-rod  of  a  locomotive,  or  any  connecting-rod, 
is  loaded  bv  its  own  centrifugal  force. 
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In  this  paper  I  sliall  first  _<iive  tho  general  solution  of  such 
problems  ;  and  it  will  inelude  the  old  ])roblem  of  want  of 
straiohtness  of  the  strut  and  inaccuracy  of  loadino-. 

I  take  as  the  axis  of  x  the  straight  line  through  the  centres 
of  area  of  the  two  ends  of  a  strut.  The  origin  is  at  the  point 
of  bisection  of  this  line.  The  length  of  strut  is  2/.  Systems 
of  forces  act  at  the  ends  such  that  their  resultants  are  two 
equal  and  opposite  pushing  forces  F  (or  pulling  forces  Fj)  in 
the  axis  of  x  together  with  certain  cou})les.  Thus  if  a  strut  is 
liinged  at  the  ends,  and  if  the  resultant  forces  do  not  act 
<*xactly  through  the  centres  of  area,  but  at  points  whose  dis- 
tances are  h  (measured  parallel  to  the  plane  in  which  bending 
is  most  likely  to  occur)  from  the  centre  of  area,  I  take  it  that 
there  are  couples  at  the  ends,  of  the  amounts  F/i  or  — F,A. 
Again,  if  a  strut  is  fixed  at  an  end,  I  take  it  that  there  is  an 
end  couple  —  Mq  or  — M,  whose  amount  Avill  be  determined  by 
given  conditions  of  lateral  loading  and  end  push  or  pull.  In 
this  case  M^  and  Mi  will  include  such  terms  as  F/i.  I  can 
assume  that  the  strut  when  unloaded  is  not  quite  prismatic, 
the  ordinate  of  its  centre  line  being  i/.  It  is  easy  to  make 
the  treatment  even  more  general  bv  taking  the  initial  shape  a 
tortuous  curve,  and  by  considering  bending  as  takmg  place  in 
various  planes  ;  but  for  nearly  all  practical  purposes  it  is  suf- 
ficient to  deal  with  one  plane  only. 

I  suppose  the  strut  to  have  a  lateral  loading  such  that  if  it 
were  a  beam  svjyported  merely  at  the  ends,  the  bending- 
moment  would  be  <j)(x)*. 

It  can  readily  be  shown  that  the  total  bending-moment  at 
any  section  of  a  strut  or  tie-rod,  if  —  jMq  and  —Mi  are  the 
couples  at  its  ends,  is 

F^ +  </>(.,)  _i(M,  + Ml) +.i-^^^^.     .     .     (3) 

or  i\f  _ivr 

-Fii/  +  c/)(.^-)-i(Mo  +  M,)+..''«^^'.  .     .     .     (4) 

*  If  the  strut  is  loaded  uniformly  lateralh'  with  a  total  load  W, 

<P(.v)  =  \W{P-.v'). 

If  the  strut  has  a  single  load  at  the  middle  thei'e  is  a  discontinuity  in  the 
function  at  the  middle ;  hut  we  may  put  it 

the  minus  sijrn  beinjr  taken  whether  .r  is  positive  or  negative.  There  are 
easy  graphical  methods,  well  known  to  all  practical  engineers,  for  finding 
^f.r)  for  anv  sv.^tem  of  lateral  loading  however  complicated. 

'    ■  U2 
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cPii 
The  curvature  being  always  small  is  +  -j^,  and  we  take  the 

+  or  —  sign  according  to  the  si^n  mven  to  bending-moment, 
and  hence  we  have  generally  for  struts 


or 


cPy       ¥         cPy'       I     ,  ,  ^        1     ,^.      .,  V       X  Mo  — M,  ,_, 

and  for  tie-rods  we  have  merely  to  write  — F^  instead  of  F. 

I  shall  assume  for  the  present  that  EI  is  constant  every- 
where. 

Now  ^\x)  can  always  be  developed  in  a  Fourier's  series. 
But  it  will  sometimes  be  found  convenient  to  express  it  in  the 
form 

0  (.1')  =  Oq  +  *''i'  + 1-^^  +  «i  cos  sx  +  hi  sin  sx  + 

«2  cos  ^sx  +  />2  sin  ^sx  +  «fec.  +  a,-  cos  isx  +  In  sin  isx  +  &c., 
where  s=i  —.. 

Terms  in  a^,  a-'*,  &c.,  may  easily  be  taken  also. 
We  may  put  this  symbolically  as 

^{x)  =  aQ  +  rx  +  tx-  +  {ai,hi,is).        ...     (6) 

Whatever  y'  may  be,  we  may  express  it  symbolically  as 

y'  =  a.^+{cii,^i,is) (7) 

Hence  (5)  may  be  written  : — 
For  struts : 


<V.    F  a,       M„-fM,       X  (        Mq-MA 

rfd.-^'^El^"      EI"^     2EI         EiV  2/      / 

-^^^-(/Va.+  |i,  eVA+A     /.);      .     .     (8) 


and  for  tie-rods  we  have  the  same  equation,  if  —  Fi  be  sub- 
stituted for  F. 

F 
Now  if  n^  be  written  instead  of  ^^^  in  the  case  of  a  strut, 

Fi  .  ^f 

and  instead  of  ^^  in  the  case  of  a  tie-rod,  we  have  the  fol- 
lowing solutions. 
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For  a  Strut : — 

Ely  =  M  cos  nx  +  N  sin  nx  +  Ao  +  lU-  +  T.r  +  (A,-  ,B,-,  is), .  (9) 
where  M  aud  N  are  arbitrary  constants, 

-Oo+iiMo  +  Mi}      2< 

r    .   Mi-IVIq 

n' 

.            r.ra,EI  +  a,. 
Ai= 2 — ^^5^~  • 

^  tV/3.EI  +  6.- 

?i-  —  is-' 

For  a  Tie-rod  : — 

EI?/  =  Me;'"  +  N^-'-  +  Ao'  +  R'.c  +  Vx^  +  (A/,  B/,  ts) ,  .     (10) 

where 


-Vli' 


where  M  and  X  are  arbitrary  constants, 

2<      aQ-i(Mo  +  M,) 


T'  = 


«'2' 


.  ,_  oH-OiELV 
^-i  +  AELV 


B/  = 


n^  +  iH^ 


When  J/  is  known,  the  greatest  value  of  the  bending- 
moment  is  known.  A  Hue  through  the  centre  of  a  section  at 
right  angles  to  the  plane  of  bending  is  always  called  the 
neutral  hue  of  the  section,  even  in  cases  like  the  present  where 
the  name  is  a  little  misleading ;  and  if  Zc  and  Zf  are  the  greatest 
distances  of  points  in  the  section  from  the  neutral  line,  on  the 
compressive  and  on  the  tensile  sides  respectively,  and  if  /*  is 
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the    ^rejitcst    lieiuling-inoiiicnt,   tlien   in   struts,   if  A  is   the 
area  of  cross  section, 

j-^+x^y- •  •  (1^' 


r--'-I=''^ c-^) 


and  in  tie-rods, 


f--,-^-=,/;, (13) 

^•,+  ^'=A (14) 

where /c  and/)  are  the  maximum  compressive  and  tensile 
stresses  to  \vliich  any  part  of  the  strut  or  tie-rod  is  subjected. 
In  many  ])ractical  cases  Zc^Zf,  and  then  I/c^  is  called  Z,  the 
strength-modulus  of  the  section. 

We  can  therefore  find  the  strength  and  stiffness  of  any 
strut  of  uniform  section  fixed  or  free  at  either  or  both  ends 
when  loaded  laterally  in  any  way  whatever. 

When,  as  in  many  practical  cases,  it  is  allowable  to  take  an 
a]>proximate  value  for  ^{a^),  and  especially  Avhen  the  lateral 
loading  and  initial  shape  are  such  that  the  strut  is  symme- 
trical about  the  axis  of  ?/,  the  work  can  be  greatly  simplified 
by  not  introducing  such  terms  as  rand  f.  In  the  symmetrical 
cases  such  terms  as  t>i  and  /3,-  are  absent  from  the  expressions, 
and  Mo  =  Mj.     If  the  ends  are  not  fixed,  Mo=Mi=  -Fh. 

A.caniples, 

I.  A  uniform  straight  strut  has  a  lateral  load  W^  uniformly 
distributed.  It  will  be  found  that  in  this  case  we  have 
very  nearly 

</,(,-)  =  iWZ  cos  |^^.r (15) 

Then,  if  F  is  the  resultant  of  the  pushing  forces,  (8)  becomes 

Solving  this  by  the  rule  given  above  and  ap})lying  the  con- 
ditions  that  ^  =  0  when  a=l,  and  -y-,=  0  when  .i-  =  0,  it  is  easy 
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to  SCO  that  the  solution  bet-oincs 

Mo        Mo /F^  iW/  TT         ,,„, 

Fcos/^_  EI^^,-L 

We  can  at  once  \vork  out  from  this,  cases  in  which  with  such 
a  Literal  loadino'  we  have  any  equal  couples  My  applied  at  the 
ends,  including  the  case  in  which  the  end  is  hinged,  but  the 
resultant  push  at  the  ends  is  applied  with  the  inaccuracy  h,  in 
which  case  —  My=F/(.     In  case  the  strut  is  fixed  at  the  ends 

we  ap{)ly  the  comlition  y;=0,  when  x  =  L     This  gives  us 

Mo=!^y™cot/./^. 
8(U-F)  V  El 

Lt  is  not  instructive  to  pursue  this  example  unless  numerical 
values  are  taken  for  the  dimensions  of  the  strut  and  the 
loading  W.  If  the  strut  is  hinged  at  the  ends  and  h  =  0,  then 
Mo=0,  and 

EI^-F 

■it" 

As  this  is  a  simple  case,  common  in  practice,  I  will  work 
out  the  stresses. 

(18)  is  evidently  true  even  when  F  =  0.  The  deflexion  in 
the  middle  is 

y, y^^; (19) 

and  the  greatest  bendiug-moment  [l  is 

,.=Fyi  +  iW/, 
or 

If  W  =  0  and  if  /u.  has  any  value  whatever,  the  denominator 
must  be  0.  Putting  it  ecpial  to  0,  we  have  Euler's  law  for 
the  strength  of  struts  which  are  so  long  that  they  bend  before 
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breakiii"-.     If  Euler's  value  of  F  be  called  U, 


U=^' (21) 

Using  this  as  a  symbol,  (20)  becomes 

^  =  iWl^^;     ....      (22) 

and  we  can  at  once  apply  (11)  and  (12)  to  find  the  greatest 
compressive  and  tensile  stresses  in  the  strut.  Then,  writing 
TT  TT 

-.    as  13,  and   -  as  o),  we  see  that  if/  is  the  compressive  stress 

which  the  material  will  bear, 

From  this,  if  we  are  given  the  dimensions  of  the  strut  and 
/  and  W,  it  is  easy  to  calculate  cu.  The  solution  of  the 
quadratic  is 

2co=f+/3-^^\/+/3r  +  (^'^^-4/),8,   .  .  (24) 

the  viijius  sign  being  taken  because  co  is  evidently  less  than/ 
and  less  than  /3. 

Coupling-Rods. — Starting  from  this  result,  my  students 
have  for  several  years  worked  out  the  relative  breadths  and 
thicknesses  of  the  sections  of  coupling-rods  and  connecting- 
rods  of  engines,  which  are  struts  whose  lateral  loads  are  due 
mainly  to  centrifugal  force. 

Every  ])oint  in  a  coupling-rod  describes  a  circle  of  radius  r 
inches.  If  the  section  is,  say,  rectangular  (an  elliptic  section 
is  just  as  easy  to  deal  with)  of  dimensions  d  in  the  plane  of 
motion  and  h  at  right  angles  to  the  plane  of  motion ;  taking 
the  whole  mass  as  21  b  d  X'2S  divided  by  32*2  ;  the  centri- 
fugal force 

if  the  rod  makes  n  revolutions  per  minute. 

In  one  direction  a  coupling-rod  is  a  strut  hinged  at  the 
ends,  and  the  thrust  per  square  inch  that  it  can  receive,  as- 
suming that  it  is  properl}"  made,  is  to  be  the  same  as  the  thrust 
which  it  will  stand  in  the  other  direction.  In  the  first  direc- 
tion it  has  lateral  loadin^f  due  to  centrifugal  force. 
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Now  it  mioht  be  supposed  that  in  the  second  direction  the 
strut  is  as  if  tixed  at  the  ends  ;  but  the  pins  are  very  short, 
and  the  resuhant  load  is  certainly  not  applied  axially,  and  it 
is  safer  to  assume  that  in  this  direction  also  the  strut  is  as  if 
hinged  at  the  ends.  I  assume  this,  although  perhaps  from 
the  possiUhty  of  accidental  untrue  loading  we  ought  to  go 
further  in  this  safe  direction  and  assume  that  the  strength  of  the 
strut  is  less.  Assuming  it  hinged  also  in  the  second  direction, 
however,  the  thrust  per  square  inch  which  it  can  receive  is 

Ell  J.g/M,  aii^l  i"  ^liis  case  I,=  —  ;  so  that,  if  E  =  3  x  10^ 

This  is  the  value  to  use  in  formula  (23). 

Taking  /  for  the  steel  used  as  20,000  lb.  per  square  inch, 
being  the  proof  stress  which  the  material  will  stand  for  an 
infinite  number  of  reversals  of  stress,  we  find  for  equal 
strength  in  the  two  directions,  applying  (23),  that 


/r 


ir-^ 


8-4  X  10«(l-308  J;")Cl-  ■^i]  =  n^/V/rf. 

Thus,  for  example,  if  h=l,  and  /  =  30,  and  r  =  12,  we  have 
the  following  tables  : — 


If  ^=1. 


If  6=  1-5. 


1 

0 

1-5 

205 

2 

277 

2-5 

327 

3 

368 

4 

437 

6 

545 

d. 

n. 

1-5 

0 

2 

125 

2-5 

170 

3 

202 

4 

249 

6 

318 

10 

440 

To  illustrate  these  results.  On  a  certain  locomotive  eno-ine 
the  coupling-rods  are  68  inches  long  or  Z  =  34",  d='d^,  ^  =  li» 
r=12. 

Now  it  will  be  found  that  this  rod  is  equally  strong  in  the 
two  directions  if  n  =  298  revolutions  per  minute.  The  limit 
of  speed  which  has  practically  been  settled  for  the  engine  bv 
the  breaking  of  similar  coupling-rods  is  258  revolutions  per 
minute. 
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AVitliout  tvyint;-  to  make  a  rod  e([ually  strong  to  resist 
l)('n(iin<>-  in  the  two  directioiis,  it  is  intercstino;  to  consider  the 
F  or  ratlier  co  Avhiclia  coupling-rod  will  stand  when  revolving 
at  n  revolutions  per  minute. 

Using  (24)  and  taking 

E^ox  10', 


Z        lU4y0c/' 


d' 


/9=:(;-17  X  10*'  .,  ,  so  that  to  does  not  depend  upon  h. 

If  /  =  ;'50   and    /•=  1  2,  and  /=20,000,  we  find  for  various 
values  off/  and  Ji  the  following  values  of  to  : — 


Values  of 

w 

(1} 

a> 

>i. 

if6/=± 

ifa;=3. 

\(d  =  -i. 

0 

20000 

20000 

20000 

luo 

lti720 

18810 

mo'.to 

200 

117(10 

15455 

l(i'.»30 

300 

5505 

10()90 

13400 

350 

2(il5 

7880 

11150 

394 

0 

400 

5070 

8800 

450 

2045 

0150 

483 

0 

500 

34(X) 

557 



0    . 

Taking  as  before  /=30  and  r=12,  hut  now  /'=  10,000,  we 
find  :— 


Values  of 

M 

(I) 

0* 

n. 

iff/=2. 

if  (/=3. 

if<Z=4. 

0 

lOOOO 

10000 

UXX)0 

100 

81(it> 

8995 

9500 

200 

397(5 

0185 

8450 

250 

1490 

4240 

271) 

0 

300 

2010 

4200 

340 

0 

350 

2050 

394 

0 

It  is  quite  easy  to  make  similar  calculations  on  sections 
of  I  shape.  Kods  of  this  section  may  be  made  equally 
strong  to  resist  bending  in  the  two  directions,  at  much 
higher  speeds  than  are  possible  in  the  case  of  the  rectangular 
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section.     The  elliptic  section  is  not  so  good  as  tlie  rectangular, 
and  the  I  section  is  better  tlian  either. 

II.  A  uniform  straight  tie-rod  has  a  lateral  total  load  W 
unitbrndy  distributed.  Tlie  resultant  of  pullinir  iorces 
at  the  ends  is  Fj  and  passes  exactly  through  the  cenlres 
of  the  emls  ;  (8)  becomes 

F, 
Using  ir  for  ^^7  , 
"  LI' 

]y|  iWZcos  J  X 

y=M.--  +  N.----^^+  ;  .     (26) 

Applying  the  conditions  y  =  0  when  x  =  l,  and  -r-  =  0    when 


;r  =  0,  we  find 


tW/  cos-,  .1? 


If  we  suppose  that  no  couples  are  applied  at  the  ends,  or 
Mo=0, 

:f  W/  cos  -jj  X 

<J= J- (28) 

F.  +  ipEI 

This  is  identical  with  (18)  if  Fi=:— F.  So  that  in  this 
simple  case  we  can  use  the  same  expression  for  the  shape, 
whether  the  bar  is  a  strut  or  a  tie-rod. 

In  the  case  of  a  strut, 

m  u    F_ 

Z    U-F  +  A~^'" ^^'^^ 

rwi     U     _F_ 

and  by  taking  F  in  the  expressions  negative,  we  find  fc  and 
ft  in  a  tie-rod. 
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A  numerical  example  will  illustrate  these  formulaj.  I  will 
take  a  round  rod  of  mild  steel  lying  in  a  horizontal  position, 
so  that  it  is  loaded  laterally  by  its  own  weight,  dimensions 
being  in  inches.  If  d  is  its  diameter,  the  weight  of  1  cubic 
inch  of  material  is  0'28  lb.  and  E  =  3x  10^, 


1  = 


^    and     Z=l^,     U  =  3-6xl04', 
fc  or  fi  = 


■4-03  X  10^^^         ^ 

3-6xlO«C-F~  "^^2 
4 


the  plus  sign  being  taken  in  calculating  fc  and  the  minus  in 

calculating /i.     Also 

'lld'P 

•^1=  r/^ • 

3-GxlO«^-F 


C' 


Take  d  =  l  inch,  1  =  60  inches, 

-        ,      4-03xl0f'      ,  ,,_„        , 
/cOY/t=  nj()^_Y  ±1^73t    and    y/i: 


396 


lOUU-F* 


From  this  I  have  calculated  the  following  table.  The 
negative  values  of  F  indicate  that  instead  of  a  strut  we  have 
a  tie. 


F. 

fc. 

ft. 

yi- 

1000 

00 

00 

00 

900 

41446 

39154 

3-96 

800 

21168 

19132 

1-98 

700 

14324 

12542 

1-32 

500 

cS(;97 

7423 

0792 

300 

()648 

4866 

0-.566 

100 

4605 

4351 

0-440 

0 

4030 

4030 

0-396 

-  100 

3537 

3791 

0-360 

-  300 

2718 

3482 

0-305 

-  500 

2031 

3323 

0-264 

-  700 

1479 

3261 

0-233 

-  900 

975 

3267 

0-208 

-1200 

304 

3360 

0180 

-1348 

0 

3432 

0-169 

We  see,  then,  that  a  comparatively  small  thrust  F  produces 
excessive  stress  in  the  strut  and  great  deflexion  ?/i. 

We  see  also  that  a  tensile  force  Fj  of  900  lb.  halves  the 
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deflexion  of  the  unpuUed  beam,  and  not  only  reduces  the 
compressive  stress  to  less  than  a  quarter  of  its  old  amount, 
but  it  has  also  rednceil  the  tensile  stress  by  nearly  20  per 
cent.  And  a  tensile  load  Fi  of  1348  lb.  completely  destroys 
all  compressive  stress  in  the  strut,  whilst  reducing  the  greatest 
tensile  stress  of  the  unpulled  strut  by  15  per  cent. 

In  fact  when  a  beam  is  very  long,  pulling  out  its  ends  may 
reduce  the  compressive  stress  in  it  to  nothing,  whilst  also 
reducing  the  tensile  stress.  A  longer  or  smaller  beam  than 
that  which  I  have  taken  will  illustrate  this  matter  even  better. 

The  tension  Fj  which  will  make  ft  a  minimum  is 


^-=x/(^^-)-U' 


and  when  — tft-  is  so  small  as  U  then  the  unpulled  beam  itself 
4Z 

has  the  minimum  tensile  stress. 

AW/ 

If  — ^  is  less  than  U  it  requires  a  pushing  force  F  to  give 

the  minimum  tensile  stress. 

In  all  cases  there  is,  of  course,  a  pulling  force  Fi  which 
will  cause  the  l)eam  to  have  no  compressive  stress  in  it. 
In  some  cases  there  is  a  pushing  force  F  which  will  cause 
the  beam  to  have  no  tensile  stress  in  it,  but  this  can  only  be 
the  case  when 

U  is  not  less  than    —y-- 

In  this  case,  a  beam  to  carry  lateral  load  may  be  built  up 
of  separate  blocks  of  material  which  have  just  sufficient 
friction  to  prevent  slipping  due  to  shearing  forces  at  the 
joints.  It  is  a  case  which  may  be  treated  graphically  by 
Professor  Fuller's  Method,  as  the  change  of  shape  is  small. 

It  will  be  seen  from  the  above  simple  example  that  very 
instructive  numerical  problems  may  be  given.  Thus  if, 
instead  of  the  lateral  loading,  we  have  merely  couples,  —  Mq 
or  7)1,  applied  to  the  ends  of  a  strut,  we  use  W  =  0  in  (17). 

When  x=0  we  have  the  greatest  value  of  j/i,  or 


'cos;..,  j,j 


\/et    3' 


Also  Fi/i  + m=fi  the  greatest  bending-moment  in  the  strut. 
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ix  = 


cos  I 


V  EI 


.fc  = 


Z  cos  / 


V  EI 


./)  = 


Zcos  I 


\/vA 


F 

A' 

F 

A' 


Taking  fur  numerical  example  a  round  bar  of  steel  as 
before,  and  taking  d=\  inch,  /  =  4«  inelies,  and  writing  the 
angle  in  degrees  to  simj)liry  calculation,  we  have 


/,  or  ft  = 


102; 


cos  2-2ti7  v/p 


1-273F, 


yi 


1''  lcos2-2()7  a/F~     i 


Z2 


If     F  =  0,    /.  or,/;  =  l(>2  ,»,     //i  =  ^-^j  or  7-821  xlO-^m, 

Euler's  strength  or  U  for  this  strut  is  1577  Ih.  It  is 
evidently  obtaina])le  by  putting  the  quantity  inside  the 
bracket  erjual  to  int^nit^■. 

First  take  F=15U()  lb.     Then 

Vi  =  |-y     2-2(;7VP  =  87°-8(), 

/;  or  /;  =  2GGm±  1910. 


m. 

./■'•• 

1 
ft- 

l/i- 

fc  orjt, 
if  F=0. 

0 

1910 

-1910   i 

0 

0 

1 

2170 

-1644   ' 

•0107 

102 

o 

2442 

-1378   i 

•0333 

204 

3 

2708 

-1112   1 

•0500 

306 

5 

3240 

-  580 

•08;33 

510   1 

718 

3820 

0 

•1197 

732 

10 

4570 

750 

•1067 

102 

20 

7230 

3410 

•3333 

204 

80 

23190 

19370   1 

1-333 

816 

So  that  an  endlong  load  only  sufhcient  by  itself  to  produce 
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a  stress  of  1910  lb.  per  sq.  inch  and  a  bendlno-moment  wliich 
bv  itself  woukl  only  produce  a  stress  of  81(5  Ut,  per  stj.  inch, 
if  both  act  toiietlier,  produce  a  stress  of  23190  lb,  ])er  sip  ineli. 
In  fact,  the  stress  due  to  ni  alone  is  intensified  more  than  20 
times. 

Similarly  with  an  endlong  thrust  of  1-400  lb.  the  stress  due 
to  the  lateral  bendiug-moment  m  is  intensified  11'04  times. 
With  an  endlong  thrust  of  1000  U).  the  stress  due  to  vi  is 
intensified  o"185  times.  AVith  an  endlong  thrust  of  500  lb. 
the  stress  due  to  ni  is  intensified  1'58  times. 

It  is  obvious  that  in  any  strut  the  stress  due  to  m,  a  lateral 
beniling-monient,  is  more  and  more  intensified  as  F  af)proaches 
Euler's  load  U.  And  if  m  is  due  to  an  inaccuracy  of  loading, 
h,  the  effect  becomes  four  times  as  noticeable  in  struts  of 
half  the  length. 

From  the  above  example  one  sees  that  it  was  quite  possible 
for  a  strong  man  like  iSamson  to  exert  a  sufficient  lateral 
force  to  produce  fracture  in  the  columns  of  the  temple  at  Gaza. 

Professor  Fuller's  graphical  method  of  dealing  with  a 
metal  arched  rib  is  not  applicable  to  struts  unless  we  assume 
Fy  =  0,  and  this  is  of  course  a  verv  wrong  assumption.  For 
the  same  reason,  the  graphical  nu'thod  cannot  be  applied  to 
very  fiat  arches,  because  it  assumes  that  we  know  the  shape 
of  the  loaded  arch.  If  Professor  Fuller's  method  were 
applicable,  we  could  at  once  deal  graphically  with  a  strut  of 
varying  section.  This  case  does  not  usually  need  to  be  solved 
in  practice,  but  if  it  must  be  solved  the  following  method 
will  do. 

1st.  Assume  that  EI  is  constant  and  of  its  average  value, 
and  obtain  the  shape  of  the  strut  as  in  (10). 

F 

2nd.   Use  this  value  of  _y  in  the  term  p^y  of  (8)  ;    and  use 

the  proper  value  of  I  expressed  as  a  function  of  .r,  and 
then  by  mere  integration  of  (S)  find  the  more  correct  vahie 
of  y. 

By  repeating  this  process  we  can  obtain  y  more  and  moie 
accurately. 

Problem. 

When  a  strut  is  loaded  laterally  (say  uniformly),  say  that  it 
is  hinged  at  the  ends  ;  it  is  possible  by  applying  the  endlong 
thrust  F  untruly,  that  is  making  the  resultant  thrust  pass 
through  a  point  h  inches  from  the  centre  of  each  end,  to  give 
such  a  value  to  A  as  will  enable  the  strut  to  withstand  a 
maximum  load  F.     In  this  case  it  is  obvious  that  the  oreatest 
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compressive  stresses  are  : — 

at  the  ends,     /=  ^  (;^  +  ^  )  ; 

F     J^WZ     U                  F/t 
at  the  middle,  /=  j^^'^^  V-P 7y  * 


Zcos  I  \/ 


EI 


Tlie  problem  to  find  for  a  given  strut  and  given  maximnm 
stress  /  the  value  of  h  which  will  cause  F  to  be  a  maximum 
is  easilv  worked  out  if  a  numerical  example  be  taken. 

It  is  obvious  from  this  and  from  other  examples  that  may 
be  taken,  that  whether  a  strut  is  loaded  laterally  or  is  imper- 
fectly straight  or  has  other  faults  which  would  cause  it  to 
break  with  a  load  F  smaller  than  U  and  ;A,  it  is  always  possible 
to  adjust  the  loading  so  that  F  may  be  increased.  Thus  if  a 
strut  is  being  tested  and  if  for  small  loads  we  find  that  it 
deflects,  the  load  ought  to  be  readjusted  in  such  a  wa}'  that 
its  application  produces  the  minimum  defiexion  ;  and  now  if 
the  load  is  increased  we  shall  find  that  the  strut  breaks  with 
a  much  greater  load  than  if  we  had  not  adjusted  the  method 
of  its  application.  This  adjustment  of  the  method  of  loading 
ought  to  be  applied  also  in  the  building  of  structures. 

It  will  be  seen  that  I  have  merely  touched  on  a  few  of  the 
many  very  interesting  problems  on  structures  to  which  the 
general  treatment  (3)  to  (30)  may  be  applied.  The  lateral 
load  required  to  prevent  a  straight  strut  from  bending  and  to 
cause  its  breaking-thrust  to  be  /A  is  evidently  small.  We 
can  assume,  however,  an  initial  want  of  straightness  or  an 
accidental  deflexion,  and  so  find  how  very  slight  need  be  the 
diagonal  bracino-  in  the  laroe  struts  used  in  bridiie-building. 

1  have  to  thank  Messrs.  Field  and  Clinton,  of  the  Finsbury 
College,  for  checking  the  mathematical  work  in  this  paper. 

XXVIII.    The  Hypothetical  Tetrachloride  of  Manganese. 
By  Spencer  Umfreville  Pickerin«,  F.R.S.* 

IN  a  paper  read  before  the  Chemical  Society  in  April,  1890, 
Mr.  H.  M.  Vernon  adduced  some  evidence  which  appa- 
rently he  considered  to  be  adverse  to  my  conclusion  that  the 
higher  chloride  of  manganese  was  Mn2Cl6,  and  not  MnCl4 ; 
and  at  the  same  time  he  attempted  to  demolish  the  evidence 
on  which  my  original  conclusions  were  based,  although  he  did 
not  in  any  way  question  the  validity  of  the   objections  which 

*  Coniruunicated  bv  the  Author, 
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I  raised  af^ainst  those  aro;umen{s  wliicli  liad  previously  been 
used  to  support  this  formula  (see  Llieni.  Soc.  Trans.  1878, 
p.  409).  Mr.  Vernon's  paper  has  recently  appeared  in  extenso 
in  this  JMaoazine  (vol.  xxxi.  p.  430). 

The  eviilence  adduced  by  me  (Chem.  Soc.  Trans.  1879, 
p.  G54)  in  favour  of  the  formula  Mn2(  'Is  was  : — 

1.  That  the  dissolution  of  manganese  dioxide  in  hydrochloric 
acid  results  in  the  (almost)  immediate  liberation  of  two 
atoms  of  free  chlorine  for  every  two  of  loosely  combined 
chlorine  present  in  the  higher  chloride  formed,  according  to 
the  equation 

2MnOo  +  8HC]  =  Mn2Cl6  +  Cl2  +  4H20,   ...     (1) 

instead  of  resulting  in  the  liberation  of  no  free  chlorine,  as 
might  be  the  case  if  the  tetrachloride  were  formed: 

2Mn02  +  8HCl  =  2MnGl,  +  4H20.     ...     (2) 

This  fact  was  established  by  finding  that  of  the  total  available 
(/.  e.  free  +  loosely  combined) ,  chlorine  present,  one  half 
might  be  removed  from  the  liquid  very  quickly  (in  about  half 
an  hour)  by  a  rapid  current  of  air,  whereas  many  days  are 
required  to  remove  the  remaining  half  in  the  same  way,  this 
second  half  being  evidently  present  not  as  free  chlorine,  but 
as  the  result  of  the  gradual  decomposition  of  the  higher 
chloride: 

Mn2Cl6  =  2MnCl2  4Cl2. 

2.  That  although  a  lowering  of  temperature  increases  the 
stability  of  the  higher  chloride,  the  amount  formed  tends 
towards  a  limit  which  no  further  lowering  of  temperature  will 
modify,  this  limit  being  that  at  which  every  two  atoms  of 
manganese  present  as  the  higher  chloride  retain  2  and  not 
4  atoms  of  loosely  combined  chlorine, 

Mn2Cl4,Cl2,   not  MngCl^Cl^. 

The  amount  of  loosely  combined  chlorine  was  estimated  by 
decomposing  the  higher  chloride  with  excess  of  water  :  if 
MnCl^  were  formed,  the  whole  of  the  dioxide  taken  might  l)e 
recovered, 

2Mn02  +  8HC1  =  2MnCl4  +  4H2O 

2MnCl4  +  4H20  =  2Mn02  +  8HC 

PIdl  Mag.  S.  5.  Vol.  33.  No.  202.  March  1892.  X 
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whereas  if  MngClg  were  formed,  only  50  per  cent,  of  it  could 
be  recovered, 

2Mn02  +  8HC1  =  MnjCle  +  CI2  +  4H2O        | 

Mn2Cl6  +  2H20  =  Mn02  +  MnCl2*  +  4HCli'     '     ^^^ 

The  maximum  amount  recovered  was  47  ])er  cent,  at  — 20°, 
the  results  plotted  against  temperature  being  represented  by 
a  curve  which  had  at  this  point  become  nearly  parallel  to  the 
axis. 

3.  That  the  amount  of  higher  chloride  formed  may  be 
very  materially  increased  by  adding  a  small  quantity  of 
manganous  chloride  to  the  acid  used  to  dissolve  the  dioxide  ; 
this  might  be  the  case  if  the  higher  chloride  were  MngCle, 

MnOs  +  4HC1  +  MnCl2  =  MusCie  +  2H2O, 

but  could  not  be  the  case  if  the  higher  chloride  were  MnCl^. 
One  molecular  proportion  of  the  manganous  chloride  increased 
the  amount  of  higher  chloride  from  45  to  80  per  cent.,  and 
there  was  a  very  marked  change  of  curvature  at  this  point,  it 
requiring  another  4  molecules  of  the  manganous  chloride  to 
increase  the  amount  of  higher  chloride  by  another  15  per  cent. 

4.  That  the  sesquioxide  will  dissolve  in  hydrochloric  acid 
with  j)ractically  no  evolution  of  free  chlorine,  and  that  nearly 
the  whole  of  the  available  oxygen  which  the  former  contains 
may  be  recovered  when  the  action  is  reversed  by  decomposing 
the  solution  with  excess  of  water. 

MngOs  +  6HC1  =  MnsClg  +  3H2O  | 
Mn2Cl6  +  3H20  =  Mn203  +6HCir 

With  one  exception,  which  may  be  easily  explained,  Mr. 
Vernon's  experiments  add  confirmation  to  all  these  results. 
I  proceed  to  take  them  seriatim. 

1.  The  first  half  of  the  availahle  chlorine  is  evolved  much 
more  rapidly  than  the  second  half.  On  p.  476  of  Mr.  Vernon's 
paper  we  find  several  determinations  at  comparatively  high 
temperatures.  In  one  of  them,  for  instance  (that  at  75°), 
"  more  than  half  the  gas  comes  off  in  the  first  minute,"  the 
other  half  requiring  30  minutes  for  its  evolution.  At  lower 
temperatures  (18°),  the  only  experiment  which  was  made  to 
ascertain  whether  the  rates  at  which  the  two  halves  of  the 
chloi'ine  were  evolved  were  different  (Experiment  I.  p.  473) 
showed  that  a  current  of  air  carried  off  45*9  per  cent,  in  the 
first  hour,  and  only  24'5  per  cent,  more  in  the  next  three 

*  Or  a  corresponding  amount  of  MnO. 
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hours.  Thus  my  above-stated  conclusion  is  confirmed,  nor 
does  Mr.  Yernon  attempt  to  investigate  the  question  further 
by  obtaining-  sufficient  details  for  determining  whether  the 
rates  of  evolution  at  different  points  may  be  represented  by  a 
uniform  curve  or  not :  it  is  only  in  the  experiment  last 
referred  to  that  he  gives  any  details  at  all,  and  those  given 
here  are  altogether  insufficient  for  the  purpose — only  3  values 
for  the  rates. 

Experiments  II.  and  III.,  pp.  473,  474,  were  determinations 
of  the  amount  of  chlorine  carried  away  in  two  hours  by  a 
current  of  air  when  the  liquid  was  kept  at  —14°,  — 6°,  and 

—  '2Q>°  respectively.  At  the  lowest  of  these  temperatures  1*8 
per  cent,  only  of  the  available  chlorine  was  removed,  and  the 
smallness  of  this  amount  shows  "  conclusively,'"  according  to 
Mr.  Vernon,  "  that  when  manganese  dioxide  dissolves  in 
hydrochloric  acid,  manganese  tetrachloride  and  no  free  chlorine 
are  originally  formed."  As  this  conclusion,  however,  is 
directly  opposed  to  that  which  Mr.  Vernon  is  obliged  to  draw 
from  some  subsequent  experiments,  there  must  be  some  error 
either  in  the  present  or  in  these  subsequent  experiments.  The 
present  ones  are,  no  doubt,  at  fault.  We  learn  from  Mr. 
Vernon  that  even  at  the  highest  of  these  three  temperatures, 

—  6°,  and  after  the  current  of  air  had  been  bubbled  through 
the  liquid  for  two  hours,  a  considerable  portion  of  the  man- 
ganese dioxide  was  still  undissolved,  and  had  to  be  separated 
by  filtration  through  a  filter-paper  and  estimated ;  pre- 
sumably this  was  done  in  the  experiment  at  —26°  also.  Now 
Mr.  Vernon's  original  paper,  when  read  before  the  Chemical 
Society,  contained  an  account  of  an  experiment  precisely 
similar  to  the  one  at  —26°  here  given,  except  that  in  it  the 
precaution  of  estimating  the  undissolved  dioxide  was  not 
taken,  and  the  chlorine  removed  was  then  found  to  be  only 
0'35  per  cent,  of  the  total  which  might  have  been  obtained, 
whereas  here  it  is  1*8  per  cent,  of  the  total  obtainable  from 
that  portion  which  was  dissolved,  so  that  less  than  -^  of  the 
dioxide  taken  had  been  dissolved  :  presumably  again  (for  Mr. 
Vernon  is  very  chary  of  details)  about  3  grams  of  an  oxide 
having  the  composition  given  on  p.  473  were  taken,  and  if 
this  be  so,  a  simple  calculation  will  show  that  the  observed 
1*8  per  cent,  of  chlorine  would  become  converted  into  50  per 
cent,  (the  value  which  we  ought  to  get  if  the  higher  chloride 
were  Mn2Cl6,  see  equation  4)  if  only  '027  gram  of  the 
dioxide  had  got  into  the  filtrate  accidentally.  The  filtration 
of  a  strongly  acid  liquid  through  filter-paper  is  often  not 
very  satisfactory,  and  this  small  amount  might  easily  have 
passed  through  unsuspected   in   the  dark  liquid,  but  a  still 
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simpler  explanation  is  that  it  had  dissolved  during  the  filtra- 
tion and  after  the  estimation  of  the  evolved  chlorine,  (^specially 
as  no  precautions  what(^ver  were  taken  to  keep  the  liquid  at 
—  26^  while  being  filtered,  and  as  (according  to  Mr.  Vernon 
himself)  the  solubilitv  of  the  dioxide  increases  rapidly  with  a 
rise  of  temperature.  Some  error  of  unknown  magnitude 
must,  at  any  rate,  have  been  introduced  in  this  way,  and 
would  render  the  results  entirely  untrustworthy,  yet  on  these 
results,  although  opposed  to  his  subsequent  experiments, 
Mr.  Vernon's  sole  argument  against  the  higher  chloride  being 
MuoCIg  depends. 

2.  The  greatest  amount  of  available  oirygen  obtained  by  de- 
composing the  higher  chloride  by  water  is  50  per  cent,  of  that 
present  in  the  dioxide  taken  (see  equation  4).  If  the  dioxide 
contains  any  protoxide  the  amount  recoverable  will  be  in- 
creased, one  gram  molecule  increasing  it  to  100  per  cent, 
(equation  5).  The  sample  used  by  me  contained  a  little 
monoxide,  for  the  presence  of  which  due  allowance  was  made 
(although  Mr.  Vernon  concludes  otherwise);  and  Mr.  Vernon, 
therefore,  made  some  experiments  "  to  see  if  it  were  not 
possible  to  recover  more  than  this  (50)  percentage  when  pure 
dioxide  was  used."  Unfortunately,  however,  he  has  forgotten 
to  say  anything  about  the  results  of  these  experiments,  and, 
more  unfortunately  still,  in  those  experiments  with  impure 
oxides  which  he  does  quote  he  has  forgotten  to  makje  any 
allowance  for  the  impurity  (protoxide)  which  they  contained. 
Making  this  correction  for  him,  his  results  are  as  follows  : — 

III. 


at  5°.    at -9°.  at  18°.  at  13°. 

51-4  51-0   45-4  46-1   47-6  per  cent,  of  the  dioxide 

recovered. 

The  numbers  scarcely  warrant  the  conclusion  that  "instead 
of  the  amount  of  dioxide  recovered  being  always  slightly 
below  fifty  per  cent,  it  is  always  slightly  above  it."  It  is 
only  above  it  in  one  case  ;  and  then  by  such  a  small  amount 
that  it  is  entirely  insignificant  in  experiments  dejjcnding  on 
the  results  of  two  rather  difficult  analyses,  especially  as  Mr. 
Vernon  gives  the  results  of  but  one  analysis  in  the  whole  of 
his  paper,  aff'ording  us,  therefore,  no  data  from  which  to  judge 
of  the  magnitude  of  his  experimental  error.  It  is  interesting 
to  note  that  Mr.  Vernon's  results  in  experiment  I.  confirm  my 
own  conclusion  that  a  reduction  of  temperature  below  about 
6°  causes  no  appreciable  increase  in  the  dioxide  recovered. 

IMr.  Vernon  having  concluded  that  a  little  over,  but  not 
umch  over,  50  per  cent,  may  be  recovered,  naturally  finds 
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some  difficulty  in  reconciling  this  with  the  supposotl  results 
of  his  })rcvious  ('xj)erinu'nts,  which,  ho  thoughtj  showed  that 
"  the  tetrachloride  and  no  free  cldorine  are  originally  formed," 
and  that  ut  low  temperatures  the  Tetrachloride  is  scarcely 
decomposed  after  two  hours,  in  which  case,  of  course,  100  per 
cent,  of  the  dioxitle  taken  would  be  recoverable.  His  ex])e- 
dient  for  reconcilintr  these  results  may  be  ingenious,  but  will, 
I  fear,  scarcely  commend  itself  to  scientific  men.  It  is  that 
"at  no  temperature  will  the  number  of  molecules  of  MnCU^ 
i)e  much  greater  than  half"  of  the  maximum  ])Ossible,  the 
other  half  being  split  up  into  manganous  chloride  and  atoms 
of  chlorine,  and  that  these  atoms  of  chlorine  at  ordinary 
temperatures  unite  to  form  molecules  and  are  liberated  as 
such,  whereas  at  low  temperatures  they  are  sufficiently  accom- 
modating as  to  "  come  less  often  into  the  positions  necessary 
for  them  in  order  that  they  may  unite  together,''^  and  hence 
they  remain  in  the  liquid  as  free  atoms !  Mr.  Vernon  does 
not  see  that,  even  if  such  a  specious  hypothesis  could  be 
accepted,  it  entirely  cuts  the  ground  from  under  his  feet. 
His  argument  that  the  higher  chloride  is  MnCl^  depends  on 
all  the  chlorine  liberated  by  the  dioxide  remaining  combined 
with  the  manfranese.  If  he  invents  a  method  for  retainino; 
some  of  it  in  the  liquid  without  its  being  combined  with  the 
manganese,  what  proof  has  he  of  any  pai'ticular  formula  at  all 
for  the  higher  chloride  ? 

3.  Tliat  the  amount  of  higher  chloride  formed  is  largely 
increased  hy  dissolving  the  dioxide  in  the  pi^esence  of  a  molecidar 
proportion  of  a  manganous  chloride.  The  amount  which  I 
found,  as  mentioned  above,  was  nearly  doubled  by  the 
adcHtion  of  one  molecular  proportion,  the  rate  of  increase 
being  represented  by  a  line  "which  differed  little  from  a 
straight  line''^  up  to  about  this  point,  after  which  it  dimi- 
nished very  rapidly.  Mr.  Vernon  concludes,  as  in  the  former 
case,  that  I  did  not  make  allowance  for  the  protoxide  con- 
tained in  the  dioxide  taken,  and  that  therefore  the  change  of 
curvature  did  not  occur  when  1,  but  when  1*132  molecules  of 
manganous  chloride  had  been  added.  Why  he  should  draw 
such  a  conclusion  it  is  im})Ossible  to  say*,  for  I  stated  on 
p.  657  that  "  the  9  per  cent,  of  protoxide  which  the  sample  of 
oxide  used  by  me  contained  was  allowed  for  in  calculating 
out  the  results  wherever  necessary  ;"  and  I  find,  on  reference 
to  my  laboratory  note-book,  that  this  allowance  was  duly 
made  in  the  present  case.  Even  had  it  not  been,  this  would 
not  have  weakened  my  argument,  for  with  such  determina- 

*  Unless  it  is  that  a  point  la  inserted  in  my  diagram  at  the  zero-point, 
which  is  obviously  incorrect. 
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tions  it  was  not  possible  to  locate  the  point  at  whicli  the 
chan<re  of  curvature  occurred  within  about  '1  molecule. 

Referring  to  the  straightness  of  my  curve  up  to  the 
addition  of  one  molecule  of  manganous  chloride,  Mr.  Vernon 
remarks  that  "  it  can  be  shown  niathematicallj  that  the  form 
of  the  curve  up  to  the  addition  of  one  molecule  of  i\lnCl2  will 
not  be  a  straight  line."  Had  Mr.  Vernon  but  favoured  us 
with  the  mathematics  of  this  very  complicated  reaclion,  he 
would  have  conferred  a  benefit  on  science  and  put  its  ablest 
representatives  into  the  shade. 

The  increase  in  the  amount  of  the  higher  chloride  Mr. 
Vernon  attempts  to  explain  by  the  latter  being  a  dissociation- 
product  of  MnOlj ;  and,  after  reproducing  an  elementary 
text-book  expose  of  how  the  presence  of  excess  of  dissocia- 
tion-products will  I'cduce  the  amount  of  substance  dissociated, 
concludes  that  "  if,  therefore,  a  large  excess  of  MnCl2  is 
present"  there  will  be  "  much  less  decomposition."  But  he 
forgets  that  my  results  show  that  it  does  not  require  a  large 
excess^  but  only  one  molecular  proportion  of  manganous 
chloride  to  increase  the  higher  chloride  present  to  double 
its  former  amount,  and  that  a  large  excess  in  addition  to  this 
has  but  a  small  additional  effect  on  the  results.  In  order, 
however,  to  remove  the  least  chance  of  his  explanation  being 
accepted,  Mr.  Vernon  proceeds  to  show  by  experiment  that 
the  presence  of  dissociation-products — or  at  any  rate  of  the 
other  dissociation-product,  the  chlorine — has  no  appreciable 
effect  on  increasin";  the  amount  of  the  hio-her  chloride. 

4.  Manganese  sesquloxide  dissolves  in  hydrocldorlc  acid 
without  the  liberation  of  ang  free  chlorine,  and  nearlg  the  whole 
of  the  available  oxggen  in  it  can  be  removed  on  decomposing  the 
solution  icifh  unfer.     Mr.  Vernon  confirms  this,  p.  483. 

Thus  it  will  be  seen  that  the  only  tittle  of  the  evidence 
adduced  by  Mr.  Vernon  which  might  at  first  sight  apjiear  to 
militate  against  my  conclusion  as  to  the  formula  of  the  higher 
chloride  is  based  on  experiments  which  are  obviously  faulty, 
and  leads  to  results  diametrically  opposed  to  even  his  own 
experimental  results,  while  in  every  other  particular  he  simply 
confirms  my  observations. 

I  have  refrained  from  criticising  all  the  details  of  Mr.  Ver- 
non's paper  ;  but  I  venture  to  think  that  those  who  study 
these  details  will  certainly  arrive  at  no  other  conclusion  than 
that  to  which  a  study  of  his  main  arguments  leads,  namely, 
that  whatever  be  the  real  nature  of  the  higher  chloride  of 
manganese,  Mr.  Vernon's  results  have  thrown  no  fresh  light 
upon  the  subject,  nor  have  they  in  any  way  invaliilated  the 
existing  eviueucc  for  considering  it  to  be  the  sesquichloride. 
July,  1891. 
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XXIX.   The  Kinetic  Theory  of  the  Dissipation  of  Energy. 
By  Sir  William  Thomson  *. 

IN  abstract  dynamics  the  instantaneous  reversal  of  the  motion 
of  every  moving  })article  of  a  system  causes  the  system  to 
move  backwards,  each  particle  of  it  along  its  old  path,  and  at 
the  same  speed  as  before,  when  again  in  the  same  position. 
That  is  to  say,  in  mathematical  language,  any  sohition  remains 
a  solution  when  t  is  changed  into  —t.  In  physical  dynamics 
tliis  simple  and  perfect  reversibility  fails,  on  account  of  forces 
depending  on  friction  of  'solids  ;  imperfect  Huidity  of  fluids  ; 
imperfect  elasticity  of  solids  ;  inequalities  of  temperature,  and 
consequent  conduction  of  heat  produced  by  stresses  in  solids 
and  fluids  ;  imperfect  magnetic  retentiveness  ;  residual  electric 
polarization  of  dielectrics  ;  generation  of  heat  by  electric 
currents  induced  by  motion ;  diffusion  of  fluids,  solution  of 
solids  in  fluids,  and  other  chemical  changes  ;  and  absorption 
of  radiant  heat  and  light.  Consideration  of  these  agencies  in 
connexion  with  the  all-pervading  law  of  the  conservation  of 
energy  proved  for  them  by  Joule,  led  me  twenty-three  years 
ago  to  the  theory  of  the  dissipation  of  energy,  which  I  com- 
municated first  to  the  Royal  Society  of  Edinburgh  in  1852, 
in  a  paper  entitled  "  On  a  Universal  Tendency  in  Nature  to 
the  Dissipation  of  Mechanical  Energy.^' 

The  essence  of  Joule's  discovery  is  the  subjection  of  physical 
phenomena  to  dynamical  law.  If,  then,  the  motion  of  every 
particle  of  matter  in  the  universe  w-ere  precisely  reversed  at 
any  instant,  the  course  of  nature  would  be  simply  reversed  for 
ever  after.  The  bursting  bubble  of  foam  at  the  foot  of  a 
waterfall  would  reunite  and  descend  into  the  water ;  the 
thermal  motions  would  reconcentnite  their  energy,  and  throw 
the  mass  \\\^  the  fall  in  drops  re-forming  into  a  close  cohimn 
of  ascending  water.  Heat  which  had  been  generated  by  the 
friction  of  solids  and  dissipated  by  conduction,  and  radiation 
with  absorption,  would  come  again  to  the  place  of  contact, 
and  throw  the  moving  body  back  against  the  force  to  which 
it  had  previously  yielded.  Boulders  would  recover  from  the 
mud  the  materials  required  to  rebuild  them  into  their  previous 
jagged  forms,  and  would  become  reunited  to  the  mountain 
peak  from  which  they  had  formerly  broken  away.  And  if 
also  the  materialistic  hypothesis  of  life  were  true,  living 
creatures  would  grow  backwards,  with  conscious  knowledge 
of  tlie  future,  but  no  memory  of  the  past,  and  would  become 
again   unborn.      But  the  real  plienomena   of  life    infinitely 

*  Commuuicated  by  the  Author;  having  been  originally  puljlished  in 
the  Proceedings  of  the  Royal  Society  of  Edinburgh  for  February,  1874. 
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transcend  human  science  ;  and  speculation  regarding  conse- 
quences of  their  imagined  reversal  is  utterly  unprofitable. 
Far  otherwise,  however,  is  it  in  respect  to  the  reversal  of  the 
motions  of  matter  uninfluenced  by  life,  a  very  elementary 
consideration  of  which  leads  to  the  full  explanation  of  the 
theory  of  dissipation  of  energy. 

To  take  one  of  the  simplest  cases  of  the  dissipation  of  energy, 
the  conduction  of  heat  through  a  solid — consider  a  bar  of 
metal  warmer  at  one  end  than  the  other,  and   left  to  itself. 
To  avoid  all  needless  comjjlication  of  taking  loss  or  gain  of 
heat  into  account,  imagine  the  bar"  to  be  varnished  with  a 
sul)stance  impermeable  to  heat.     For  the  sake  of  definiteness, 
imagine  the  bar  to  be  first  given  with  one-half  of  it  at  one 
uniform   temperature,  and  the   other  half   of  it  at  another 
uniform   temperature.      Instantly   a    diffusing  of  heat  com- 
mences, and  the   distribution   of  temperature  becomes  con- 
tinuously less  and  less  unequal,  tending  to  perfect  uniformity, 
but  never  in  any  finite  time  attaining  perfectly  to  this  ultimate 
condition.     This  process  of  diffusion  could  be  perfectly  pre- 
vented by  an   army   of   Maxwells    "  intelligent   demons,"* 
stationed  at  the  surface,  or  interface  as  we  may  call  it  with 
Professor  James  Thomson,  separating  the  hot  from  the  cold 
part  of  the  bar.     To  see  precisely  how  this  is  to  be   done, 
consider  rather  a  gas   than   a  solid,  because  we  have  much 
knowledge  regarding  the  molecular  motions  of  a  gas,  and  little 
or  no  knowledge  of  the  molecular  motions  of  a  solid.     Take 
a  jar  with  the  lower  half  occupied  by  cold  air  or  gas,  and  the 
up])er  half  occupied  with  air  or  gas  of  the  same  kind,  but  at 
a  higher  temperature  ;   and  let  tlie  mouth  of  the  jar  be  closed 
by  an  air-tight  lid.     If  the  containing  vessel  were  perfectly 
impermeable  to  heat,  the  diffusion  of  heat  would  follow  the 
same  law  in  the  gas  as  in  the  solid,  though  in  the   gas  the 
diffusion  of  heat  takes  place  chiefly  by  the  diffusion  of  mole- 
cules, each  taking  its  energy  with  it,  and   only  to  a  small 
pro})ortion  of  its  whole  amount  by  the  interchange  of  energy 
between  molecule  and  molecule  ;  whereas  in  the  solid  there 
is  little  or  no  diffusion  of  substance,  and  the  diffusion  of  heat 
takes  place  entirely,  or  almost  entirely,  through  the  com- 
munication of  energy  from  one  molecule  to  another.    Fourier's 
excjuisite  mathematical  analysis  expresses  perfectly  the  sta- 
tistics of  the  jirocess  of  diffusion  in  each  case,  whether  it  be 
"  conduction  of  heat,''  as  Fourier  and  his  followers  have  called 
it,  or  the  diffusion  of  substance  in  fluid  masses  (gaseous  or 

*  The  definition  of  a  demon,  according'  to  the  use  of  this  word  by 
Maxwell,  is  an  intelligent  being  endowed  with  free-will  and  line  enough 
tactile  and  perceptive  organization  to  give  him  the  faculty  of  obsening 
and  intiueucing  individual  molecules  of  matter. 
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liqiiitl),  which  Fiok  showed  to  be  subject  to  Fourier's  formulas. 
Now,  suppose  the  weapon  of  the  ideal  army  to  be  a  club,  or, 
as  it  were,  a  molecuhxr  cricket  bat  ;  and  suppose,  for  con- 
venience, the  mass  of  each  tlemon  with  his  wea])on  to  be 
several  times  greater  than  that  of  a  molecule.  Every  time  he 
strikes  a  molecule  he  is  to  send  it  away  with  the  same  energy 
as  it  had  immediately  before.  Each  demon  is  to  keep  as 
nearly  as  possible  to  a  certain  station,  making  only  such  ex- 
cursions from  it  as  the  execution  of  his  orders  requires.  He 
is  to  experience  no  forces  excej)t  such  as  result  from  collisions 
with  molecules,  and  mutual  forces  between  parts  of  his  own 
mass,  including  his  weapon.  Thus  his  voluntary  movements 
cannot  influence  the  position  of  his  centre  of  gravity,  other- 
wise than  by  producing  collision  with  molecules. 

The  whole  interface  between  hot  and  cold  is  to  be  divided 
into  small  areas,  each  allotted  to  a  single  demon.  The  duty 
of  each  demon  is  to  guard  his  allotment,  turning  molecules 
back,  or  allowing  them  to  pass  through  from  either  side^ 
according  to  certain  definite  orders.  First,  let  the  orders  be 
to  allow  no  molecules  to  pass  from  either  side.  The  effect  will 
be  the  same  as  if  the  interface  were  stopped  by  a  barrier 
impermeable  to  matter  and  to  heat.  The  pressure  of  the  gas 
being  by  hypothesis  equal  in  the  hot  and  cold  parts,  the 
resultant  momentum  taken  by  each  demon  from  any  con- 
siderable number  of  molecules  will  be  zero  ;  and  therefore  he 
may  so  time  his  strokes  that  he  shall  never  move  to  any  con- 
siderable distance  from  his  station.  Now,  instead  of  stoppino- 
and  turning  all  the  molecules  from  crossing  his  allotted  area, 
let  each  demon  permit  a  hundred  molecules  chosen  arbitrarily 
to  cross  it  from  the  hot  side  ;  and  the  same  number  of  mole- 
cules, chosen  so  as  to  have  the  same  entire  amount  of  energy 
and  the  same  resultant  momentum,  to  cross  the  other  way 
from  the  cold  side.  Let  this  be  done  over  and  over  again 
within  certain  small  equal  consecutive  intervals  of  time,  with 
care  that  if  the  specified  balance  of  energy  and  momentum  is 
not  exactly  fulfilled  in  respect  to  each  successive  hundred 
molecules  crossing  each  way,  the  error  wdll  be  carried  forward, 
and  as  nearly  as  may  be  corrected,  in  respect  to  the  next 
hundred.  Thus,  a  certain  perfectly  regular  diffusion  of  the 
gas  both  ways  across  the  interface  goes  on,  while  the  original 
different  temperatures  on  the  tw^o  sides  of  the  interface  are 
maintained  without  change. 

Suppose,  now,  that  in  the  original  condition  the  tempera- 
ture and  pressure  of  the  gas  are  each  equal  throughout  the 
vessel,  and  let  it  be  re({uired  to  diseqnalize  the  temperature, 
but  to  leave  the  pressure  the  same  in  any  two  portions  A  and 
B  of  the  whole  space.     Station  the  army  on  the  interface  as 
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previously  described.  Let  the  orders  now  be  that  each  demon 
is  to  stop  all  molecules  from  crossing  his  area  in  either 
direction  except  100  coming  from  A,  arbitrarily  chosen  to  be 
let  pass  into  B,  and  a  greater  number,  having  among  them 
less  energy  })ut  equal  momentum,  to  cross  from  B  to  A.  Let 
this  be  repeated  over  and  over  again.  The  temperature  in  A 
will  be  continually  diminished  and  the  number  ot"  molecules 
in  it  continually  inci'eased,  until  there  are  not  in  B  enough 
of  molecules  with  small  enough  velocities  to  fulfil  the  con- 
dition with  reference  to  permission  to  pass  from  B  to  A.  If 
after  that  no  molecule  be  allowed  to  pass  the  interface  in 
either  direction,  the  final  condition  will  be  very  great  con- 
densation and  very  low  temperature  in  A  ;  rarefaction  and 
very  high  temperature  in  B  ;  and  equal  pressures  in  A  and  B. 
The  process  of  disequalization  of  temperature  and  density 
might  be  stopped  at  any  time  by  changing  the  orders  to  those 
previously  specified,  and  so  permitting  a  certain  degree  of 
diffusion  each  way  across  the  interface  while  maintaining 
a  certain  uniform  difference  of  temperatures  with  equality  of 
pressure  on  the  two  sides. 

If  no  selective  influence,  such  as  that  of  the  ideal  "  demon,''^ 
guides  individual  molecules,  the  average  result  of  their  free 
motions  and  collisions  must  be  to  equahze  the  distribution  of 
energy  among  them  in  the  gross  ;  and  after  a  sufficiently  long 
time,  from  the  supposed  initial  arrangement,  the  difference  of 
energy  in  any  two  equal  volumes,  each  containing  a  very  great 
number  of  molecules,  must  bear  a  very  small  })roportion  to  the 
whole  amount  in  either ;  or,  more  strictly  speaking,  the  pro- 
bability of  the  difference  of  energy  exceeding  any  stated  finite 
proportion  of  the  whole  energy  in  either  is  very  small. 
Suppose  now  the  temperature  to  have  become  thus  very 
ap])roximately  equalized  at  a  certain  time  from  the  beginning, 
and  let  the  motion  of  ever}-  particle  become  instantaneously 
reversed.  Each  molecule  will  retrace  its  former  path,  and  at 
the  end  of  a  second  interval  of  time,  equal  to  the  former, 
every  molecule  will  be  in  the  same  position,  and  moving  with 
the  same  velocity,  as  at  the  beginning  ;  so  that  the  given 
initial  unequal  distribution  of  temjjerature  will  again  be 
found,  with  only  the  difference  that  each  particle  is  moving 
in  the  direction  reverse  to  that  of  its  initial  motion.  This 
difference  will  not  |)revent  an  instantaneous  subsequent  com- 
mencement of  equalization,  which,  with  entirely  different 
paths  for  the  individual  molecules,  will  go  on  in  the  average 
according  to  the  same  law  as  that  which  took  place  immediately 
after  the  system  was  first  left  to  itself". 

By  merely  looking  on  crowds  of  molecules,  and  reckoning 
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their  energy  in  the  gross,  we  could  not  discover  that  in  the 
very  special  case  we  have  just  considered  the  prof^ress  was 
towards  a  succession  of  states,  in  which  the  distribution  of 
energy  deviates  more  and  more  from  uniformity  up  to  a 
certain  time.  The  number  of  molecules  being  finite,  it  is 
clear  that  small  finite  deviations  from  absolute  precision  in 
the  reversal  we  have  sui)posed  would  not  obviate  the  resulting 
disequalization  of  the  distribution  of  energy.  But  the  greater 
the  number  of  molecules,  the  shorter  will  be  the  time  during 
which  the  disequalizing  will  continue  ;  and  it  is  only  when 
we  regard  the  number  of  molecules  as  practically  infinite 
that  we  can  regard  spontaneous  disequalization  as  practically 
impossible.  And,  in  point  of  fact,  if  any  finite  number  of 
perfectly  elastic  molecules,  however  great,  be  given  in  motion 
in  the  interior  of  a  perfectly  rigid  vessel,  and  be  left  for  a 
sufficiently  long  time  undisturbed  except  by  mutual  impact 
and  collisions  against  the  sides  of  the  containing  vessel,  it 
must  happen  over  and  over  again  that  (for  example)  some- 
thing more  than  ^^^ths  of  the  whole  energy  shall  be  in  one- 
half  of  the  vessel,  and  less  than  j^th  of  the  whole  energy  in 
the  other  half.  But  if  the  number  of  molecules  be  very 
great,  this  will  happen  enormously  less  frequently  than  that 
something  more  than  ^„ths  shall  be  in  one-half,  and  some- 
thing less  than  ^ths  in  the  other.  Taking  as  unit  of  time 
the  average  interval  of  free  motion  between  consecutive 
collisions,  it  is  easily  seen  that  the  probability  of  there  being 
something  more  than  any  stated  percentage  ot  excess  above 
the  half  of  the  energy  in  one-half  of  the  vessel  during  the 
unit  of  time  from  a  stated  instant,  is  smaller  the  greater 
the  dimensions  of  the  vessel  and  the  greater  the  stated  pei'- 
centage.  It  is  a  strange  but  nevertheless  a  true  conception  of 
the  old  well-known  law  of  the  conduction  of  heat,  to  say 
that  it  is  very  improbable  that  in  the  course  of  1000  years 
one-half  of  the  bar  of  iron  shall  of  itself  become  warmer  by  a 
degree  than  the  other  half  ;  and  that  the  probability  of  this 
happening  before  1,000,000  years  pass  is  lOOO  times  as  great 
as  that  it  will  happen  in  the  course  of  1000  3'ears,  and  that 
it  certainly  will  happen  in  the  course  of  some  very  long  time. 
But  let  it  be  remembered  that  we  have  supposed  the  bar  to 
be  covered  with  an  impermeable  varnish.  Do  away  with  this 
impossible  ideal,  and  believe  the  number  of  molecules  in  the 
universe  to  be  infinite  ;  then  we  may  say  one-half  of  the  bar 
will  never  become  warmer  than  the  other,  except  by  the 
agency  of  external  sources  of  heat  or  cold.  This  one  instance 
suffices  to  explain  the  philosophy  of  the  foundation  on  which 
the  theory  of  the  dissipation  ot  energy  rests. 
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Take,  liowever,  another  case,  in  which  the  probability  may 
be  readily  calculated.  Let  an  hermetically  sealed  glass  jar 
of  air  contain  2,000,000,000,000  molecules  of  oxygen,  and 
8,000,000,000,000  molecules  of  nitrogen.  If  examined  any 
time  in  the  infinitely  distant  future,  what  is  the  number  of 
chances  against  one  that  all  the  molecules  of  oxygen  and  none 
of  nitrogen  shall  be  found  in  one  stated  part  of  the  vessel 
equal  in  volume  to  J^th  of  the  whole?  The  number  expressing 
the  answer  in  the  Arabic  notation  has  about  2,173,220,000,000 
of  places  of  whole  numbers.  On  the  other  hand,  the  chance 
against  there  being  exactly  -ft^ths  of  the  whole  number  of 
particles  of  nitrogen,  and  at  the  same  time  exactly  f,jths  of 
the  whole  number  of  particles  of  oxygen  in  the  first  specified 
part  of  the  vessel,  is  only  4021  x  10"  to  1. 


Appendix. 

Calculation  of  prohability  respecting  Diffusion  of  Gases. 

For  simplicity,  I  suppose  the  sphere  of  action  of  each  mole- 
cule to  be  infinitely  small  in  comparison  with  its  average 
distance  from  its  nearest  neighbour  ;  thus,  the  sum  of  the 
volumes  of  the  spheres  of  action  of  all  the  molecules  will  be 
infinitely  small  in  proportion  to  the  whole  volume  of  the 
containing  vessel.  For  brevity,  space  external  to  the  sphere 
of  action  of  every  molecule  will  be  called  free  space  :  and  a 
molecule  will  be  said  to  be  in  free  space  at  any  time  when 
its  s})here  of  action  is  wholly  in  free  space  :  that  is  to  say, 
when  its  sphere  of  action  does  not  overlap  the  sphere  of  action 
of  any  other  molecule.  Let  A,  B  denote  any  two  particular 
portions  of  the  whole  containing  vessel,  and  let  a,  b  be  the 
volumes  of  those  portions.  The  chance  that  at  any  instant 
one  individual  molecule  of  whichever  gas  shall  be  in  A  is 

,,  however  many  or  few  other  molecules  there  may  be  in 

A  at  the  same  time  ;  because  its  chances  of  being  in  any 
specified  portions  of  free  space  are  proportional  to  their 
volumes  ;  and,  according  to  our  supposition,  even  if  all  the 
other  molecules  were  in  A,  the  volume  of  free  space  in  it 
would  not  be  sensibly  diminished  by  their  presence.  The 
chance  that  of  n  molecules  in  the  whole  space  there  shall  be 
i  stated  individuals  in  A,  and  that  the  other  n  —  i  molecules 
shall  be  at  the  same  time  in  B,  is 

/    a    V/    h     y-'  a*/^"-' 

[a-^bjK^bJ      '    ^'    (a  +  6)^'- 
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Hence  the  probability  of  the  number  of  molecules  in  A  beiiicr 
exactly  /,  and  in  1]  exactly  n—i,  irrespectively  of  individuals, 
is  a  fraction  having-  for  denominator  {a-\-h)",  and  for  numera- 
tor the  term  involving  a'l>"~*  in  the  expansion  of  this  binomial ; 
that  is  to  say,  it  is — 

n(7i— l)...(n— i  +  1)/    a    V /    b    \"-' 
1.2      ...  i         \a+l})  \a  +  b)      ' 

If  we  call  this  T.,  we  have 

Hence  T.  is  the  greatest  term,  if  /  is  the  snudlcst  integer 
which  makes 

n — i       b 

7+T^  a' 

this  is  say,  if  i  is  the  smallest  integer  which  exceeds 

a  b 

n rr  J. 

a  +  b       a  +  b 

Hence  if  a  and  b  are  commensurable,  the  greatest  term  is  that 
for  which 

a 

i  =  n  — — J . 
a  +  b 

To  apply  these  results  to  the  cases  considered  in  the  pre- 
ceding article,  put  in  the  first  place 

71=2x1012, 

this  being  the  number  of  particles  of  oxygen  ;  and  let  i=n. 
Thus,  for  the  probability  that  all  the  particles  of  oxygen  shall 
be  in  A,  we  find 

2xl0'- 


\a  +  b) 


Similarly,  for  the  probability  that  all  the  particles  of  nitrogen 
are  in  the  space  B,  we  find 

,8x10'^ 


\a  +  b) 


Hence  the  probability  that  all  the  oxygen  is  in  A  and  all  the 
nitrogen  in  B  is 

v^H^y        ^  U+b) 


a 

2 

a  +  b 

10' 

b 

a  +  b 

= 

8 
10^ 
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Now  by  hypothesis 


and  therefore 


hence  the  required  probability  is 

226X10^^ 

Call  thisvj.,  and  let  log  denote  common  logarithm.     We  have 
log  N= 10^3- 26  X  10^2  X  log  2=  (10-26  log  2)  x  10^2^2173220  x  10^ 

This  is  equivalent  to  the  result  stated  in  the  text  above.  The 
logarithm  of  so  great  a  number,  unless  given  to  more  tlian 
thirteen  significant  places,  cannot  indicate  more  than  the 
number  of  ])laces  of  whole  numbers  in  the  answer  to  the  pro- 
posed question,  expressed  according  to  the  Arabic  notation. 

The  calcnliition  of  T^,  when  i  and  n—i  are  very  large 
numbers,  is  practicable  by  Stirling's  theorem,  according  to 
which  we  have  approximately 

1.2...?  =  «^+Je      V2^^ 
and  therefore 

n{n  —  l)  ...(/j— /  +  !)  _  7t"+* 

1.2       ...  i  ~  \/27ri'+i{n  —  i)''-'+i' 

Hence  for  the  case 


a  +  b' 


which,    according    to   the    preceding  formulae,    gives    T.  its 
greatest  value,  we  have 

T    .        1 

V  ZTrnej 
where 

e=  ——J    and  f=—~j. 
a  +  b  '       a  +  b 

Thus,  for  example,  let  n='2  x  10^^ . 

6=-2,  /=-8, 

we  have 

1  1 


800000  -v/tt      1118000* 
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This  expresses  the  chance  of  there  being  4  x  10^^  molecules  of 
oxygon  in  A,  antl  ItJx  10^^  in  B.  Just  half  this  fraction  ex- 
presses th(>  probability  that  the  molecules  of  nitrogen  are 
distributed  in  exactly  the  same  proportion  between  A  and  B, 
because  the  number  of  molecules  of  nitrogen  is  four  times 
greater  than,  of  oxygen. 

If  n  denote  the  molecules  of  one  gas,  and  «'  that  of  the 
molecules  of  another,  the  probability  that  each  shall  be  dis- 
tributed between  A  and  B  in  the  exact  proportion  of  the 
volume,    is 

1 

^iref  ^JurJ 
The  value  for  the  supposed  case  of  oxygen  and  nitrogen  is 

1  _  1 

27rx-16x4xl0^=^      4021x10^' 

which  is  the  result  stated  at  the  conclusion  of  the  text  above. 


XXX.  A  Detector  for  Sparh  in  Hertz's  Desonator. 
By  W.  Lucas,  M.'A.,  and  T.  A.  Garrett,  M.A.  ^ 

SINGLE  Prof.  Hertz  published  his  classical  researches  on 
electrical  oscillations  several  methods  have  been  devised 
for  showing  some  of  the  principal  experiments  to  a  number 
of  people  simultaneously. 

It  seemed  to  us  that  a  very  direct  method  of  doing  this 
would  be  to  make  the  spark  of  the  resonator  ignite  an  ex- 
plosive mixture  of  gases.  After  making  many  experiments 
we  find  that  a  very  convenient  form  of  apparatus  for  effecting 
this  is  the  following  : — A  long  strip  of  wood  (not  shown  in 
the  figure),  having  near  its  ends  two  projecting  blocks  with  Y- 
cuts  in  them,  is  supported  in  a  horizontal  position,  and  to  the 
middle  of  it  is  screwed  the  base-board  A,  its  position  being 
vertical.  B  and  B'  are  two  more  blocks  with  V-cuts  in  them. 
The  four  blocks  are  arranged  in  such  a  way  that  the  V-cuts 
in  them  are  in  the  same  straight  line.  In  the  V-cuts  of  the 
four  blocks  the  two  straight  wires  which  form  the  resonator 
rest.  The  spark-gap  G  is  Ix^tween  the  ends  of  the  platinum 
wires  P  and  P'  ;  these  are  led  down  into  the  V-cuts  in  B  and 
B'  as  shown,  so  that  the  resonator  wires  rest  in  contact  with 
them.  P  is  fixed  firmly  to  the  w^ooden  lever  L,  so  that  the 
size  of  the  spark-gap  can  be  easily  adjusted  by  turning  the 
milled  head   H,  against   which  the  lever  is   pressed  by  the 

*  Communicated  by  the  Authors. 
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spiral  spring  S.  To  allow  for  this  adjustment  P  is  bent  as 
shown,  and  P',  though  fixed  permanently,  is  also  bent,  so 
that  both  parts  of  the  resonator  may  be  sj'mmetrical.  With 
this  arrangement  one  ])air  of  resonator  wires  can  be  very 
readily  rei)laced  by  another  pair  of  a  different  size. 

A  Detector  for  Spark  in  Hertz's  Resonator. 


T  is  a  glass  tube  open  at  the  top.  Its  lower  end  is  closed 
and  two  platinum  electrodes  E  are  sealed  into  it.  Two  small 
holes  are  bored  through  it  diametrically  opposite  to  each 
other,  through  which  the  platinum  wires  P  and  P'  can  pass 
freely.  This  tube  is  partly  filled  with  hydrochloric  acid,  and 
the  electrodes  E  are  connected  with  a  battery  so  as  to  generate 
an  explosive  mixture  of  hydrogen  and  chlorine.  If  the 
resonator  sparks  when  enough  gas  is  present  in  the  tube,  an 
explosion  is  produced. 

In  order  that  an  explosion  may  be  produced  by  every 
spark,  the  time  required  to  fill  the  tube  with  the  quantity  of 
gas  requisite  for  an  explosion  must  be  less  than  the  interval 
of  time  between  two  sparks.  If  this  interval  is  small,  the 
quantity  of  gas  requisite  for  an  explosion  must  be  small  and 
it  must  be  generated  quickly.  Now  in  order  that  the  quantity 
of  gas  requisite  for  an  explosion  may  be  small,  the  diameter 
of  the  tube  must  be  small  and  the  spark-gap  must  be  near  the 
surface  of  the  electrolyte.  We  find,  however,  that  when 
under  these  circumstances  the  gas  is  generated  quickly,  an 
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explosion  very  rarely  takes  place,  owino;  to  the  fiict  that  liquid 
is  oarrietl  up  to  the  spark-oap  by  the  rush  of  gas,  and  a 
minute  drop  almost  always  adheres  to  the  ends  of  the  wires 
forming  the  spark-gap,  so  that  no  spark,  and  consequently 
no  explosion,  is  produced. 

This  difficulty,  howevei',  can  be  easily  overcome  by  con- 
necting the  two  halves  of  the  resonator  with  a  battery  of 
three  or  four  cells,  so  that  as  soon  as  a  minute  drop  is  formed 
across  the  spark-gap  it  is  at  once  dissipated  b}'  the  current 
which  passes  through  it.  If  the  battery  connexions  are  made 
at  nodes,  the  proper  working  of  the  resonator  does  not  seem 
to  be  interfered  with,  so  that  the  battery  may  remain  in 
permanent  connexion  with  it. 

Df  course  the  same  battery  may  be  used  both  for  getting 
rid  of  the  drop  and  for  generating  the  explosive  mixture  of 
gases,  the  circuit  which  is  completed  by  the  drop  in  the 
spark-gap  being  a  shunt  on  the  circuit  through  the  electro- 
lyte. When  it  is  desired  to  work  with  a  very  small  spark- 
gap,  we  have  found  :t  very  convenient  to  include  a  rough 
galvanometer  in  the  former  circuit,  as  a  small  spark-gap  can 
then  be  very  easily  made  by  screwing  up  H,  stopping  directly 
a  deflexion  is  obtained,  and  then  screwing  H  back  very 
slightl}-  so  as  just  to  break  the  circuit. 

In  our  first  experiments  we  used  dilute  sulphuric  acid  as 
the  electrolyte  instead  of  hydrochloric  acid  ;  but  we  found 
that  when  the  spark  was  very  small,  it  failed  to  explode  the 
mixture  of  oxygen  and  hydrogen  produced.  When,  however, 
hydrochloric  acid  is  used,  so  far  as  we  have  observed,  every 
spark,  even  the  smallest  we  have  been  able  to  obtain,  pro- 
duces an  explosion,  provided  of  course  that  the  tube  is 
properly  filled  with  gas. 

In  conclusion,  it  might  be  well  to  add  that  the  tube  which 
we  have  found  to  work  very  satisfactorily  is  16  centim.  long 
and  8  millim.  in  diameter  (inside),  the  spark-gap  being  about 
5  centim.  from  the  top. 


XXXI.  Dynamical  Illustration  of  the  Isothermal  Formula. 
By  Ladislas  Xatanson,  Fhys.D.,  Lecturer  on  Natural 
Fhilosophy,  University  of  Cracow*. 

IN  the  Kinetic  Theory  of  Matter  it  is  our  object  (as  will,  I 
think,  be  generally  admitted)  to  imagine  a  dynamical 
model  of  some  definite  state  of  matter  and  to  investigate  the 
properties  of  the  mechanism  conceived. 

*  Communicated  by  the  Author. 
Fhil.  Mag.  S.  5.  Vol.  3.3.  Xo.  202.  March  1892.  Y 
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A  system  of  bard  elastic  spheres,  •\vliicli  exert  upon  one 
another  purely  collisional  forces,  lias  been  found  to  be  in  many 
respects  an  adequate  dynamical  re[)rcsentation  of  what  is 
called  an  ideal  gas.  The  laws  of  ideal  gas-])ressure  cannot, 
however,  be  accounted  for,  unless  the  spheres,  or  molecules, 
of  which  the  body  is  supposed  to  consist  are  assumed  to  be 
infinitely  small. 

Now  we  know  that,  in  order  to  explain  the  ])roperties  of 
real  or  imperfect  gases,  it  is  not  sufficient  to  correct  the 
original  theory  under  this  head  solely,  i.  e.  to  consider  the 
molecules  as  bodies  of  some  small  but  definite  size.  Van  der 
Waals  was  led  therefore  to  investigate  the  effect  of  attractive 
or  cohesive  forces,  which  he  su])posed  to  operate  between 
molecules  inde])endently  of  im})ulsive  forces,  generated  on 
collision.  Accordingly  in  his  equation  two  correctional  quan- 
tities appear,  determined  respectively  by  both  of  these  distinct 
kinds  of  molecular  interference.  To  my  mind  such  a  cumu- 
lation of  essentially  heterogeneous  assumptions  is  utterly 
luisatisfactory  ;  and  it  certainly  fails  to  connect  the  properties 
to  be  ex|)lained  with  one  dynamical  fact  only.  Hence,  I  ven- 
ture to  think,  we  have  to  take  some  broader  view  of  the  nature 
of  molecular  interaction. 

On  the  other  hand,  although  no  serious  discordance  is  likely 
to  arise  as  to  the  highly  important  role  of  Van  der  Waals's 
theory  in  modern  thermodynamical  science,  it  must  never- 
theless be  affirmed  that  his  equation  does  not  apply  to  known 
facts  with  due  app>roximation,  so  that  the  kinetic  conception 
on  which  it  is  founded  may  be  said  to  be  disproved. 

1.  The  fundamental  assumption  I  propose  to  examine  is, 
that  the  molecules  of  a  gas  may  be  taken  as  mere  material 
points,  wdiich  exert  upon  one  another  cert^iin  forces  every 
time  the  distance  between  them  becomes  equal  to,  or  less  than, 
a  given  limit,  R  say.  Whenever  two  molecules  approach 
within  distance  R,  they  will  be  said  to  undergo  encounter;  and 
the  moment  the  distance  becomes  again  greater  than  R  will 
be  taken  as  the  ending  moment  of  entanolement.  When 
two  or  more  molecules  are  thus  under  mutual  interaction, 
1  call  them  a  molecular  system ;  I  shall  confine  myself, 
however,  at  first  to  the  consideration  of  bimolecular  systems 
by  supposing  the  ratio  of  systems  of  any  higher  degree  of 
complexity  to  be  small  enough  to  be  neglected. 

Consider  a  volume  V,  in  which  X  points  or  molecules  are 
constantly  moving.  Let  ^f{v)dv  denote  the  number  of  mo- 
lecules whose  velocities  lie  between  v  and  v  +  dv.  These  we 
shall  call  "  r-molecules ";  and  similar  abbreviations  will  be 
used  in  other  cases.     Amonij;  the  members  of  that  class  con- 
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sider  a  single  molecule  a  ;  let  there  be  in  volume  V  a  number 
NF(r,i:')  ^u'  of  molecules  -wbich  are  moving  with  relative 
velocity  >  ic  and  <  ic  +  die  with  res[iect  to  molecule  a.  Call 
"^  the  acute  anoje  l)et\veim  the  ic  and  R  directions  at  the 
beginning  moment  oi'  encounter.  It  is  then  easily  proved 
that  the  molecule  a  will  sutler  per  unit  time 

"^—^ U'F(  l",  w)  sin  ^fr  cos  ■^  dio  d-\fr       .       ,      (1) 

encounters  of  the  lo,  ^jr  description.  Now  in  a  large  class  of 
laws  of  force  the  duration-time  of  entanglement  is  determined 
by  the  values  the  two  variables  ic,  y^  assume  at  the  beginning 
moment  of  encounter  ;  and  from  the  following  it  will  be 
obvious  that  our  deduction  would  apjily  with  but  formal 
alterations  to  the  more  general  case,  when  further  variables 
are  required.  Let  then  t  be  the  duration-time  of  entangle- 
ment ;  every  encounter  of  the  above  class  (1)  will  belong  to 
the  class  of  r-encounters.  These  encounters  are  happening 
with  the  concurrence  of  molecu'e  a  ;  l)ut  the  same  l)eing  true 
tor  every  other  member  of  the  r-class,  and  the  state  of  things 
in  the  whole  mass  being  assumed  to  be  steady,  we  shall  tind 
the  number  of  encounters  which  at  any  time  are  just  hap})en- 
ing  in  the  volume  considered  by  multiplying  (1)  by  r  and 
by  'Sf{v)dv,  by  integrating,  and  halving.  Let  iNc  repre- 
sent that  number  ;  c  therefore  is  taken  to  mean  the  ratio  of 
molecules  which  belong  at  a  given  time  to  molecular  systems. 
The  number  of  free  molecules  is  equal  to  N(l— c)  and 

c  =  — y^ —  \  \  \  Twf{v)  F  (v,  w)  sin  -v/r  cos  yfr  dv  die  d^jr.    .     ( 2) 

2.  Let  us  now  proceed  to  the  application  of  the  virial 
equation.  In  this  equation  wc  have  to  introduce,  it  is  well 
known,  certain  average  values  of  the  kinetic  energy  and  the 
virial,  and  these  averages  are  to  be  found  in  the  following 
way.  We  have  to  write  down  the  value  of  the  kinetic  energy 
and  the  virial  for  every  molecule,  to  sum  them  up,  to  continue 
this  process  during  some  long  })eriod  of  time,  and  to  average 
at  last  all  the  instantaneous  sums  we  have  computed.  Now, 
since  the  state  of  the  gas  is  stead}^,  we  are  justified  in  apply- 
ing the  theorem  directly  to  the  instantaneous  sums  of  kinetic 
energy  and  virial,  which  cannot  ditfer  materially  from  their 
time-averages.  There  is  no  ditHculty  in  performing  the  sum- 
mation as  far  as  the  kinetic  energy  of  free  molecules  and  the 
v'irial  of  external  pressure  (no  other  external  forces  being 
admitted)  are  concerned ;   but  terms  relating  to  molecular 
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systems  require  closer  examination.  Suppose  Q  to  represent 
a  quantity  characteristic  for  a  system  in  a  given  state  ;  i.  e.  a 
function,  firat  of  the  initial  conditions  of  encounter,  and 
secondly  of  the  time  t,  which  in  the  system  under  considera- 
tion has  elajised  from  the  })e<^inninf>;  moment  of  encounter. 
If  we  multiply  the  above  number  (1)  by 

l^f(v)dvclt, (3) 

we  shall  have  the  number  of  encounters  which  occurred  at 
moments  lyino;  infinitely  near  one  another  and  under  initial 
conditions  diffei'ing  but  infinitely  little.  In  all  these  encoun- 
ters the  simultaneous  values  of  Q  are  practically  0(jual,  hence 

^Q.f{v)dvdt, (4) 

multiplied  by  (1),  is  the  instantaneous  Q-sum  for  the 
V,  w,  i/r,  ^-subclass  considered;  and  the  sum  for  the  r, zr, i/r-class 
is  found  by  integration  from  0  to  t.  Now  let  Q  denote  the 
mean  value  the  variable  quantity  Q  assumes  in  the  course  of 
the  encounter;  since,  then, 


I 


Qc?^  =  Qt, (5) 

5  of  gas  is  seen  to  be 
^^^Q,Ticf(v)F  {v,w)  sin  i/r  cos  yjr  dv  dw  dyjr.  .  (6) 


the  Q-sum  for  the  total  mass  of  gas  is  seen  to  be 
V 


3.  The  kinetic  energy  of  two  molecules  suffering  mutual 
interaction  we  shall  divide  in  two  parts,  which  will  correspond 
respectively  to  the  mutual  relative  motion  of  the  molecules 
and  to  the  motion  of  their  centre  of  inertia.  Call  L  the 
mutual  relative  kinetic  energy  of  both  molecules  and  S  the 
virial  of  the  forces  between  them  ;  then,  with  the  above  nota- 
tion for  averages,  and  with  m  to  denote  the  masses  of  the  points 
(supposed  to  be  equal),  we  have 

L-S= 2;^, (7) 

by  a  theorem  which  is  closely  connected,  but  cannot  be  said 
to  be  identical  with  the  ordinary  Yirial-theorem.  (See  Wiede- 
mann's Annalen,  vol.  xxxiii.  p.  698.) 

4,  The  virial-equation  is  now  easily  constructed.  If  we 
use  E  to  denote  the  mean  kinetic  energy  of  a  free  molecule, 
E  the  mean  kinetic  eneroy  of  the  centre  of  inertia  of  a 
bimolecular  system,  and  p  the  external  (normal  and  unifo)"m) 
pressure,  we  find 
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fpV  =  N(l-r)E  +  -^NcE^ 

+  '^-^"'^"Jlj'f  {L-^)Twf{v)Y{v,w)  sin  ^  cos  ^  rfr  rfrt?  d^^,  .   (8) 

and  this  takes  by  (7)  the  form 

lpY=l!iE-il^c('2E-E^)  +  ^^^^^imw-.f{v)F{v,w)dvdw,    (9) 

where 

G)  =  f7rNR3 (10) 

Tlie  double  inteoral  in  (9)  is  seen  to  represent  (apart  from 
tlie  factor  X(w/2Y)  the  mean  vahie  of  the  relative  kinetic 
energy  for  all  idt-al  combinations  of  two  points  we  are  able 
to  imagine  throughout  the  gaseous  mass  ;  but  it  is  clear  that 
this  mean  is  essentially  differeut  from  the  mean  relative 
kinetic  energy  for  interacting  molecules,  or  molecular  systems. 
It  follows  that  we  have  to  write  (2E  — EJ  for  the  value  of 
the  double  integral.  For  suppose  we  are  computing  all  pos- 
sible imaginary  pairs  of  molecules  throughout  the  gas ;  the 
frequency  of  sr/stems  in  which  true  physical  connexion  occurs 
among  our  ideal  pairs  cannot  depend  upon  the  velocity 
of  the  centre  of  inertia  of  the  pairs,  hence  E^  added  to  the 
mean  value  of  ^miir  must  be  equal  to  2E.     We  have,  then, 

|^.V=NE  +  iN(2E-Ej(^,-c^.     .     .     .    (11) 

Now  write  for  simplicity, 

!-§=' (12) 

and 

so  that 
^TreNR^JJJ  /  ^     ^^^"^  -t  I  icf(v)F{v,io)  sin  yjr  cos  y{r  dv  die  dyfr;  (14) 
equation  (11)  takes  the  form 

f;.V=NE(l+|) (15) 

similar  to  those  obtained  by  Van  der  Waals,  Lorentz,  and 
other  authors.  It  would  seem,  however,  to  deserve  here 
special  attention,  that  b,  according  to  (14),  may  be  either 
positive,  or  zero,  or  negative,  as  the  law  of  force  varies  ;  and 
still  more  suggestive  is  the  further  possibihty  of  b  changing 
its  sign,  for  a  given  law  of  force,  at  some  definite  temperalure 
or  temperatures. 
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For  passive  molecules  t=  2R  cos  i|r/i(7  and  ^  =  0;  for  bard 
elastic  spheres  t  =  0  and  h  =  ^ci},  because,  as  will  imme- 
diately be  sbo^vn,  e  =  -^.  This  is  in  accordance  with  Van  der 
Waals's  result,  since  bis  molecular  volume  corresponds  to 
let). 

5,  Let  us  consider  tlie  number  of  encounters  wbicli  bappen 
per  unit  time  between  molecules  of  class  Vi  and  class  v^  re- 
spectively witb  tbe  furtber  restriction  of  tbe  angle  between 
the  ^1-  and  Vg-directions  being  >X  and  <\  +  c?X.  If,  for 
reasons  presently  to  lie  seen,  we  substitute  v-(f){v)  for  f(v), 
as  written  in  tbe  above,  we  may  put  that  number 

=  ^7rW'RWv2^ivsm\<fi{vi)(}){v2)dvidv.2d\.     .     .   (Kl) 

Now,  in  (10),  we  introduce  tbe  relative  velocity  iv  of  the 
two  molecules,  and  the  velocity  V  of  their  centre  of  inertia, 
by  means  of 

r^2_^r,"  =  iiv'-\-2Y' (17) 

and  r/^  +  ro-  — 2i'it"2Cos  A,  =  ru^  ;     ....     (18) 

it  follows  that  the  number  of  Vi,tr,V-encounters  per  unit  time 

i^  7rW-WvyYcli{vi)(f)(v2)dv^div(lV.     .     .     .  (ID) 

We  have  next  to  integrate  this  with  respect  to  r, 

from  i'i=  i/(Jt?TV2-^iyV)  to  v,=  s^l^w^+Y^TwTJ, 

and  this  may  be  done  directly,  the  result  being  simply  wY, 
because  the  product  (f){vi)  .<f)(vo),  by  a  method  of  proof 
originally  given  by  Clerk  Maxwell  and  since  frequently  used 
in  the  Kinetic  Theory,  may  be  shown  to  be  of  the  form 
•\lr{w)'^^(V).  Hence  the  number  of  K',Y-encounters  per  unit 
time  is  ^  J^Wli?^o'Y'^|r(^v)'i'{Y)dwdY,     .     .     .    (20) 

and  tbe  law  of  distribution  for  tlie  V-velocities  is  expressed 
by  V-^(V)fZV  with  a  proper  constant  prefixed.  Now  the 
only  relation  Ijetween  Vi,V2,  w,  and  V  is  clearly  that  given  by 
equation  (17).     From  this  equation,  then,  and  from 

log<^(ri)+log<^(r2)=log-«|r(tr)  +  log>I^(V),    .     .C21) 

the  form,  of  the  functions  may  be  inferred,  and  the  con- 
clusion may  be  drawn  that  the  mean  value  of  Y-  is  equal  to 
half  that  of  Vi~  or  Vo^.     Hence 

E  =  E^  and  e=i (22) 

This  result  shows,  l)esides,  that  we  are  justified  in  taking 
NE  =  §R/  say,  where  t  is  the  absolute  tbermodynamical 
temperature. 
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6.  We  shall  make  no  atteinjit  to  recof^nize  the  true  law  of 
force  aotin<;"  between  the  molecules  ;  hut  it  is  obvious  that  h 
does  not  deixMul  upon  V  any  further,  so  that,  with  p  to  denote 
the  density  of  the  medium,  our  equation  becomes 

Plp=\\ti\+T,p) (23) 

Ti  being  a  function  of  the  absolute  temperature. 

Now  by  similar  considerations  which,  I  think,  it  is  un- 
necessary to  reproduce  at  length,  we  may  generalize  our 
ileduction  by  taking  higher  systems  of  molecules  into  account. 
Suppose  we  stop  at  /-molecular  systems  and  neglect  the 
number  of  those  formed  by  i+  1  molecules  ;  then  the  equation 
will  be 

^V/3  =  R<(1  +  Tip  +  V^+...  fT,_ip->)     .     .    (24) 

(the  T's  being  functions  of  t),  and  is  thus  seen  to  be  of  the 
general  type  suggested  by  Maxwell  ('  Scientific  Papers,' 
vol.  ii.  p.  407)  and  recently  supported  by  Lord  Rayleigh 
(•  Nature,'  vol.  xlv.  p.  81).  Equations  of  that  kind  are  care- 
fully discussed  in  Thiesen^s  elaborate  paper  in  Wiedemann's 
Annalen,  vol.  xxiv.  p.  4G7  ;  see  also  ibidem,  vol.  xxxiii. 
p.  701.  It  would  seem  therefore  that,  in  the  proximity  of 
the  critical  state,  double  and  triple  molecules  are  prevalent ; 
while  (if  we  adopt  a  recent  suggestion  from  Blihiicke,  Zeitsch. 
fiir  ph>/s.  Clieniie,  vol.  viii.  p.  562)  in  the  proximity  of  the 
solid  state  even  the  efifect  of  systems  consisting  of  eight 
molecules  each  may  become  traceable. 

XXXII.    On  a  Permanent  Magnetic  Field. 
B>j  W.  HiBBERT,  A.LE.E.,  F.I.C* 

IN  the  electrical  laboratory  of  the  Polytechnic  Institute, 
Regent  Street,  the  earth^s  magnetic  field  varies  so  much 
that  it  cannot  be  assumed  as  a  basis  for  reasonably  accurate 
measurement.  For  this  reason  it  was  formerly  my  habit  to 
give  students  a  certain  bar-magnet  as  a  temporary  standard, 
the  number  of  lines  ])assing  out  of  the  bar  being  determined 
afresh  from  time  to  time.  Tliis  magnet  was  an  old  one,  and 
its  varied  experience  (now  described  under  the  term  "ageing") 
had  given  it  an  approximate  constancy.  The  constancy  was, 
in  fact,  good  enough  to  suggest  the  possibility  of  getting  a 
really  permanent  magnet.  I  therefore  made  some  tentative 
eflbrts  to  ascertain  the  effect  of  slight  variations  in  the  hard- 
ness and  temper  of  steel  on  its  magnetic  properties,  with  the 
result  that  I  found  the  subject  too  great  for  my  resources. 

*  Communicated  by  the  Physical  Society  :  read  December  4, 1891. 
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]3nt  the  fjrowtli  of  the  modern  idea  of  a  magnetic  circuit 
suggested  the  possibility  of  acliieving  my  purpose  in  a  way 
that  would  be  largely  independent  of  the  peculiarities  of 
different  brands  of  steel,  as  well  as  of  the  various  physical 
conditions  caused  by  differences  in  tempering. 

I  therefore  provided  a  short  straight  bar-magnet  with  a 
couple  of  arched  pole-pieces,  of  such  length  and  sectional  area 
that  there  was  left  between  them  a  narrow  air-gap  of  very 
small  magnetic  "  resistance."  A  very  flat  coil  of  wire  thrust 
in  or  out  of  this  ga])  gave  electromagnetic  imjndses  whose 
value  was  fairly  (constant.  Ex})erience  with  these  simple 
instruments  led  me  to  believe  that  a  more  rigorous  application 
of  the  principle  would  give  a  truly  permanent  magnetic  field. 
How  far  this  has  been  realized  will  appear  from  the  con- 
siderations which  I  now  have  the  honour  to  submit  to  the 
Society. 

The  first  design  that  at  all  approximated  to  a  closed  mag- 
netic circuit  consisted  of  a  cylindrical  steel  rod  with  hemi- 
spherical pole-pieces.  For  reasons  into  which  I  need  not  go, 
this  has  been  superseded  by  the  following  modification. 

Vis.  1. 


Fig  1  is  a  general  view  of  the  instrument.     Fig.  2  i«  a 
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vertical  section  of  the  nia<!;7ietic  circuit.  In  this,  N  S  is  a 
cvHnilrical  steel  rod,  2^  inclics  Ion  12;  and  1  inch  in  diameter, 
attached  to  two  cast-iron  pole-pieces.  The  ujiper  pole-piece, 
art,  is  u  circular  disk,  4  inches  in  diameter  and  §  inch  thick, 
caretully  bored  to  tit  the  upper  end  of  "N  S.  The  lower  pole- 
piece,  hh,  is  nearly  hemispherical,  and  about  |  inch  thick  in 
the  wall.  This  is'  attiiched  to  the  steel  rod  by  means  of  an 
iron  pin,  let  into  N  S  and  screwed  into  />^. 

Ficr.  2. 


The  opposed  faces  of  the  pole-pieces  are  carefully  turned  in 
the  lathe,  so  as  to  leave  between  them  a  circular  air-gap  less 
than  yig  inch  wide. 

The  above  description  gives  the  form  and  dimensions  of  the 
magnetic  part  of  the  instrument.  It  is  magnetized  after  being 
put  together  by  a  current  sent  through  a  coil  wound  on  the 
steel  rod. 

The  other  parts  consist  of : — 

(1)  Mechanical  arrangements  which  will  rigidly  preserve 
the  pole-pieces  in  position. 

(2)  Arrangements  which  ^\^ll  carry  and  guide  a  coil  of 
wire  as  it  is  thrust  through  the  field  in  the  very  narrow  air- 
gap.  Screwed  to  the  upper  surftice  of  the  disk  a  a  is  a  brass 
casting  with  three  projecting  lugs  //  (fig.  1).  These  lugs  are 
screwed  both  to  small  blocks  attached  to  the  hemispherical 
pole-piece,  and  also  to  the  toj>s  of  three  brass  pillars  (fig.  1). 

The  coil  is  wound  in  a  shallow  groove  cut  on  the  outside  of 
a  brass  ring,  which  is  turned  thin  enough  in  the  wall  to  slide 
freely  through  the  air-gap.  Attached  to  its  upper  edge  are 
three  arms  which  radiate  from  a  central  boss,  the  latter 
sliding  up  or  down  on  the  central  guide-rod  g  (fig.  1).  The 
radial  arms  support  an  ebonite  disk  on  which  are  fixed  the 
terminals  of  the  coil. 
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Fig.3. 


At  the  upper  end  of  the  guide-rod  g  is  an  arrangeinent  lor 
allowing  the  ring  to  fall  whenever  the  experimenter  desires. 
The  upper  end  of  //  is  bored  out  (fig.  3),  and  a  horizontal  slot 
is  rut  in  the  thin  wall  thus  made,  in  the  inner 
si)aee  and  connected  with  the  milled  head  is  a  rod, 
from  the  sid(^  of  which  projc^cts  a  tooth  t  passing 
through  the  slot,  whilst  from  the  lower  end 
passes  a  spiral  spring  also  fixed  into  the  body 
of  cj.  The  tooth  t  is  thus  kept  in  a  definite 
position,  from  wdiich  it  can  be  moved  aside 
either  by  a  rotation  of  the  milled  head,  or  by 
the  upward  movement  of  the  boss  connected 
with  the  ring.  On  the  inner  edge  of  the  boss 
is  a  slot  through  which  t  can  pass,  but  cut 
slightlv  on  one  side  of  the  zero  position  of  the 
tooth.  When  an  electromagnetic  impulse  is 
desired  the  coil  is  raised  so  that  the  boss,  and 
therefore  the  ring,  rests  on  t.  The  position  of 
t  and  the  height  of  the  ring  are  so  chosen 
that  w^hen  the  ring  is  at  rest  on  /  the  coil  is 
altogether  above  the  gap.  By  a  simple  rotation  of  the  milled 
head  the  coil  can  l)e  made  to  fall  through  the  field  at  any 
desired  moment.  The  electromagnetic  impulse  then  giveu  to 
the  circuit  is,  of  course,  equal  to  the  number  of  lines  inter- 
linked with  the  coil  during  the  fall,  multiplied  into  the  number 
of  turns  of  wire  in  the  coil. 

Three  instruments  of  the  type  just  described  have  been 
made  and  tested.  The  means  adopted  for  testing  are  not  the 
best  that  could  be  specified  for  the  purpose.  They  were 
chosen  because  they  give  i-easonable  accuracy,  and  yet  allow 
of  a  fair  number  of  observations  being  taken  in  a  linn'ted  thne. 

The  method  was  to  compare  two  throws  of  a  galvanometer- 
needle,  one  produced  by  the  discharge  of  a  condenser,  the 
other  produced  by  the  magneto-inductor. 

The  condensm-  employed  was  a  mica  condenser  of  0*333 
microfarad  capacity.  The  potential  difference  for  charging 
wasohtained  from  four  accumulators,  whose  electromotive  force 
was  determined  by  comparison  with  a  Latimer-Clark  cell,  the 
comparison  being  made  by  the  potentiometer  method. 

Having  first  taken  a  fair  number  of  observations  from  the 
condenser,  a  corres])onding  nmnljer  were  taken  from  the 
maoneto-inductors,  the  resistance  in  circuit  with  each  being- 
ail  justed  till  the  throw  was  practically  the  same  as  that 
obtained  from  the  condenser. 

I  decided  on  this  because  it  allowed  me  to  use  an  ordinary 
damped  reflecting-galvanometer.      The  object   being  simply 
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to  test  constancy,  it  was  eviilcnt  that  the  subsequent  tests 
would  be  very  much  Hke  the  first,  and  that  by  the  above 
uietliod  ot"  workiiiij;  I  niioht  neglect  danijiino-,  and  also  any 
consideration  of  the  law  ot"  the  galvanometer  deflexion. 

As  the  observations  run  through  summer  and  winter  tluy 
had  to  be  corrected  for  temperature  variation.  The  coetficicnts 
used  were  those  now  generally  accepted,  namely  : — For  the 
Latimer-Clark  cell  ()"077  per  cent,  per  1°C;  for  the  copper 
wire  of  the  galvanometer  0'38  per  cent,  per  1°;  and  for  the 
German-silver  resistances  0"044  per  cent,  per  1°. 

It  now  remains  to  give  the  results  obtained.  As  my 
present  purpose  is  simply  to  show  how  far  constancy  of  field 
has  been  obtained,  it  is  not  necessary  to  give  many  details. 
Before  giving  the  results  it  will  be  proper  to  state  the  chief 
differences  between  the  instruments  numbered  I.,  II.,  and  III. 
in  the  Table. 

Hemisphere  No.  I, — Air-gap  a  little  more  than  ^^r  inch 
and  not  quite  uniform.  Magnetized  by  flashing  current  from 
four  accumulators,  July  29,  1890.  Heated  and  cooled  several 
times  on  different  days.  Very  small  decay  to  August  11,  on 
which  dav  the  number  of  lines  =  21,007.  Next  dav,  August 
12,  1890",  lines  =21,120.  Seven  months  later,  March  14, 
.1891,  lines  =  21,035.  Accident  to  coil  caused  me  to  take  to 
pieces  and  magnetize  afresh.  A  current  flashed  through  at 
a  temperature  of  about  50°  C. 

Hemispliere  No.  II.  — Most  highly  finished.  Air-gap  rather 
less  than  ^\j  inch.  Magnetized  by  flashing.  Lines  about 
34,000.  Nearly  50  per  cent,  greater  than  in  I.  This 
showed  tendency  to  fall.  1  therefore  adopted  the  method 
known  as  "  reducing,"  by  sending  reverse  current  through 
magnetizing  coil.     Reduction  of  field  about  5  per  cent. 

llemispliere  No.  III. — Magnetic  system  not  so  well  sup- 
ported as  in  two  previous  instruments.  Magnetized  by  flash- 
ing current,  and  then  "  reduced  "  about  20  per  cent. 

The  figures  in  the  column  headed  "  No.  of  Lines  '"'  are 
obtained  bv  the  expression 

,.      100  OVR    d' 

N=  .  -r: 

t  d  ' 

where  C  =  capacity  of  condenser  in  microfarads, 
V  =  potential  difference  in  volts, 
11  =  resistance  in  circuit  with  magneto-coil, 
f  =  number  of  turns  of  wire  on  magneto-coil, 
d',(Z  =  throws    from    magneto-inductor    and    condenser 
respectively. 

The  factor  100  translates  from  practical  to  absolute  units. 
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Date. 

Temperature 
of  Inductor. 

Lines  in  Inductor  Field. 

April  16,  1891 

22' 

!',    23   ,'!  Z'.'^. 

May      8      

,.      23     „    

„      27      „    

„      30      , 

June      (■>      ,,    

„      12      „    

,      29      „    

July     10      „    

,.      27      „    

„      31      „    

Sept.    22      „    

Nov.    10      „    

50  0. 

20 

12-5 

13-5 

16-5 

13 

13-5 

16 

18 

22 

21-r. 

19 

20 

17-5 

16 

13 

No  I. 
22,030 
21,790 
21,730 
21,710 
21,710 
21,680 

21,720 
21,720 

21,780 
21.720 
21,790 
21,700 
21,780 
21,690 
21,700 

No.  II. 

32,360 
32,420 
32,330 

32.4ib 
32,380 
32.470 
32,34.j 
32,510 
32,470 
32,460 
32,400 
32,400 

No.  III. 

29,140 
29,290 
29,270 
29,260 
29,290 
29,500 
29,550 
29,530 
29,470 
29,480 

Density  of  lines  in  1 
air-gap  per  sq.  cm.  J 

515 

770 

700 

In  discussing  the  figures  it  must  be  remembered  that  high 
accuracy  was  not  attainable  at  the  time  of  working.  The  ob- 
servations were  all  made  in  comparatively  brief  intervals  of 
leisure,  and  it  is  likely  that  the  probable  error  is  about  1  in 
300  or  400. 

There  is  practically  no  evidence  of  magnetic  decay  in 
seven  months.  Such  small  changes  as  are  indicated  point  the 
other  way,  but  I  am  inclined  to  attribute  most  of  them  to 
sho-ht  inaccuracy  of  the  temperature-correction  for  the  re- 
sistances of  the  circuit. 

The  two  intruments  that  were  reduced  by  a  demagnetizing 
current  (Nos.  II.  and  III.)  show  a  tendency  to  rise.  This 
tendency  is  most  marked  in  the  instrument  which  was  re- 
duced most.  It  is  evident  that  only  a  slight  reduction  is  to 
be  allowed. 

No.  I.,  which  was  magnetized  warm,  but  not  "  reduced,^^ 
fell  while  cooling,  and  then  showed  a  very  slight  tendency  to 
increase.  It  is  better  than  the  other  two,  and  is  constant 
enough  to  be  used  for  any  purpose  for  which  an  earth  inductor 
is  employed. 

Nothing  is  here  said  of  the  temperature  variation  of  this 
magnetic  field*.     I  have  made  some  observations   on   that 

*  Magnetic  field  is  of  course  not  the  right  name.  The  instrument  J 
raises  once  again  the  question  of  naming  the  quantity  sometimes  called  1 
'<  total  field,"  "  total  induction,"  or  so  many  "  gausses.'' 
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point,  and  fonnd  it  very  small,  but  as  the  tests  were  made 
with  hastily-adjustt'd  ai^pliances,  I  have  thought  it  better  to 
reserve  the  matter  for  further  investioation.  The  temperature 
range  involved  in  the  Table  is  10°  ('.,  but  the  figures  cannot 
be  used  for  deducing  the  temperature-co(?Hieient  because  of 
the  other  sources  of  error.  I  am  inclined  to  think  that  the 
temperature  variation  of  the  condenser  (which  has  not  been 
ai»plied  to  the  calculations)  practically  neutralizes  that  of  the 
inthictor. 

In  addition  to  the  evidence  of  constancy  atforded  by  the 
Table,  there  are  in  my  note-books  several  facts  which  point 
the  same  way.     Of  these  1  shall  mention  only  one. 

It  is  w^ell  known  that  magnetic  decay  is  most  pronounced 
just  after  magnetization,  especially  if  the  magnet  is  subjected 
to  vibration.  In  several  early  cases  I  tested  the  effect  of 
vigorous  blows  during  and  immediately  after  magnetization, 
but  the  evidence  of  loss  was  generally  very  feeble,  and  in 
some  cases  not  measurable.  In  this  connexion  it  may  be 
worth  noting  that  the  brass  ring  which  carries  the  coil  is  fairly 
heavy,  and  that  when  it  falls  it  produces  an  appreciable  blow. 
Each  of  the  three  instruments  has  been  subject  to  this  shock 
hundreds  of  times,  but  has  shown  no  sign  of  decay  under  it. 

Perhaps  I  may  be  permitted  to  say  that  I  do  not  advance 
the  principle  of  the  magnetic  circuit  as  at  all  novel.  It  has 
already  been  embodied  in  several  well-known  applications. 
But  I  believe  the  idea  is  here  made  subservient  to  new 
purposes. 

As  a  material  embodiment  of  a  standard  of  magnetism 
(magnetic  lines,  gausses,  or  whatever  else  may  be  the  right 
name)  I  find  it  helpful  to  many  students.  For  this  reason  I 
propose  to  adjust  future  instruments  of  this  size  to  a  round 
number  of  lines,  say  20,000  or  25,000,  which  will  facilitate 
calculations  arising  out  of  their  use. 

The  instrument  is  a  most  convenient  standard  for  measuring 
magnetic  quantities,  whether  it  be  the  lines  in  any  other 
magnet  or  the  vertical  and  horizontal  components  of  the 
earth's  field.  I  am  trying  to  use  it  for  developing  a  new 
method  of  determining  these  quantities. 

It  enables  me  to  simplify  the  magnetometer  method  lor 
determining  magnetic  permeability.  Over  the  ordinary  mag- 
netizing coil  I  wind  a  sufficient  nunib(3r  of  turns  of  a  secondary. 
The  coil  with  its  core  is  fixed  in  any  position  that  is  convenient, 
and  the  relative  number  of  lines  determined  bv  the  mag- 
netometer deflexion  in  the  usual  way.  At  the  end  of  the 
magnetization  the  total  absolute  number  of  lines  (corresponding 
to  the  maximum  magnetometer  deflexion)  is  found  by  taking 
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a  tllro^Y  tVom  the  secondary  coil  when  the  magnetizing  current 
is  reversed.  This  throw  is  then  compared  with  that  obtained 
from  one  of  the  inductors.  By  this  method  one  is  reUeved 
from  measuring  distances  Avhose  cube  &c.  enters  into  the 
formula  for  reducing  the  observations. 

1  ought  not  to  close  without  acknowledging  the  help  given 
all  through  by  the  instrument-maker,  Mr.  G.  Bowron,  one  of 
whoso  workmen,  Mr.  Collins,  suggested  the  convenient  method 
of  release  described  in  the  paper. 


XXXIII.  Notices  reqoecting  Neio  Books. 

Aniuds  of  British  Gcolor/i/,  1890.     By  J.  F.  Blake,  M.A.,  F.G.S. 
8vo.     352  pages.     Dulau  and  Co.     London,  1891. 

nnHE  author,  who  is  the  President  of  the  Geologists'  Association, 
-*-  defines  this  work  as  "  a  critical  digest  of  the  publications  and 
account  of  papers  read  during  the  ^year — -with  personal  items." 
The  subject-matters  are  limited  to  notes  and  meuioirs  supplied  by 
Bi'it'sh  geologists  in  1890,  whether  actually  published,  or  merely 
announced  in  the  Reports  and  Proceedings  of  Societies  as  having 
been  read.  In  the  former  case  careful  and  often  full  abstracts 
are  here  given;  and  the  latter  (the  uos.  of  which  are  enclosed 
in  square  brackets)  serve  to  indicate  the  lines  of  thought  and 
research  taken  by  numerous  obser\ers  aud  thinkers,  the  results  of 
which  may  be  looked  for  in  future  Journals.  Papers,  maps,  and 
sections  (057),  having  relation  to  the  British  Is^es,  are  mentioned 
at  pages  1-299  ;  papers  ou  foreign  Geology,  published  in  Britain 
(95),  are  to  be  found  at  pages  299-339. 

General,  including  physical  and  theoretical.  Geology  comes  first 
in  the  subdivisions  of  subjects ;  then  stratigraphical  geology  accord- 
ing to  successive  formations  from  the  oldest  to  the  newest :  next 
palaeontology,  with  vertebrates  and  invertebrates  in  zoological 
order,  down  to  spouges  and  microzoa ;  pahYobotauy,  mineralogy, 
petrology,  and  economics  succeed  ;  maps  and  sections  follow  ;  and 
then  foreign  geology  as  ti'eated  in  British  papers,  in  order  hke 
the  above.  Lastly,  there  are  what  are  termed  ''  Personal  Items,"' 
as  to  the  Geological  and  other  Societies, — their  Presidents,  new 
Pellows,  and  Awards, — also  the  holders  of  Geological  Professorial 
Chairs, — the  Staff  of  the  Geological  Survey  of  Great  Britain  aud 
Ireland,  aud  of  the  Geological  and  Mineral ogical  Departments  of 
the  Natural-History  Branch  of  the  British  Museum,  and  other 
matters.  An  Index  of  Authors,  aud  another  of  Periodicals  men- 
tioned in  the  text,  complete  this  comprehensive  and  well-arranged 
work. 

More  or  less  complete  bibliographic  lists  of  geological  books  and 
memoirs  are  supplied  periodically  in  several  countries  (England, 
Frauce,  Germany,  Eussia,   United  States,  &c.) ;  but  a  separate 
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aunual  catalogue  raisonue  of  the  works  produced  iu  each  country 
would,  the  author  suggests,  be  more  satisfactory  aud  useful,  and 
more  likely  to  be  w  ell  elaborated.  He  has,  therefore,  given  much  time 
aud  euergy  to  the  productiou  of  the  present  work,  which  is  not  a 
meagre  catalogue  with  contracted  notes  on  the  contents  of  papers, 
pamphlets,  and  books,  but  is  intended  to  be  readable  and  useful  to 
scientists,  conveying  all  the  important  facts  and  arguments  brought 
out  in  the  papers,  and  thus  indicating  the  actual  progress  of 
Geology  in  all  its  branches,  as  advanced  or  treated  of  in  the  one 
Country  under  notice. 

The  British  area  ^\•ith  its  actual  epitome  of  geological  phenomena, 
aud  its  numerous  local  Societies  siudying  the  same,  and  very  often 
taking  foreign  geology  also  into  their  consideration,  is  peculiarly 
fit  to  supply  an  annual  series  of  both  practical  and  theoretical 
observations,  worthy  of  full  notice  in  such  a  periodical  volume  as 
J.  F.  Blake's  'Annals  of  British  Geology'  now  before  us. 

In  many  of  the  abstracts  composing  this  volume,  for  1890,  the 
author  otiers  critical  observations,  enclosed  in  square  brackets 
[  ],  where  the  facts  seem  to  be  obscure,  the  arguments  incomplete, 
or  the  conclusions  not  proved,  the  statements  thus  appearing  to  be 
obviously  erroneous  or  inconsistent.  Such  interpolated  remarks, 
if  sound  and  well  directed,  may  be  valuable  as  well  to  the  writer 
criticised  as  to  the  reader  of  the  bibliography  ;  and  eveu  mistaken 
criticism,  the  author  thinks,  may  in  some  cases  be  better  than  none, 
being  merely  personal  opinion  open  to  correction. 

We  expect  that  few  geologists,  besides  the  Author,  could  be 
found  equal  to  the  all-round  work  of  making  such  fair  and  lucid 
abstracts  of  numerous  papers  on  all  the  subdivisions  of  the  science 
as  those  in  the  present  volume.  A  sound  acquaintance  with  all 
the  subjects  has  made  him  also  au  able  critic,  rarely  influenced  by 
his  personal  views.  Thus  the  strictures  in  Article  no.  -11:0,  p.  208, 
deserve  notice ;  and  in  the  Articles  nos.  138  &  139,  pp.  52-56, 
several  apt  aud  just  criticisms  come  in  where  wanted  to  support 
the  claims  of  the  Murchisonian  against  the  Sedgwickian  school, 
respecting  the  history  of  the  "  8ilurian-and-Cambrian "'  controversy, 
and  the  determination  and  naming  of  the  suudivisions  of  those 
paUcozoic  strata.  On  the  other  hand,  in  Article  no.  259,  at 
page  146,  the  tirst  half  of  the  critique  does  not  show  a  mastery  of 
the  sections  referred  to.  In  Ai'ticle  no.  665,  at  pp.  305,  306,  the 
term  "  Coralline  Limestone  "  might,  according  to  the  fossUs  men- 
tioned, have  been  accompanied  with  the  critical  correction  [XuUi- 
poran  Limestone].  So  also  in  Article  no.  219,  at  pp.  128,  129, 
the  critical  correction  [Polyzoan  Crag]  might  advisedly  haAe  fol- 
lowed the  term  "Coralline  Crag." 

AVe  may  note  that  there  are  very  few  clerical  errors,  considering 
the  technical  character  of  the  text,  and  the  many  lists  of  strata, 
fossils,  analyses,  &c.  The  book  is  well  and  clearly  printed ;  and 
with  its  varied  and  carefully  collected  information,  as  noticed 
above,  must  be  of  great  use  to  geologists  in  many  ways.  We  hope 
that  it  will  be  well  supported,  and  continued ;  so  that  succes- 
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sive  volumes  may  suppl}''  an  adequate  record  of  the  progress  of 
British  Geology,  \\hich  is  an  important  element  in  the  studies  of 
geologists  all  over  the  world  To  local  workers  and  country 
iSocieties  it  will  be  of  great  service,  readily  giving  them  a  wide 
view  of  the  science,  aud  bringing  their  publications  to  the  know- 
ledge of  the  general  body  of  geologists. 


XXXIV.  Intelligence  and  Miscellaneous  Articles. 

ON  THE  REFKACTION  OF  SOUND,  AND  ITS  VELOCITY  IN  POROUS 
SUBSTANCES  PERMEABLE  TO  SOUND.      BY  N.  HESEHUS. 

''PHE  author  gives  the  name  of  bodies  penneahle  to  sound  to 
-*-  porous  bodi(!S  such  as  wadding,  eiderdown,  spoiige-shaviugs, 
etc.,  which  are  reputed  to  be  bad  conductors  of  sound,  which  they 
transmit  more  or  less  freely  by  their  pores  tilled  ^ith  air.  Expe- 
riments on  the  propagation  of  sound  in  this  class  of  bodies  present 
great  interest  in  consequence  of  the  analogy  with  the  propagation 
of  light  in  transparent  media,  and  of  electrical  vibrations  in 
dielectrics. 

As  the  velocity  of  sound  in  the  interstices  of  a  porous  body  is 
less  than  in  air,  it  is  to  be  expected  that  by  means  of  these  bodies 
we  could  bring  about  the  refraction  of  sound.  A  hemisphere, 
25  centim.  in  diameter,  of  metal  gauze  filled  with  ebonite  shavings, 
and  closed  by  a  plane  sheet  of  the  same  gauze,  beha^■ed  like  a 
plano-convex  lens  in  reference  to  the  sounds  of  a  Galton's  whistle. 
The  experiment  may  e\en  be  repeated  in  a  lecture  provided  we  use 
a  Gore's  sensitive  flame  to  observe  the  strengthening  and  enfeeble- 
ment  of  the  sound.  The  well-known  formula  of  lenses  enables  us 
to  calculate  the  refractive  index  of,  and  therefore  the  velocity  of 
sound  in,  the  material  of  the  lens  as  a  function  of  its  principal 
focal  distance  and  its  I'adius  of  curvature.  The  velocity,  thus 
determined,  decreases  when  the  density  of  the  substance  of  the 
lens  is  increased  by  placing  more  shavings  in  the  same  envelope. 
The  velocity  v  may  be  calculated  by  the  following  empirical  formula, 

V  =  343(l  — ^^)0'222«-', 

in  which  343  (metres)  is  the  velocity  of  sound  in  air  at  18°  C, 

0  the  quotient  of  the  taass  of  the  shavings  filling  the  lens  by  the 
mass  of  a  lens  of  the  same  dimensions  of  solid  ebonite,  so  that 

1  —  ^  expresses  the  quotient  of  the  volume  of  air  contained  in  the 
pores  by  the  volume  of  the  lens. 

The  value  of  the  wave-length  of  the  sound  employed  varied  in 
the  experiments  of  the  author  between  2-1  millim.  and  60  millim., 
and  that  of  h  between  0'035(j  and  0'14;41 ;  the  velocities  calculated 
by  the  formula  of  lenses  from  these  data  being  comprised  between 
261  metres  and  146  metres. — Journal  de  Phi/stqiie,  Dec.  1891 
from  Societe  Phi/sico-Chimique  Husse. 
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XXXV.  On  the  Absorption- Spectra  of  some  Copper  Salts  in 
Aqueous  Solution.  By  Thomas  Ewan,  B.Sc,  Ph.lJ., 
Dalton  Scholar  in  Chemistr//  in  the  Owens  College  ^. 

THE  following  research  was  undertaken  iu  the  hope  of 
throwing  some  light  on  the  question  of  the  connexion 
between  the  absorption  of  light  by  salts  in  solution  and  their 
molecular  structure. 

On  diluting  a  solution  does  a  change  in  its  absorption- 
spectrum  take  place?  Whether  this  is  so  or  not  was  the 
first  point  which  I  attempted  to  decide  experimentally.  A 
number  of  researches  have  already  been  cai-ried  out  which 
bear  on  this  question.  The  first  of  these  is  due  to  Beer  f, 
who  came  to  the  conclusion  that  a  change  in  the  concen- 
tration of  a  solution  has  the  same  effect  as  a  corresponding- 
change  in  the  thickness  of  the  layer  through  which  the  light 
passes.  The  measurements  of  Bunsen  and  Roscoe  |,  and  of 
Zollner  §,  were  in  agreement  with  Beer's  law.  Melde  ||,  in 
18G5,  found,  by  a  qualitative  method,  that  the  law  held  good 
for  dilute  aqueous  solutions  of  fuchsine  ;  and  the  greater  part 
of  Vierordt'sH  measurements  also  agree  with  it. 

*  Communicated  by  the  Author, 
t  Beer,  Pogg.  Ann.  Ixxxvi.  p.  78  (1852). 
X  Bunsen  and  Roscoe,  Pogg.  Ann.  ci.  p.  242  (18o7). 
§  ZoUner,  Pogg.  Ann.  cix.  p.  254  (1860). 
II  Melde,  Pogg.  Ann.  cxxvi.  p.  284  (1865). 

%  Vierordt,  JDie  Anwendung  des  Spectralapparates,  etc.,  1873 ;  Die 
Quantitative  Spectralmmlyse,  etc.,  1876. 
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Lij)j)icli  *,  ill  1(57(3,  observed  that  the  absorption-spectrum 
of  (lidyniiuiii  nitrate  is  different  in  strong  and  in  dilute 
solutions.    This  Avas  subsequently  confirmed  by  H.  Becquerel  f- 

In  lb78  Glan  %  made  a  careful  series  of  measurements  on 
aqueous  solutions  of  several  salts  in  dilferent  concentrations. 
He  found  differences  between  the  absorptions  of  strong  and 
dilute  solutions  of  about  the  magnitude  of  the  experimental 
error. 

Settegast  § ,  in  1879,  found  a  small  decrease  in  the  absorption 
of  solutions  of  potassium  chromate  and  potassium  bichromate, 
with  increasing  dilution.  This  was  in  agreement  with  the 
observations  of  Glan  ;  while  Vierordt  {he.  oil.),  Sabatier  ||, 
and  0.  Knoblauch  H  found  a  small  increase  in  the  absorption 
of  the  more  dilute  solutions. 

0.  Hesse**  (1880)  examined  alcoholic  solutions  of  cyaniue, 
and  obtained  numbers  which  did  not  agree  with  Beer's  law. 
His  exiierimental  error  appears  to  have  been  rather  large, 
however  ;  and  more  recently  Ketteler  and  Fulfrich  ff  have 
shown  that  the  law  holds  accurately  for  such  solutions. 

The  measurements  of  Fulfrich  %%  ^ud  of  Kriiss  §§  on 
potassium  permanganate,  and  of  Marshall ||  ||  and  C.NordenHH 
on  carbouyl  haemoglobin  and  oxyha^mogiobin  respectively, 
show  that  in  these  cases  the  extinction-coefficients  are  not 
strictly  pro^jortional  to  the  concentrations. 

The  measurements  of  B.  Walter  ***  on  solutions  of 
fluorescein  in  ammonia  show  that  Beer's  law  only  holds 
good  up  to  a  certain  concentration,  above  which  deviations 
occur. 

Knoblauch  Jtt,  finally,  was  unable  to  observe  any  difference 
between  the  spectra  of  strong  and  dilute  solutions  of  a  number 
of  salts  which  he  examined  ;  in  a  number  of  other  cases 
differences  were  observed. 

*  Lippich,  Wicn.  Akad.  Anz.  1876,  p.  93. 
t  Becquerel,  Compt.  Bend.  cii.  \).  106  (1886). 
X  Glau,  Wied.  Atm.  iii.  p.  54  (1878). 
§  Settegast,  Wied.  Ann.  vii.  p.  1^12  (1879). 
II  Sabatier,  Compt.  Rend.  ciii.  p.  49  (1886). 
II  Knoblauch,  Wied.  Ann.  xliii.  p.  738  (1891). 
**  llesse,  Wied.  Ann.  xi.  p.  871  (1880). 
tt  Ketteler  and  Pulfrich,  Wied.  Ann.  xv.  p.  337  (1882). 
It  riilt'rich,  Wied.  A)rn.  xiv.  p.  177  (1881). 

§§  lui.ss,  G.  and  II.,  Kolorimcf rie  u. Quantitative  Spectralanahise,  v.  loG 
(1891).  ^ 

II II  J.  IMarsball,  see  Kriiss,  loc.  cit.  p.  211. 
^il  C.  Norden,  see  Kriiss,  loc.  cit.  p.  210. 
***  B.  Walter,  Wied.  Ann.  xxxvi.  p.  518  (1889) 
ttt  Kiioblaucl),  Wied.  Ann.  xliii.  p.  738  (1891). 
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It  would  apjiear,  therefore,  that  the  absorption-spectrum 
of  a  s^ubstance  in  solution  is,  as  a  rule,  variable  to  a  greater 
or  smaller  extent  \Yitli  the  concentration. 

The  second  question  which  received  attention  was  the  con- 
nexion between  the  spectra  of  the  salts  of  the  same  acid  or 
base  in  aqueous  solution. 

Gladstone"^,  in  1857,  said  that  "  a  particular  base  or  acid 
has  the  same  etiect  on  the  rays  of  light,  with  whatever  it  may 
be  combined  in  aqueous  solution."  This  law,  he  found,  held 
good  generally  though  not  invariably  ;  and  this  conclusion 
was  afterwards  conlirmed  l)y  the  researches  of  Balir  and 
Bunsenf,  Bunsen  J,  Landauer  §,  Morton  and  Bolton  ||, 
Russel  and  Lapraik  11,  Soret  **,  Russel  ttj  Knoblauch,  and 
others. 

A  discussion  of  a  number  of  these  papers  is  to  be  found  in 
a  Report  on  Spectrum  Analysis  by  Dr.  Schuster  in  the 
British  Association  Rej)orts,  1882.  I  will  therefore  content 
mvself  bv  referriu<>-  to  it.  Morton  and  Bolton  found  that  a 
large  group  of  double  acetates  of  uranium  possess  the  same 
absorption-spectrum.  Knoblauch  found  in  one  experiment 
that  the  bands  of  the  nitrate  and  acetate  of  uranium  occupied 
the  same  position  in  dilute  solutions,  while  in  stronger 
solutions  they  had  dilferent  positions.  The  chloride  and 
acetate  had  the  same  spectrum.  Russel  and  Lapraik  found 
that  the  nature  of  the  acid  had  no  influence  on  the  spectrum 
of  uranic  salts  ;  while  Oefhuger  (Dissertation  quoted  by 
Knoljlauch)  aiiparently  found  no  two  salts  of  uranium  with 
the  absorption-bands  in  exactly  the  same  position.  The  dis- 
crepancies are  perhaps  due  to  the  different  observers  using 
solutions  of  different  concentrations. 

Knoblauch  has  shown  that,  even  in  the  most  dilute  solu- 
tions, the  s[)ectra  of  the  copper  and  potassium  salts  of  eosin 
are  not  identical. 

The  photometric  researches  bearing  on  this  question  are 
ver}'  few  in  number.  The  work  of  Settegast  :}:$  and  of 
Sabatier  §  §  shows  that  potassium  and  ammonium  bichromates 

•  Gladstone,  Phil.  Mag.  (4)  xiv.  p.  418  (1857),  and  Journ.  Chein.  Soc. 
X.  p.  79  (1858). 

t  Bahr  and  Bunsen,  Liebig's  Ann.  cxxxvii.  p.  20  (1866). 

X  Bunsen,  Pogg.  A7in.  cxxviii.  p.  100  (1800). 

§  I^andauer,  lierlinvr  Ber.  xi.  p.  1772  (1872). 

II  Morton  and  Bolton,  Cbem.  iSews,  xxviii.  p.  47  (1873). 

"^  Russel  and  Lapraik,  Nature,  xxxiv.  p.  510  (1886). 

••  Soret,  Compt.  Rend.  Ixxxvi.  p.  708  (1878). 

tt  Russel,  Proc.  Rov.  Soc.  xxxii.  p.  258  (1881). 

X\  Settegast,  Wied.  Aim.  vii.  p.  242  (1879).  /  See  also  Os,i\\iiU,ZeU.  Phys 

§§  Sabatier,  Compt.  liend.  ciii.  p.  40  (1886).  j       Chem.  ii.  p.  78  (1888>. 
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jiiid  chromic  acid   have  very  nearly   the    same    absorption- 
spectrum,  while  that  of"  [lotassium  chromate  is  quite  different. 

Erhardt*  found  that  the  violet  solutions  of  potassium  and 
ammonium  chrome-alums  and  of  chromium  sulphate  have 
identical  absor})tion-spectra,  Avhile  that  of  chromic  chloride 
is  only  very  slightly  different.  The  spectra  of  the  other 
salts  examined  were  consideral^ly  different. 

As  may  be  seen  from  the  foregoing  historical  summary 
the  experimental  material  is  hardly  sufficient  to  decide 
whether  the  absorptions  of  acid  and  base  in  aqueous  solution 
are  really  inde})endent  or  not.  In  strong  solutions,  speaking 
generally,  they  are  not ;  but  on  dilution  changes,  greater  or 
smaller,  occur,  and  it  is  natural  to  inquire  Avhether  there  is  a 
limiting  dilution  beyond  which  no  further  change  in  the 
absorption  occurs,  and  secondly,  supposing  that  the  limit 
exists,  whether  the  acid  and  base  will  exercise  their  absorptions 
independently  of  each  other  in  solutions  more  dilute  than  the 
limit. 

To  obtain  answers  to  these  questions,  it  was  necessary  to 
make  photometric  measurements  of  the  fraction  of  the: light 
of  each  wave-length  absorbed  by  a  molecule  of  different  salts 
of  the  same  metal  in  solutions  of  different  concentrations. 
The  salts  of  copper  were  used,  as  they  seemed  to  form  a 
suitable  material  for  the  measurements. 

A  preliminary  set  of  measurements  was  made  by  a  method 
not  unlike  that  used  by.  Knoblauch  f,  but  I  believe  slightly 
more  accurate,  owing  to  the  fact  that  it  allows  the  spectra  of 
the  two  solutions  which  are  being  compared  to  be  seen  simul- 
taneouslyj  side  by  side,  in  the  spectroscope.  A  short  description 
of  it  may  therefore  not  be  out  of  j)lace. 

The  spectroscope  used  was  a  one-prism  graduated  arc 
instrument,  by  Hilger.  The  prism  had  a  dispersion  from 
A  to  H  of  about  6°  20'.  The  solutions  were  contained  in 
troughs  in  such  a  way  that  a  long  layer  of  a  dilute  solution 
could  be  compared  with  a  short  layer  of  a  correspondingly 
strong  one.  The  lengths  of  the  layers  and  the  concentrations 
of  the  solutions  were  always  taken  inversely  proportional 
to  each  other  ;  so  that  the  light  in  both  cases  passed  through 
the  same  amount  of  copper  salt.  In  order  that  it  should  also 
pass  through  the  same  amount  of  water  in  each  case,  a  long 
tube  full  of  water  was  placed  in  front  of  the  short  tube  con- 

*  Erhardt,  luaugural  Dissertation,  Freiberg,  1875  ? 
t  These  experimeuts  were  carried  out  in  January  and  February  1891  ; 
that  is,  several  months  before  Kaobhxuch's  paper  was  published. 
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taining  tbo  concentrated  solution.     The  diagram,  fig.  1,  will 
make  the  arrangement  sufficiently  clear. 

Fi<r.  1 . 


A  B  0  is  a  trough  having  a  movable  -svater-tight  partition  of 
glass  at  B.  DE  was  the  compensatiug-tube,  full  of  distilled 
Avater  :  F  G  the  tube  destined  to  contain  the  concentrated  solu- 
tion. A  B  and  D  E  were  each  888  millim.  long,  and  B  C  and 
F  G  each  102  millim.  The  light  coming  from  a  large  Argand 
burner  was  rendered  approximately  parallel  by  means  of 
a  lens.  The  two  bundles  of  light,  after  traversing  the 
solutions,  pass  through  the  glass  cube  H,  by  which  means 
the  two  spectra  are  seen,  the  one  above  the  other,  and  only 
separated  by  a  narrow  black  band  due  to  the  edge  of  the 
cube,  which  was  not  quite  sharp.  The  experim.ents  were 
carried  out  as  follows  : — The  tubes  B  C  and  F  G  were  filled 
with  a  strong  solution  of,  say,  copper  sulphate,  and  the  tubes 
A  B  and  D  E  with  distilled  water.  The  volumes  put  into 
A  B  and  B  C'  were  proportional  to  the  lengths  of  the  two 
parts.  The  lamp  was  then  arranged  so  that  the  two  spectra 
appeared  equally  bright,  and  as  nearly  as  possible  the  same  in 
every  respect  ;  measurements  of  both  were  then  made.  The 
movable  partition  at  B  was  then  removed,  the  solution  in  B  C 
mixed  with  the  water  in  A  B^  the  partition  replaced,  and 
measurements  made  again  of  the  spectrum.  By  this 
means  any  change  due  to  dilution  which  occurred  would  be 
detected.  The  absorption  of  the  copper  salts  examined 
consists  of  a  strong  general  absorption  in  the  red,  and  a 
greater  or  smaller  absorption  in  the  violet  and  blue.  Tlie 
readings  were  made  by  means  of  a  vertical  fibre  of  silk  in  the 
eyepiece  of  the  observing-telescope.  The  positions  of  th(* 
extreme  ends  of  the  luminous  spectrum  were  read,  and  also 
the  positions  in  wliich  the  silk  fibre  was  just  visible  against 
the  luminous  background  of  the  spectrum.  The  spaces 
between  these  readings  were  taken  as  the  penumbra.  The 
measurements  made  on  the  divided  arc  of  the  S])ectroscope 
were  reduced  to  wave-lengths  by  interpolation  in  a  curve 
constructed  from  measurements  of  various  known  lines,  which 
were  repeated  from  time  to  time. 
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The  following  ta1)le  contains  the  nnmhers  ohtaincd  for  copper 
chloride.  Under  \i  are  the  -svave-lengths  of  the  two  positions 
read  for  concentrated  solutions;  under  Xg  the  same  read- 
ings for  dilute  solutions.  The  dilute  solutions  were  ahout 
■^Q  the  concentration  of  the  strong  solutions.  The  numbers 
are  all  the  means  of  two  or  tln-ee  readings,  and  the  concen- 
trations are  given  in  gram-equivalents  of  salt  in  1  litre  of 
solution.  The  differences  are  taken  so  that  a  positive  dif- 
ference means  an  increase  in  the  length  of  the  visible  spectrum, 
and  vice  versa. 

Table  I. — Copper  Chloride. 


Con- 

Violet end.                  | 

Red  enc 

centration 
of  strong 

1 

solutions. 

K 

x,. 

Xi-X,. 

K 

X,. 

K-K 

4-261 

478-7 

429-6 

+49-1 

528-4 

531-2 

+2-8 

486-8 

443-0 

4-43-8 

543-2 

540-8 

-2-4 

2-1305 

451-0 

4390 

+  12-0 

637-2 

539-6 

+2-4 

4630 

451-0 

-t-12-0 

551-6 

552-4 

+0-8 

1-7044 

431-0 

427-6 

■4-  3-4 

5720 

567-8 

-4-2 

444-6 

437-2 

+  7-4  ; 

576-4 

579-4 

+3-0 

1-3612 

426-2 

421-0 

+  5-2 

575-2 

575-0 

-0-2 

435-8 

4280 

+  7-8 

579-8 

577-4 

-2-4 

1-227 

424-0 

415-4 

+  8-6 

580-6 

580-6 

+0 

430-6 

427-0 

+  3-6 

584-0 

584-0 

+0 

1-018 

414-8 

412-4 

+  2-4 

596-6 

596-6 

+0 

420-8 

417-8 

+  3-0 

6020 

602-0 

+  0 

The  temperature  varied  from  15°  to  17°*2  on  different  days. 
The  wave-length  of  the  extreme  violet  end  of  the  spectrum 
when  the  trough  was  filled  with  distilled  water  was  found  (on 
different  days)  41G-0,  417-2,  and  411-2.  This  shows  that  the 
more  dilute  solutions  tz-ansmitted  the  whole  of  the  violet 
lioht.  The  average  difference  of  a  single  reading;  from  the 
mean  was  about  +1-5  units  in  the  wave-length. 

The  above  numbers  show  that  the  position  of  the  absorption 
at  the  red  end  of  the  spectrum  does  not  vary  with  dilution. 
The  differences  vary  irregularly  in  sign,  and  are  of  about  the 
magnitude  of  the  experimental  error.  The  absorption  in  the 
violet  (which  extends  into  the  green  in  the  case  of  the  strongest 
solution)  disappears  on  dilution,  so  that  a  layer  of  102  milJim. 
of  a  solution  containing  about  1  gram-equivalent  of  salt  in  a 
litre  shows  no  noticeable  absorption.  No  change  can,  of 
course,  be  seen  on  further  dilution  ;  it  would,  however,  be 
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rash  to  concliule  tbat  the  change  has  reached  a  limit  at  a 
dihition  of  1  oram-equivalent  in  a  litre,  as  with  an  Argaml 
burner  the  visible  spectrum  only  extends  to  about  halfway 
between  G  and  H  ;  it  probably  goes  on  till  much  greater 
dilutions  are  reached,  only  in  the  ultra-violet. 

Table  II. 


( ^uSO^. 

Con- 
centration 
of  strong 
solution. 

Violet  end. 

- 

Eed  end. 

K 

1 

X,. 

Xi-A,. 

K 

X,. 

X^-X,. 

1-89 

419-2 
428-0 

419-2 
427-4 

+00 
+0-6 

5570 
568-4 

557-3 
568-4 

+0-3 
±0-0 

CU(N03)2 

4-4323 

429-0 
440-2 

429-7          -0-7 
438-3          +1-9 

525-7 
527-8 

525-7 

527-8 

00 
0-0 

The  concentration  appears  to  have  no  influence  on  the 
spectra  of  copper  sulphate  and  nitrate.  This  agrees  with  the 
results  of  Knoblauch ;  but,  as  will  be  seen  later,  this  is  not 
quite  accurate,  the  concentration  really  exerting  a  small 
influence  on  the  spectra. 

Comparisons  of  the  absorptions  of  CuCl2  and  Cu(N03)3  in 
tolerably  dilute  solutions  showed  that  no  appreciable  difference 
exists  between  them.  The  numb(M-s  obtained  are  given  in 
Table  III.  (p.  824). 

This  method  of  merely  comparing  the  limits  of  the  spectra 
of  two  solutions  does  not  appear  to  be  sufficiently  accurate. 
It  is  quite  possible  that  general  absorptions  may  exist  in 
a  spectrum  which,  not  Ijeing  sufficiently  large  to  altogether 
extinguish  the  light  at  any  place,  may  pass  unnoticed.  For 
example,  the  photometric  measurements  made  on  a  strong 
solution  of  copper  nitrate  showed  that  it  exerts  a  small  general 
absorption  over  the  violet  part  of  the  spectrum.  This  entirely 
escaped  detection  by  the  method  described. 

According  to  B.  Walter  *,  the  width  of  the  penumbra  round 
an  absorption-band  is  connected  closely  with  tbe  presence  of 

*  B.  "Walter,  Wied.  ^nw.  xxxvi.  p.  523  fl889).  Compare  Bohlendorfl", 
Wied.  Ann.  xliii.  p.  784  (1891). 
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more  complex  molecular  agoregates  in  the  solution.  On 
diluting  a  strong  solution  of  copper  chloride,  he  found  a 
sudden  change,  at  a  certain  point,  in  the  width  of  the 
penumbra,  due  to  the  breaking-up  of  the  complex  molecules. 
Table  IV.  (p.  324)  contains  the  measurements  of  the  breadth 
of  the  penumbra,  calculated  from  Table  I.,  for  a  number  of 
solutions  of  copper  chloride. 

On  the  Avhole  the  numbers  cannot  be  regarded  as  showing 
any  sudden  diminution  in  the  breadth  of  the  penumbra.  The 
variations  appear  to  be  accidental,  and  are  probably  due  to 
variations  in  the  brightness  of  the  spectra  caused  by  alterations 
in  the  relative  positions  of  the  lamp  and  the  tubes  containing 
the  solutions. 

Photometric  Results. 

Tlie  method  of  Yierordt  was  employed,  the  instrument  used 
being  a  universal  spectro- photometer  by  A.  Kriiss  of  Hamburg. 
As  this  instrument  has  already  been  described  elsewhere  *,  no 
lengthy  description  of  it  will  be  necessary.  The  apparatus 
consists  of  an  ordinary  spectroscope,  the  slit  of  which  is 
divided  into  two  halves,  each  of  which  opens  symmetrically, 
and  in  an  accurately  measurable  manner,  by  means  of  micro- 
meter-screws, the  heads  of  which  carry  circles  divided  into 
100  parts.  By  this  means  it  is  possible  to  vary  the  brightness 
of  the  upper  and  lower  halves  of  the  spectrum  independently 
of  each  other  by  varying  the  width  of  the  slits.  A  second 
slit  in  the  eyepiece  of  the  observing-telescope  makes  it 
possible  to  cut  out  a  band  in  any  part  of  the  spectrum. 
The  position  of  the  centre  and  of  the  edges  of  this  slit 
(which  also  opens  symmetrically)  can  be  read  off  by  means 
of  micrometer-screws. 

The  ocular  slit  was  opened  5G  divisions  (on  its  screw), 
which  corresponds  to  a  breadth  of  about  0'27  millim.  This 
divided  the  whole  length  of  the  visible  spectrum  into  19 
parts,  in  each  of  which  measurements  were  made. 

For  an  accoimt  of  the  precautions  which  must  be  taken  in 
using  the  instrument  it  will  be  sufficient  to  refer  to  th(i  works 
of  G.  and  H,  Kriiss  and  of  Yierordt,  more  especially  Die 
Anwendung  des  SpectralapparateH  zur  Photometrie  der  Ab- 
sorptions-spjectr  en  (Tiibingen,  1873). 

The  solutions  were  contained  in  cells  of  various  lengths. 
As  the  measurements  are  most  accurate  when  the  aljsorption 
lies  between  50  and  85  per  cent,  of  the  total  light,  the  length 

*  Berichte,  xix.  p.  2739  (1886) ;  Zeitschrift  anal  Clieni.  xxi.  \).  182 
(1882) ;  G.  &  11.  Kriiss,  Kolorimetrie,  p.  90  et  seq. 
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of  layer  was  chosen  so  that  the  absorptions  to  be  measured 
should  as  often  as  possible  fall  betwec^n  these  limits.  Three 
cells  were  used — viz.  a  f^chulz  cell,  tlie  glass  cube  of  which 
had  a  thickness  of  I'OOG  centim.,  and  two  trou^hs^  7"G4  and 
22' 8()  ecmtim.  lono;  r('s[)ectivel_y.  ^Vhen  using  these  troughs 
the  liquid  only  filled  the  lower  half,  the  meniscus  being  placed 
at  the  level  of  the  division  between  the  two  halves  of  the 
double  slit.  As,  however,  this  produces  a  black  band,  about 
2  millim.  broad,  between  the  two  sjtectra,  thereby  greatly 
increasing  the  difficulty  of  comparing  their  brightness,  a  flint- 
glass  rhomb  was  plac(Kl  between  the  trough  and  the  slit,  in 
the  same  way  as  in  Hiifner's  spectro-photometer  ■^.  The 
arranorement  is  shown  in  fi"'.  2. 


Fiff.  2. 


.r\ 


The  ends  of  the  trough  were  provided  with  screens  of 
l)lackened  card  of  sufficient  width  to  prevent  reflexions  from 
the  sides  of  the  trough  or  from  the  meniscus.  The  source  of 
light  was,  as  before,  the  Argand  burner.  The  measurements 
were  made  in  a  dark  room,  and  extraneous  light  shut  ofif  from 
the  apparatus  as  much  as  possible  by  screens,  and  from  the 
eye  of  the  observer  by  a  piece  of  black  velvet  wliich  covered 
the  eyepiece  of  the  observing-telescope.  The  light  from  the 
Argand  burner  was  concentrated  by  means  of  two  lenses  on  a 
hole,  about  j'g  inch  diameter,  in  a  black  screen,  and  after 
passing  this  was  made  parallel  by  a  lens  of  about  15  inches 
focal  distance.  The  light  thus  obtained  was  rather  faint,  but 
it  was  not  found  possible  to  obtain  reliable  results  otherwise. 
The  salts  examined  were  carefully  purified  and  the  solutions 
made  with  twice  distilled  water.  They  were  filtered  imme- 
diately before  being  examined  through  fine  Swedish  filter- 
paper.  All  the  solutions  were  analysed  after  being  filtered, 
as  the  filtration  made  a  small  difference  in  the  concentration. 
The  analyses  were  made  by  the  very  convenient  method — 
titration,  with  thiosulphate  solution,  after  adding  excess  of 
potassium  iodide — (h^scribed  by   Westmoreland  f.     The  con- 


*  Zeit.  rhys.  Chem.  iii.  p.  662  (1889). 
t  Journ.  Soc.  Chem.  Ind.  1886,  p.  48. 


some  Copper  Salts  ni  Aipieoiis  Solnfion.  327 

centrations  are,  as  botbro,  given  in  gram  equivalents  in  one 
litre  of  solution. 

The  measurements  are  made  as  follows  : — The  cell,  either 
empty  or  filled  with  distilled  water,  is  adjusted  before  the  slit 
of  the  spectroscope  on  a  suitable  stand,  and  the  ratio  of  the 
intensities  of  the  light  which  has  passed  through  the  upper 
and  lower  halves  of  the  trough  is  read,  in  various  parts  of  the 
spectrum.  This  gives  the  correction  to  be  applied  on  account 
of  the  apparatus.  The  solution  is  now  placed  in  the  trough, 
and  reailings  made  through  as  much  of  the  spectrum  as  pos- 
sible. Ten  or  more  single  readinfjs  were  made  in  each  reoion 
and  the  mean  taken. 

The  formula?  which  I  have  used  in  reducing  the  results 
are: — (1)  For  the  Schulz  cell, 

^       P^      (1-/3')'- « 
(2)   For  the  ordinary  troughs. 


where 


width  of  lower  slit    ,,     .  ;      i      •       i 

a  =  -^-r-T — t; TT-,  the  two  spectra  having  been  made 

width  ol  upper  slit  *= 

of  equal  lu-ightness,  and  the  empty  trough  being  before 

the  slit. 

b  is  the  same  ratio  when  the  trough  contains  the  solution. 

p  the  fraction  of  the  incident  light  absorbed  by  the  dissolved 

substance. 

p'  =  the  fraction  absorbed  by  the  water. 

^  =  loss  by  reflexion  at  surface   between   ends  of  trough 

and  air. 

^'  =  loss  by  reflexion  at  surface  between  Schulz  cube  and  air. 

/g"  =  loss  by  reflexion  at  surface  between  ends  of  trouoh  and 

solution. 

^"'  =  loss  by  reflexion  at  surface  between  Schulz  cube  and 

solution. 

The  loss  of  light  due  to  the  absorption  of  the  water  was 
calculated  from  the  numbers  of  Hiifner  and  Albrecht*.  The 
following  table  contains  the  numbers  which  were  used  in 
reducing  the  results. 

*  Wied.  Ann.  xlii.  p.  1  (1891). 
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Region  in 

(1-?V) 

a-?') 

Spectrum. 

for  7-64  centim. 

for  22-87  ceutim. 

X  627-7— X  599-4 

000108 

0-981 

599-4—   574-2 

000()73 

0-987 

574-2-   551-6 

0  00039 

0-993 

0-980 

551()—   534-1 

0-00026 

0-996 

0-986 

534-1-    518-2 

000019 

0  997 

0-990 

518-2-    502-3 

000018 

0-il97 

0-990 

502-3-   488-3 

0-00017 

0-998 

0-991 

488-3-   474-G 

000016 

0-992 

474-6—   462-8 

0-00015 

0-993 

The  quantity  {^—p)  is  the  fraction  of  the  incident  hght 
which  has  escaped  being  absorbed  by  the  dissolved  substance, 
and  is  dependent  on  the  length  of  layer  and  concentration 
of  solution.  In  order  to  obtain  comparable  numbers,  the 
extinction-coefficients  and  absorption-ratios  have  been  calcu- 
lated from  the  values  of  (1  —p^.  A  few  words  on  the  con- 
nexion of  these  quantities  with  one  another  are  perhaps  not 
altogether  superfluous. 

According  to  Lambert's  law  we  have 

r  =  Ia«, (1) 

where  V  is  the  light  transmitted  by  a  layer  of  thickness  »,  of 
a  substance  the  coefficient  of  transmission  of  which  is  a.  I  is 
the  original  intensity  of  the  light. 

Bun  sen  and  lioscoe  *  define  the  extinction-coefficient  as  the 
reciprocal  of  that  length  of  layer  of  a  solution  which  will 
reduce  the  intensity  of  light  by  absorption  to  jg  of  its  original 
value. 

Substituting,  therefore,  in  equation  (1 


r  =  J„  1  =  1,  and 


we  set 


t\.  =  ' 


or 


€=  —  log  a. 
From  equation  (1)  we  have  also 


(2) 


— n  log  a.=  log  I—  log  I'. 

O  O  O 


Substituting  the  value  of  —log a  and  putting  1  =  1,  we  get 


V  is  the  quantity  which  before  has  been  called  [l—p), 
•  Pogg.  Ann.  ci.  p.  235  (1857). 


some  Copper  Salts  in  Aqueous  Solution.  329 

Further,  according  to  Beer's  law,  if  there  are  two  solutions 
of  the  same  substance,  of  concentrations  c  and  c',  and  in 
lengths  of  layer  /  and  /',  such  that 

cZ  =  cT, (1) 

they  will  absorb  the  same  fraction  of  the  light  which  passes 
through  them. 

Suppose  they  both  transmit  the  fraction  I',  then 


logT        ,     ,  loo-r 

e= '—, —   and  e=  — 


/ 


/' 


.      (-2) 


e  and  e'  being  the  extinction-coefficients  of  the  two  solutions. 
From  (1)  we  find 

d       __JV_  /ox 

logT"      logT' ^""^ 

and  from  (2)  and  (3) ,  finally,  we  have 


That  is,  the  concentration  is  proportional  to  the  extinction- 

c 
coefficient,  and  -  =  A.     A  is,  if  Beer's  law  is  true,  a  constant 
'  e 

only  dependent  on  the  wave-length  of  the  light  and  on  the 

nature    of  the    substance.      The    quantity    A  is    called    by 

Vierordt  the  absorption-ratio  (^Ahsorptions-verhdltniss). 

The  following  example  will  make  the  method  of  reducing 
the  results  clear  : — 

Solution  of  CuCU,  concentration  =  2  113  gr.  eq.  in  1  litre. 

Trough  7M34  centim.  long. 

The  apparatus-correction  a  was  found  1*003,  as  a  mean  of 
25  readings  in  various  positions  in  the  spectrum. 

The  following  readings  were  taken  with  the  solution  in  the 
trough,  in  the  region  between  \518"2  and  \502"3. 


Breadth  of 
upper  slit. 

Lower  slit 
U]>per  slit 

Number  of 
Readings. 

Greatest 

difference 

between  two 

Readings. 

Mean  (A), 

140 
100 

•484 
•487 

5 
5 

3-8 1 
2-3  J 

0-485 

The  refractive  index  of  the  ends  of  the  trough  was  1*526. 
„  „  of  the  solution  was     .     .  1*362. 
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which  gives  /3  =  0-0433  and  /3"  =  0-00325.  The  fraction  of 
light  transmitted  by  7-04  cenfim.  of  water  is  taken  from 
Table  V.  Patting  these  values  into  the  expression  given  for 
the  ordinary  troughs,  we  got 

0-485  X  (1-0-0433)2 


As 


(l--00325)2  X  0-997  x  1-003 

=  0-4473. 

log(l-p) 
6- p— , 


where  /  =  length  of  layer, 

Ze=-log  (l-/>) 
=0-34944. 


Again, 


A  —  ^  —^^ 
e       el 


log  A=  log  c  +  log  / —  log  el 

=  log  (2-113)  +  log  (7-64)  -  log  (0-34944) ; 
c  =  concentration   in   gram   equivalents  in  1  litre  of  solution. 
On  calculating  out  the  above  expression, 

A=46-2. 

Prohahle  Error. 
As  there  is  no  reason  why  the  error  should  be  greater  in 
one  set  of  measurements  than  in  another  (the  measurements 
being  all  of  the  same  kind),  I  have  only  calculated  it  for  one 
set  of  numbers,  obtained  with  a  solution  of  copper  chloride 
containing  2-113  equiv.  in  1  litre.  The  probable  error  was  cal- 
culated by  the  formula  +0-G745a/  /  _-.  x-  The  results 
are  coutiuned  in  Table  VI.  n[^n—   j 

Table  VI. 


Region  in 
Spectrum. 

Number  of 
Readiugs. 

(l-i>)- 

Y. 

Z. 

551-6— 5341 

15 

00S3 

+00014 

+3-5 

534-1— 518-2 

15 

0-2590 

-0016 

1-3 

518-2 -502-3 

10 

0-4855 

•00289 

1-3 

502-3—488-3 

15 

0-7020 

-00371 

M 

488-3— 474-6 

15 

0-7972 

-00469 

1^3 

474-6—462-8 

10 

0-7676 

•00616 

1-7 

462-8—452-2 

10 

0-6125 

•00410 

1-5 

452-2-443-1 

10 

0-3893 

•00376 

3-5 

4431-434-2 

a 

0-1890 

•00334 

3-7 
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The  final  value  of  (1—/')  is  calculated  from  two  photo- 
metric measurements  of  the  same  kind ;  one,  the  correction 
for  the  apparatus,  the  other  the  measurement  of  the  li<;ht 
which  passes  thron(i;h  the  solution.  These  will  both  be  sub- 
ject to  an  error  of  the  magnitude  given  in  colunm  Y.  The 
probable  error  of  the  final  result  will  therefore  be  double  this 
amount.  The  numbers  in  column  Z  represent  this  final  error, 
calculated  as  percentages  of  (1  —p).  The  large  error  in  the 
violet  is  due  to  the  small  intensity  of  the  light  used  in  that 
part  of  the  spectrum,  and  also  to  the  fact  that  the  eve  is  less 
sensitive  to  ditferences  in  the  intensity  of  light  in  the  violet 
than  in  the  middle  of  the  spectrum.  At  the  red  end  of  the 
spectrum  a  special  error  makes  itself  felt.  The  measurements 
are  only  theoretically  accurate,  when  the  part  of  the  curve 
representing  the  intensity  of  the  light  in  the  part  of  the  spec- 
trum in  which  they  are  made  may  be  considered  as  a  hori- 
zontal line.  When  the  absorption-curve  of  the  substance 
under  examination  rises  or  falls  rapidly  this  is  no  longer  the 
case,  and  for  this  reason  the  measurements  on  the  copper 
salts  in  the  red  end  of  the  spectrum  are  less  accurate  than  in 
other  parts. 

My  first  measurements  on  the  absorptions  by  copper  sul- 
phate showed  a  lack  of  agreement  between  the  numbers  ob- 
tained with  the  same  solution  when  different  lengths  of  layer 
were  used.  This  was  found  to  be  due  to  the  light  not  being 
parallel,  as  the  differences  disappeared  when  parallel  light 
was  used.  Something  similar  appears  to  have  been  observed 
by  other  investigators.  Vierordt*  found  (with  a  lamp  15 
centim.  from  the  slit,  and  distilled  water  in  the  trough)  the 
ratio  of  the  intensity  of  the  light  which  had  passed  through 
the  empty  half  of  the  trough  to  that  which  had  passed  through 
the  water  to  be  0*8  ;  the  calculated  number  is  0"936.  Kriissf 
foimd  the  ratio  in  a  Sclmlz  cell  0'905,  that  calculated  being 
0'y93.  I  also  found  the  ratio  in  a  Schulz  cell  0*91,  when  the 
light  was  not  parallel. 

The  cause  of  these  differences  may  be  found  in  the  fact  that 
placing  a  layer  of  a  medium  with  a  greater  refractive  index 
than  air  in  the  path  of  the  light  has  the  same  effect  as  bring- 
ing the  hght  nearer  to  the  slit  through  a  distance  which  is 

given  by  the  formula  /( j,  where  I  is  the  thickness  of  the 

layer  of  the  medium,  and  fi  its  refractive  index.  It  must  also 
be  remembered  that,  so  long  as  the  collimator  is  filled  with 
light,  an  alteration  in  the  distance  of  the  lamp  makes  no  dif- 
ference in  the  intensity  of  the  light  in  the  spectrum.  The 
*  Anwendmiy  &.c.  pp.  o  and  24.  t  Kohrimeirie,  p.  153. 
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distance  of  the  lamp  must  therefore  be  measured  from  the 
point  at  which  the  collimator  just  ceases  to  be  filled  with 
lio-ht.  A  comparison  with  a  set  of  measurements  made  with 
pure  water  showed  that  at  least  a  considerable  part  of  the 
difference  observed  is  to  be  explained  in  this  way. 

The  followino-  Tables  contain  a  numlicr  of  measurements 
which  w^ere  made  with  parallel  light  and  distilled  water  in  the 
trouohs.  The  oood  agreement  found  between  the  calculated 
and  observed  numbers  shows  that  the  loss  of  light  due  to  dust 
in  the  liquids  cannot  have  been  very  great.  1  is  tlu;  ratio  of 
the  intensities  of  the  light  after  passing  through  the  upper 
and  lower  halves  of  the  trough. 

Table  VII. 


Region  in 
Spectrum. 

1 
I  (found).      I  (calculated). 

Uiffei-ence. 

Schulz  CeU. 

X599-4—\  574-2 
551-0—   534-1 

0985 
0-991 

0-987 
0-985 

+0-002 
-0-000 

Schulz  Cell. 

X  027-7— X  599-4 
599-4-   574-2 
574-2-    5510 
5510—   534-1 
518-2—   502-3 

0-983 
0-979 
0-982 
0-985 
0-988 

0-987 
0-987 
0-980 
0-985 
0-985 

+  0-004 

+o-ooA 

+0-004 
+  0-000 
-0-003 

Layer  of  water,  7*64  centim. 

X  027-7— X  599-4 
599-4-   574-2 
574-2—   551-0 
5510—   534-1 
534-1—   518-2 
502-3-   488-3 
488-3—   4740 

0-949 
0-939 
0-948 
0-935 
0-920 
0-909 
0-919 

0-941 
0-935 
0-929 
0-927 
0-920 
0-920 
0-920 

-0008 
-0-004 
-0019 
-0-008 
+0000 
+0-017 
+0-007 

Layer  of  water,  22*87  centim. 

X  534- 1—X  518-2 
502-3-   488-3 
474-0-   402-8 

0-927 
0-925 
0-917 

0934 
0-933 
0931 

+0007 
+0-008 
+0014 

The  effect  of  dust  would  be  to  make  the  observed  numbers 
hiiiher  than  those  calculated.  This  is  sometimes  the  case, 
sometimes  the  reverse. 
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T-iMe  VIII.  contains  the  details  of  the  nieasuronicnts  made 
on  the  sohitions  of  copj)er  salts. 

Under  c  are  found  the  concentrations  of  the  solutions,  in 
gram  equivalents  of  salt  in  1  litre  of  solution  ;  under  I  the 
leu»Tth  of  layer  in  centim.  ;  e  is  the  extinction-coefficient,  and 
A  the  absorptiou-ratio. 

Table  VIII. 


Copper 

Sulphate. 

c. 

I. 

Eegion  in 
Spectrum. 

0~-p)- 

/.6. 

A. 

X.          X. 

2-0324 

1006 

627-7—599-4 

0-083 

1-08096 

1-89 

599-4-574-2 

0-2944 

0-53102 

3-85 

574-2—051-6 

0-4930 

0-30714 

6-()6 

551-6—534-1 

0-1)985 

015582 

13-12 

534-1—518-2 

0-8171 

0-08774 

23-25 

2-0324 

7-&4 

551-6—634-1 

0-0611 

1-21424 

12-79 

534-1—518-2 

0-2220 

0-(55357 

23-76 

518-2—502-3 

0-4454 

0-35130 

44-20 

502-3—488-3 

0-G71(> 

017286 

89-8 

2-3803 

22-87 

51S-2-502-3 

0-(H)97 

1-15643 

4707 

502-3— 4S8-3 

0-2490 

0-60386 

90-15 

488  3-474-6 

0-5021 

0-29925 

181-9 

474-(>— 462-8 

06734 

0-17176 

316-9 

4(i2-8— i52-2 

0-7723 

0-11220 

485-2 

452-2-443- 1 

0  8103 

0-09137 

595-8 

443-1—434-2 

0-7873 

0-10384 

523-0 

434-2—4270 

0-7846 

0-10535 

516-7 

0-2856 

7-64 

627-7—599-4 

0-0(U4 

1-21468 

1-796 

599-4—574-2 

0-2290 

064017 

3-408 

574-2- .551-6 

0-4700 

0-32791 

6-654 

651-6-5341 

0-6880 

016242 

13-43 

0-2842 

22-87 

574-2—551-6 

01077 

0-96793 

6-715 

551-6-.534-1 

0-2930 

0-53305 

12-19 

534-1—518-2 

0-508(5 

0-29361 

22-14 

518-2—502-3 

0-6884 

0-16216 

40  08 

502-3-488-3 

0-8377 

007690 

84-52 

Copper 

Uhloride. 

4-211 

1006 

.^99-4—574-2 

00799 

1-09711 

3-86 

574-2- .551-6 

02403 

0-61918 

6-84 

551-6—534-1 

0-4971 

0-30355 

13-95 

5341—518-2 

0-6987 

01.5573 

27-20 

518-2—502-3 

0  8339 

0-07888 

53-70 

502-3—488-3 

0-8764 

0-05731 

73-92 

488-3-474-6 

0-7981 

009797 

43-24 

474-6-462-8 

0(;591 

0-18109 

23-39 

44)2-8—4.52-2 

0-4131 

0-38395 

1103 

452-2-443-1 

0-2104 

0-67687 

6-26 
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Copper  Cblori< 

ie  (^continue 

d). 

c. 

I. 

Rpgioiiin 
Spectrum. 

(1  -P)- 

I.e. 

A. 

X.          X. 

2113 

1-oor, 

0-27 -7— 599-4 

0-0787 

1-10400 

1-92 

r,<)0-4_r,74-2 

0-2536 

0-59594 

3-57 

574-2— 551-6 

0-4832 

0-31587 

6-73 

551-6—534-1 

0-6854 

0-16405 

12-96 

534-1-  518-2 

0-8187 

0-0S6S7 

24-47 

434-2—427-0 

07064 

0-15091 

14-09 

2-113 

7-64 

551-6-5341 

0-07()5 

1-11612 

14-46 

534-1—518-2 

0-2394 

0(;2092 

26-00 

518-2—502-3 

0-4473 

0-34944 

46-20 

502-3-488-3 

0-6467 

0-18929 

85-26 

488-3-474-6 

0-7344 

0-13406 

120-4 

474-6—462-8 

07064 

0  15093 

107-0 

462-8-452-2 

0-5637 

0-24896 

64-99 

452-2—443-1 

0-3583 

0-44579 

36-20 

443-1—434-2 

0-1739 

0-75961 

21-25 

2-117 

1-006 

627-7— 5U9-4 

0-06(V2 

1-17904 

1-81 

599-4—574-2 

0-2495 

0-60289 

3-53 

574-2—551-6 

0-4772 

0-32131 

663 

551-6—534-1 

0-6796 

0-16775 

12-70 

434-2—427  0 

0-7029 

0-15313 

13-91 

0-41SU 

7-64 

627-7—599-4 

0-0216 

1-66493 

1-92 

599-4—574-2 

0-1395 

0-85558 

3-74 

574-2—551-6 

0-3428 

0-46496 

6-88 

551-6—534-1 

0-5665 

0-24(i78 

12-97 

0-4189 

22-87 

551-6— 534-] 

01931 

0-71418 

13-41 

534-1—518-2 

0-3996 

0-39833 

23-99 

518-2—502-3 

0-5962 

0-22460 

42-69 

5a2-3— 488-3 

0-7533 

0-12303 

77-87 

488-3-474-6 

0-8495 

007084 

135-2 

Copper 

Nitrate. 

4-51 

1-00 

574-2-551-6 

0159 

0  79398 

5-68* 

551-6-534-1 

0-401 

0-39449 

11-46* 

3  9916 

7-64 

534-1—518-2 

0-04011 

1-39671 

21-83 

618-2— 502-3 

0-1560 

0-80675 

37-80 

502-3-488-3 

0-3535 

0-45165 

67-52 

488-3-474-6 

0-5184 

0-28532 

106-9 

474-6- 4(i2S 

0-6373 

0-19569 

155-8 

4(i2-8— 452-2 

0-6591 

0-18106 

168-4 

452-2-443-1 

0-6782 

0-16S67 

180-8 

443-1—434-2 

0-6458 

018992 

160-6 

434-2—4270 

0-6125 

0-21289 

143-2 

0-3552 

7-64 

627-7—599-4 

00415 

138174 

1-96 

599-4—574-2 

0-1907 

0-71958 

3-77 

574-2— 551-6 

0-3588 

0  44515 

6  09 

551-6- 5341 

0-5824 

0-23480 

11-55 

0-3552 

2287 

651-6—534-1 

0-2218 

065405 

12-42 

534'1— 518-2 

0-3616 

0-34477 

23-56 

518-2—502-3 

0-6669 

017593 

46-17 

502-3—488-3 

0-8208 

0-08576 

92-57 

*  These  uumbers  -were  obtained  ■v^•itll  light  -which  was  not  parallel. 
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Tlio  refractive  imlices  of  the  f^oliitions  were  determined  for 
sodiuiu  lijiht  as  follows  : — 


Substance. 

Concentration. 

Refractive  Index. 

CuSO^    

21 
0-28 
42 
2-1 

1-365 
1-336 
1-388 
1-362 

CuCl,     

Tahle  IX.  contains  the  absorption-ratios  of  all  the  solutions 
examined.  The  absorption-ratio  for  any  substance  in  solutions 
of  ditl^'erent  concentration  can  be  regarded  as  constant  when 
the  ditierences  of  concentration  are  small.  The  mean,  there- 
fore, of  the  numbers  obtained  with  the  solutions  of  nearly  the 
same  concentration  has  been  taken. 

Table  IX. 


CuSO,. 

CuCl,. 

Ou(NO,),. 

Position  in 
Spectrum. 

2  eq. 

0-28  eq. 

4  eq. 

2  eq. 

0-4  eq. 
1-92 

4  eq. 

0-35  eq. 

X.           X. 
627-7— 599-4 

1-89 

1-79 

1-86 

1-96 

599-4—574-2 

3-85 

3-41 

3-86 

355 

3-74 

3-77 

574-2—551-6 

6-66 

6-81 

6-84 

6-68 

6-88 

5-68 

6-09 

551-6—534-1 

1295 

12-65 

13-95 

13-41 

1319 

11-46 

11-99 

534-1- 518-2 

23-51 

22  05 

27-20 

25-23 

23-99 

21-83 

23-56 

518-2—502-3 

45-63 

40-45 

53-70 

46-20 

42-69 

37-80 

46-17 

502-3-488-3 

8997 

82-73 

73-92 

85-26 

77-87 

67-52 

92-57 

488-3-474-6 

181-9 

143-2 

43-24 

120-4 

135-2 

106-9 

474-6—462-8 

316-9 

23-39 

107-0 

_ 

ir.5-8 

462  8-452-2 

485-2 

11-03 

64-99 

1 

168-4 

4.52-2^143-1 

595-8 

6  26 

36-20 

180-8 

443-1—434-2 

523-0 

21-25 

160-6 

434-2—427-0 

516-7 

14-00 

143-2 

The  absorption-spectrum  of  copper  sulphate  has  already 
been  measured  by  Glan  *.  He  has  given  his  results  in  the 
form  of  fractions  of  light  transmitted — (the  quantity  which  I 
have  called  (!—/>).  The  light,  in  Glan's  experiments,  passed 
vertically  upwards  through  a  glass  trough,  in  the  lower  part 
of  which  was  a  layer  of  strong  copper  sulphate  solution,  and 
floating  upon  this  a  layer  of  distilled  water.  The  fraction  of 
the  light  transmitted  was  measured,  the  water  and  solution 
mixed  together,  and  the  measurement  repeated.  In  order  to 
compare  my  numbers  with  those  of  Glan  I  have  calculated 

*  Glan,  Wied.  An7i.  iii.  p.  •'54  (1878). 
2A2 
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from  the  measurements  on  the  strong  solutions  the  part  of 
the  light  which  would  be  left  after  passing  through  a  layer  of 
1  centim.  thickness  of  a  solution  containing  2  gram  equivs.  of 
CuSOi  in  1  litre,  and  from  the  dilute  solutions,  the  fraction 
Avhich  would  remain  after  passing  through  8  centim.  of  a 
solution  containing  0-25  equivs.  The  results  of  the  calcula- 
tion are  contained  in  the  following  Table : — 


Table  X. 


Eegion  in 

{\-p) 

{\~p) 

Spectrum  (luean  X). 

Couc.  Solution. 

Dil.  Solution. 

(•.120 

0-078 

0-077 

+0-001 

r)8(5-l 

0-302 

0-259 

+0043 

563-6 

0-501 

0-.".()9 

-0008 

543-3 

0-701 

()(i95 

+0-006 

526-1 

0-822 

0811 

+0011 

509-7 

0-904 

0-892 

+0-012 

41)3-5 

0-950 

0-946 

+o-a)4 

481-5 

0-975 

0-968 

+0-007 

Glun's  numbers  are  given  for  comparison  in  the  following 
Table  :— 

Table  XI. 


Mean  X. 

{\—p)  cone. 

(l-?,)dil. 

Difference. 

I 
Dilution.     ' 

674 

0-077 

0-073 

+0  0O4 

1/7 

659 

0-155 

0-150 

+0-005 

1/7 

626 

0-336 

0-330 

+0-006 

1/5 

f  557 

0-449 

0-441 

+0-008 

1/3 

1  557 

0-510 

0-507 

+0-003 

1/7 

r525 
1525 

0-822 

0-813 

+0-009 

1/3 

0-848 

0-854 

-0-006 

1/7 

With  the  exception  of  one  number  in  each  set  of  experi- 
ments, the  differences  are  all  in  the  same  direction.  They  are, 
it  is  true,  about  the  same  magnitude  as  the  experimental 
error,  but  the  circumstance  that  the  two  sets  of  numbers 
were  obtained  by  different  methods  and  with  different  instru- 
ments seems  to  point  to  the  existence  of  a  real  difference 
between  the  absorption  of  the  strong  and  dilute  solutions  of 
CUSO4.  It  is  not,  unfortunately,  possible  to  compare  the  abso- 
lute magnitudes  of  the  absorption,  as  Glan  has  only  given  the 
rcdative  concentrations  of  his  solutions  (last  colunm  Table  XI.). 
Glands  strongest  solutions  were,  however,  evidently  saturated, 
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or  nearly  so,  and  his  experiments  are  therefore  comparable 
with  mine. 

The  changes  in  the  absorption-spectra  of  the  solutions  which 
occur  when  the  concentration  is  changed  are  very  clearly 
visible  in  the  curves  which  represent  the  absorjition-ratios. 
These  are  drawn  for  convenience  with  the  divisions  of  the 
tangent-screw  as  abscissae  (instead  of  wave-lengths),  and  the 
values  of  the  absorption-ratios  as  ordinates.  Curves  1  and  2 
belong  to  the  strong  and  dilute  solutions  of  copper  sul})hate, 
3  and  4  represent  the  absorption-ratios  of  the  co[)per-chloride 
solutions  containing  about  J:  and  2  equivalents  in  i  litre,  and 
5  belongs  to  Cu(N03)2.  The  curves  of  the  most  dilute 
solutions  of  the  tlu'ce  salts  lie  very  close  together  and  are 
almost  identical  with  No.  2.  The  great  similarity  of  the 
absorj)tions  of  these  three  solutions  is  best  seen,  not  by  com- 
paring their  absori)tion-ratios,  but  by  comparing  the  fractions 
of  the  light  transmitted  by  them,  calculati'd  for  solutions 
containing  the  same  amount  of  copper,  and  for  unit  length  of 
layer.  The  comparison  is  carried  out  in  Table  XII.  Com- 
paring the  absorptions  in  this  way,  it  is  possible  to  see 
whether  the  differences  between  them  are  greater  than  the 
ex})erimental  error  or  not.  This  is  very  difficult  when  the 
ninubers  are  calculated  as  absorption-i-atios,  as  the  errors  in 
the  measurements  are  much  exaggerated  in  parts  of  the  s})ec- 
trum  where  the  absorption  is  smaU,  and  vice  versa. 

Table  XII.* 


Region  in 
Spectrum. 


627-7— r.99-4 
599-4— 574-2 
074-2^551  •(> 
551-6— 534-1 
5341-518-2 
518-2—5023 
502-3— 488-3 
488-3—474-6 


CuSO,. 

CuCL. 

0-2775 

0-3018 

0-5089 

0-5403 

0-7130 

0-7157 

0-8333 

0-8398 

0-9008 

09087 

0-9447 

0-9474 

0-9725 

09709 

0-9840 

09831 

CuSO, 
-CuCI.,. 


-00243 
-0-0314 
-0-0027 
-0-0065 
-0-0079 
-0-0027 
+0-0016 
+0  0009 


I^CuNO.,),. 


0-3()96 
0-5430 
0-6854 
0-8254 
0-9069 
0  9513 
0-9759 


CuCl, 

-Cu(NO,), 


-0-0078 
-0-a)27 
+0-0303 
+0-0144 
+  0-0018 
-00039 
-00050 


The  numbers  for  copper  chloride  and  copper  nitrate  are 
very  similar,  the  differences  are  scarcely  larger  than  the 
experimental  error  and  vary  in  sign.  The  differences  between 
copper  sul})hate  and  copper  chloride,  on  the  other  hand,  are 
nearly  all  in  the  same  direction  and  sometimes  considerably 
exceed  the  error  of  experiment. 

*  The  numbers  are  caleulatod  for  solutions  containinn-  1  equivalent  iu 
1  litre. 


some  Copper  Salts  in  Aqueous  Solutioi.  339 

Conclusions. 

It  is  at  once  noticeable  that  the  curves  representing  the 
absorption-ratios  of  all  the  sohitions  appear  to  start  out  I'roni 
the  same  point  at  the  red  end  of  the  spectrum  and  for  a  short 
distance  to  follow  an  identical  course,  diverging  more  and 
more  widely  as  the  wave-length  decreases.  It  appears  natural 
to  attribute  this  absorption  in  the  red,  which  is  common  to 
all  the  solutions,  to  the  common  constituent  copper,  and  to 
attribute  the  ditierences  jjartly  to  the  absorption  exercised 
by  the  acid  radical  itself,  and  [)artly  to  the  intluence  which  it 
has  on  the  vibrations  of  the  cop[)er.  Something  analogous  to 
this  intluence  of  the  acid  radical  on  the  absorption  of  the 
copper  was  observed  by  Abney  and  Festing"^  in  their  work 
on  the  absorption-spectra  of  organic  and  other  compounds  in 
the  infra-red.  They  found  that  a  number  of  definite  lines  in 
these  spectra  undoubtedly  were  due  to  hydrogen,  but  that 
the  number  of  them  and  their  relative  intensity  in  any  spec- 
trum were  dependent  on  the  other  atoms  with  which  the 
hydrogen  was  combined.  The  investigations  of  Hartley, 
Kriiss,  Vogel,  and  others  on  the  absorption-spectra  of  organic 
compounds  have  shown  that  the  absorption  of  light  by  a  sub- 
stance is  dependent  on  its  cliemictal  constitution.  Every  change 
in  the  nature,  number,  or  linking  of  the  atoms  causes  a  corre- 
sponding change  in  the  absor|) don-spectrum.  So  that  in  general 
when  two  substances  are  chemically  combined  the  absorption- 
spectrum  of  the  compound  will  be  different  from  that  of  the 
constituents.  On  the  other  hand,  when  two  substances  which 
are  not  chemically  united  exist  together  in  a  solution,  the 
absorption-spectrum  is  the  sum  of  the  two  separate  spectra. 
Arguing  backwards,  it  seems  probable  that,  if  two  substances 
in  a  solution  absorb  light  independent!}'  of  one  another,  so 
that  replacing  one  of  them  by  something  else  makes  no 
difference  in  the  absorption-spectrum  of  the  other,  then  they 
are  not  chemically  combined.  In  the  dilute  solutions  of  the 
three  copper  salts  examined  this  appears  to  be — at  least  very 
nearly — the  case.  Replacing  SO^  by  CI2  or  by  (N03)2  makes 
very  little  difference  in  the  absorption,  though  in  the  strong 
solutions  the  ditference  uuide  by  such  a  replacement  is  very 
large.  One  would,  therefore,  seem  to  be  forced  to  the 
conclusion  that  only  in  the  strong  solutions  is  the  copper 
really  chemically  combined  with  the  acid  part  of  the  salt,  and 
thai  as  the  solutions  become  more  and  more  dilute  the  dis- 
sociation of  the  salt  becomes  greater  and  greater.  It  has 
already  been  pointed  out  at  the  beginning  of  this  paper  that 

*  Phil.  Trans.  (1881),  Part  III.  p.  887. 
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in  general  salts  in  aqueous  solution  })eliave  in  the  same  way 
as  these  copper  salts,  though  exc'e])tions  are  known. 

It  only  remains  to  compare  l)riefly  the  results  thus  arrived 
at  with  existing  theories  of  solution. 

(1)  According  to  the  theory  of  Arrhenius  the  electrolytic 
dissociation  in  the  most  dilute  copper  solutions  which  were 
examined  is  by  no  means  complete,  and  therefore  the  absorp- 
tion-spectra of  the  ihree  solutions  should  not  be  identical. 

The  degree  of  dissociation  is  calculatcul  from  the  numbers 
of  Kohh-ausch"^  for  copper  sulphate,  of  J.  Triitschf  and  J.  H. 
van  t'Hoff  and  Ileicher|  for  copper  chloride,  and  of  Long§ 
for  copper  nitrate.     The  numbers  obtained  are  as  follows : — 

CUSO4,       0-2856  eq.  in  1  1.,  yu,:rr344,  ^^  =  1086, 

dissociation  =  31*7  percent. 
„  2*38      eq.  in  1  1., /a=:1(36       „        =15*3       „ 

CuCls,        0-4189  eq.  in  1  1.,  |x  =  64,     /i„  =  101, 

dissociation  =:63"4       „ 

Cu(N03)2, 0-3552  eq.  in  1  1.,  /a  =  C5-8,  fx^  =100?, 

dissociation  =:()5-8       „ 

It  is  interestino;  to  observe  that  the  solutions  of  chloride 
and  nitrate  of  copj)er  in  which  the  dissociation  is  f;ir  advanced 
and  nearly  to  the  same  extent,  possess  almost  identical  absorp- 
tion-spectra, whereas  that  of  copper  sulphate  is  noticeably 
dilTerent,  which  fact  is  in  agreement  with  the  theory,  the 
dissociation  in  the  copper-sul[)hate  solution  being  very  much 
less  advanced  than  in  the  others. 

It  is  as  well  to  draw  attention  to  the  fact  that  before  one 
can  deternn'ne  whether  the  limit  of  dilution  after  which  the 
absoiption  no  longer  changes  is  identical  with  the  limit  at 
which  the  dissociation  is  complete,  it  may  be  necessary  to 
examine  the  absorption  in  the  ultra-violet  and  perhaps  in  the 
infra-red.  The  experiments  in  the  first  part  of  this  paper 
with  copper  chloride  seem  to  show  that  changes  go  on  in  the 
invisible  violet  after  they  have  ceased  in  the  visible  part  of  the 
spectrum. 

(2)  Knoblauch  has  explained  the  alterations  in  the  spectra 
of  certain  salts  by  assuming  a  hydrolytic  dissociation  in  the 
more  dilute  solutions.  In  the  case  of  copper  salts  there 
a])pears  to  be  no  reason  for  assuming  that  such  a  dissociation 
takes  place  to  any  extent.      A  hydrolytic  dissociation  of  a 

*  Wied.  Ann.  vi.  p.  1  (1870)  ;  ibid.  xxvi.  p.  188  (1885). 

t  Wied.  Ann.  xli.  p.  2'iU  (1890). 

X  Zeitschrift.  I'/n/.^.  Chcm.  iii.  p.  198  (1889). 

§  Wied.  Ann.  xi'.  p.  37  (1860). 
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copper  salt  avouUI  lead  (as  it  does  with  cliroiniuin  salts)  to  a 
separation  of  hydroxide.  The  small  ainoiint  of  precipitate 
^vhich  forms  in  solutions  of  cupric  salts  after  standing  for  some 
time  ai)pears  to  be  due  to  impurities  iu  the  "water  (chiefly 
ammonia  and  carbon  dioxide). 

(3)  Aecording-to  the  theory  of  Armstrong^  and  Traube  f,  the 
changes  in  the  absorption- spectra  which  occur  on  passing  from 
concentrated  to  dilute  solutions  are  due  to  the  larger  aggre- 
gates of  molecules  which  exist  in  the  concentrated  solutions 
breaking  up  into  smaller  molecules.  According  to  this  theory, 
the  molecules  of  the  salt,  even  in  the  most  dilute  solutions, 
still  exist  as  such  ;  and  these  dilute  solutions  might  therefore 
be  expected  to  show  characteristic  differences,  similar  to  those 
observed  in  the  strong  solutions.  This  at  any  rate  in  the  case  of 
cupric  salts  is  not  the  case  in  the  visible  part  of  the  spectrum. 

(4)  The  changes  of  colour  which  the  solutions  of  copper 
chloride  exhibit  when  its  solution  is  diluted  have  long  been 
regarded  as  due  to  the  formation  of  different  hydrates.  If 
we  admit  with  Pickering  the  existence  of  hydrates  in  dilute 
solutions  containing  1000  or  more  molecules  of  water,  it  is 
conceivable  that  two  salts  of  the  same  metal  with  colourless 
acids  should  have  in  dilute  solution  the  same  spectrum,  for 
the  influence  exercised  on  the  vibrations  of  the  metal  by  the 
acid  radical  would  become  negligible  compared  with  that 
exercised  by  the  1000  water  molecules.  Two  compounds 
such  as  CUCI2  +  IOOOH2O  and  CUSO4  + lOOOHgO  might  well 
have  the  same  spectrum.  The  experiments  are  hardly  com- 
plete enough  to  allow  of  any  very  definite  conclusion  on  this 
point,  but  as  I  am  occupied  with  further  experiments  on  the 
absorption-spectra  I  hope  to  return  to  it  on  another  occasion. 

The  large  changes  of  colour  which  often  occur  on  diluting 
the  solutions  of  the  halogen  salts  of  heavy  metals  may  perhaps 
be  connected  not  with  hydrates  but  with  the  halogen.  Glad- 
stone! has  pointed  out  that  the  spectra  of  strong  solutions  of 
the  bromides  of  platinum,  gold,  copper,  and  of  potassium  pal- 
ladium bromide,  all  appear  to  be  made  up  of  the  absorptions 
of  bromine- water  and  of  a  salt  of  the  metal  with  a  colourless 
acid.  It  appears  as  though  the  halogen  when  combined  with 
a  metal  exercised  its  absorption  in  the  same  way  as  in  the 
free  state,  but  modified  to  a  greater  or  smaller  extent  by  the 
metal  with  which  it  is  combined. 

The  following  is  a  summary  of  the  results  arrived  at : — 

*  J.  Chem.  Soc.liii.  p.  116  (1888). 

t  Berichte,  xxiii.  p.  3o8:>  (1890). 

X  Gladstone,  Phil.  Mag.  [4]  xiv.  p.  418  (1857). 
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(1)  The  ab.sorption-spcctra  ot  the  three  salts  examined 
under^fo  chanoes  on  dihitiiior  their  solutions. 

(2)  These  chan;j;es  are  of  such  a  nature  that  the  spectra 
tend  to  lj(?coin(;  identical  in  dilute  solutions. 

(3)  The  results  of  other  observers  show  on  the  wliole  that 
salts  of  other  metals  behave  in  a  similar  way. 

(4)  The  behaviour  of  the  salts  examined  leads  to  the  con- 
clusion that,  in  strong  solutions,  tbe  acid  and  basic  parts  of 
the  salts  are  associated  in  jiroducing  absorption  of  light, 
while  in  dilute  solutions  they  act  iutlependently  in  doing  so, 

(5)  These  results  are  in  substantial  agreement  with  the 
hypothesis  of  electrolytic  dissociation. 

((3)  The  results  cannot  be  satisfactorily  explained  on  the 
liy[)othesis  of  a  hydrolytic  dissociation,  or  on  that  of  molecular 
ao-oreoates. 

In  conclusion,  I  take  this  opportunity  of  expressing  my 
thanks  to  Professor  H.  B.  Dixon,  at  whose  suggestion  this 
investigation  was  begun,  and  also  to  Professor  A.  Schuster  for 
the  kindness  with  wliich  he  placed  the  Vierordt  spectro- 
photometer and  other  apparatus  at  my  disposal,  and  for  much 
valuable  advice  in  carrying  out  the  work. 

XXXYI.    On  Chemical  Kquilihrium  in  Mixed  Electrolijtes. 
By  Dr.  G.  GoiiE,  F.R.S* 

IN  various  researches  I  have  shown  that  any  change  occur- 
ring in  the  molecular  or  chemical  constitution  of  an 
electrolyte  may  be  easily  and  quickly  detected,  and  its 
amount  and  rate  to  a  certain  extent  measured,  either  bv  the 
voltaic  balance  method,  or  by  the  simple  plan  of  immersing 
a  suitable  voltaic  pair  of  metals  in  the  liquid  successively  at 
ditlerent  periods  of  time,  and  noting  either  the  degree  of 
voltaic  energy,  electromotive  force,  or  strength  of  current 
produced ;  and  I  have  shown  that  in  certain  cases,  the 
mixture  of  electrolytes,  especially  that  of  an  aqueous  solution 
of  a  halogen  with  one  of  a  salt  or  base  (and  in  some  cases  a 
very  dilute  solution  of  an  acid  with  one  of  a  salt),  the  liquid 
mixture  does  not  at  once  attain  its  final  or  fixed  state  at 
1G°  C,  but  attains  it  rapidly  on  the  application  of  heat.  (See 
"  IVIethod  of  Examining  Ivate  of  ( 'hemical  Change  in  Aqueous 
Solutions,^'  I'roc.  Poy.'Soc.  March  14,  1890,  p.  440.  '"  On 
the  ]\Iolecular  Constitution  of  Isomeric  Solutions,"  Phil. 
Mag.  Oct.  1889,  p.  289.  "Method  of  Measuring  Loss  of 
Energv  dne  to  Chemical  Union  etc.,"  Phil.  Mag.  Jan.  1892, 
p.  28.f 

*  Connimnicated  bv  the  Author. 
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In  a  more  recent  investioration,  "  On  Chanties  of  Electro- 
motive Force,  Yolnnie,  and  Temperatnre  by  Mixinti;  Electro- 
lytes ''  (see  Proc.  Birni.  Phil.  Soc.  vol.  viii.  p.  28), 'I  have  further 
shown  that  if,  insteatl  of  a  sinole  mixture  of  two  solutions, 
a  couple  of  such  mixtures,  isomeric  with  each  other  (for 
instance  HCl  +  NaBr,  and  HBr  +  XaCl),  was  employed,  under 
certain  conditions,  in  all  the  25  cases  of  mixtures  of  Acids + 
Salts  and  of  Salts  +  Salts  M'hich  were  examined,  tlie  two 
mixtures  yielded  the  same  amount  of  electromotive  force,  and 
therefore  formed  the  same  final  product  during  the  act  of 
mixinff  :  in  each  case  the  intiredients  of  the  two  mixtures 
started  with  ditferent  total  amounts  of  energy,  but  arrived  at 
the  same  final  molecular  and  chemical  constitution  ;  each 
different  isomeric  couple,  however,  gave  a  dilterent  final 
amount.  In  other  researches  I  found  that  if  the  solutions 
were  extremely  dilute  and  the  "voltaic  balance^'  method  was 
employed,  one  of  the  two  mixtures  did  not  at  once  pass  to  the 
same  final  state,  but  gave  a  very  different  amount  of  voltaic 
energy  from  the  other,  especially  if  a  free  halogen  formed 
part  of  the  mixture.  A  list  of  Unstable  mixtures,  astound  by 
the  voltaic  balance  method,  has  been  given  in  a  research  on 
the  "  Relative  Amounts  of  Available  Voltaic  Energy  of 
Aqueous  Solutions  "  (Proc.  Birm.  Phil.  Soc.  vol.  vii.  1889, 
p.  47). 

In  the  present  research  I  have  further  examined  the 
circumstances  which  influence  the  conditions  of  instability 
and  of  chemical  and  molecular  equilibrium  of  such  mixtures. 
The  circumstances  examined  are: — 1st,  The  influence  of  a 
halogen  and  a  salt  ;  2nd,  of  a  halogen  and  two  salts  ;  3rd,  of 
time  upon  the  latter  ;  4th,  of  heating  such  a  mixture  ;  5th, 
of  doubling  the  amount  of  the  halogen  ;  (Jth,  of  halving  the 
amount  of  the  two  salts  ;  7th,  of  two  different  halogens  and  a 
salt ;  8th,  of  a  halogen  and  an  acid  ;  9th,  of  two  halogens  and 
an  acid  ;  10th,  influence  of  one  halogen  and  two  acids  ;  11th, 
of  halogens  and  an  alkali  with  aluminium,  tin,  and  zinc,  as 
positive  metals  ;  and  12th,  of  heating  the  halogens  with  an 
alkali. 

The  method  employed  of  measuring  the  electromotive 
force  was  that  of  opposition  with  a  thermopile  of  iron  and 
german  silver  and  an  astatic  galvanometer,  as  in  several  of 
the  previous  researches  (see  more  particularly  "  A  Method  of 
Measuring  Loss  of  Energy  due  to  Chemical  Union,  &c.," 
Phil.  Mag.  Jan.  1892,  p.  28).  The  positive  metal  of  the 
voltaic  couple  used  in  the  ex]ieriments  of  Tables  I.  to  X.  and 
XIII.  to  XV.  was  of  zinc,  and  in  Table  XL  of  aluminium,  and 
XII.,  of  tin  ;  the  negative  metal  in  all  cases  was  platinum. 
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Distilled  water  was  used  in  making  all  the  solutions.  In 
niakino-  them  the  followiiiir  rules  were  observed  : — In  each 
Table,  Nos.  I.  to  X.  and  XIII.  to  XV.,  under  the  head  of  "  In- 
gredients,^^ each  ingredi(!nt — halogen,  acid,  or  salt,  as  the  case 
might  be — was  dissolved  in  the  proportion  of  one  equivalent 
weight  in  grains  of  tlie  absolute  snbstance  in  one  unit 
quantity  or  511,500  grains  of  waiter  ;  in  Tables  XL  and  XII. 
the  proportion  of  water  was  1800  grains.  Under  the  head  of 
*' Mixtures,"  an  equivalent  quantity  in  grains  of  e.ach  of  the 
two  or  more  substances  forming  the  mixtures  was  collectively 
dissolved  in  a  single  unit  quantity  of  water  ;  but  in  Table  V. 
two  unit  quantities  in  grains  of  one  of  the  ingredients  was 
included,  as  shown  by  the  formula?  given.  The  substances 
employed  were  of  a  high  degree  of  purity. 

The  experiments  are  divided  into  three  chief  sections,  viz., 
Section  A,  Halogens  +  Salts  ;  B,  Halogens  +  Acids  ;  and  C, 
Halogens  +  Bases. 

Section  A. — Halogens  +  Salts.     Positive  metal.  Zinc. 
Table  I. — Influence  of  a  Halogen  +  a  Salt. 


Ingredients. 

E.M.F. 

Mixtures. 

E.M.F. 

Calculated 
E.M.F. 

Change  of       Per 
E.M.F.         cent. 

Br. 
KCl. 

01. 
KBr. 

1-8706 
1-1927 
1-92.50 
1-1556 

Br+KCl. 
CI  +  KBr. 

1-7276 
>> 

1-5450 
1-3323 

Gain   -1826  =11-81 
;,       -3953      29-67 

I. 
KI. 

1-4410 
1-1470 

I  +  KCl. 
Cl  +  KI. 

1-40156 

1-3501 
1-2840 

Gain    -05146=  381 
„       -11756      9-15 

I  +  KBr. 
Br  +  KL 

1-3844 

1-3029 
1-3823 

Gain    -0815  =  625 
•0021          -15 

In  each  of  these  three  cases  of  isomeric  couples,  each  of 
the  two  mixtures  gave  the  same  amount  of  electromotive 
force,  and  had  therefore  acquired  the  same  chemical  and 
molecular  composition  at  once  on  mixing. 

Table  II. — Influence  of  a  Halogen-^  tivo  Salts. 


Mixtures. 


E.M.F. 


Cl+(KBr+Kl). 
Br+(KC1  +  Kl). 
I+(KCl+KBr). 


1-.5274 
1-4702 
1-3787 


Calculated 
E.M.F. 


1-2376 
1-3101 
1-2806 


Change  of 
E.M.F. 


Per 

cent. 


Gain 


•2898 
•1601 
•0981 


23-41 

12-22 

7-65 
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The  additional  salt  in  each  of  these  three  cases  of  isomeric 
mixture  prevented  the  mixture  from  at  once  attaining  a  tixed 
or  final  chemical  and  molecular  constitution. 

N.B.  I'ompare  the  results  with  those  of  Tables  III.  and  IV. 

Table  III. — Injinence  of  Time. 


Mixtures. 


After  standing  24  hours. 


Cl4-(KBi-  +  KI). 
Br  +  (KCl  +  KI). 
I  +  (K01  +  KBr). 


E.M.F. 


1-3786S 


Calculated 
E.M.F. 


1-2.376 
1-3101 
1-2806 


Change  of 
E.M.F. 


Per 

cent. 


Gain 


•14108  =  11-37 
•0685  6-22 

•0980  7-65 


By  standing  a  sufficient  period  of  time  at  ordinary  atmo- 
spheric temperature,  the  first  two  solutions  of  Table  II.  lost 
energy,  and  acquired  the  same  chemical  and  molecular 
composition  as  the  third  one,  i.  e.,  the  one  having  the  smallest 
electromotive  force  ;  these  two  mixtures  therefore  were  in  an 
unstable  condition. 

Table  IV. — Influence  of  Heating. 


Mixtures.               E.M.F. 

Calculated 
E.M.F. 

Change  of  Per 
E.M.F.              cent. 

After  heating. 

Cl  +  (KBr+KI).     h3701 
Br+(KCl  +  KI).     1-3844 
I  +  (KCl+KBr).     1-35294 

1-2376 
1-3101 

1-2806 

Gain  -1.325  =  10-70 
„  ^0743  5-67 
„      ^0723         6-65 

Each  mixture,  newly  made,  was  heated  to  90°  C.  during 
1.5  minutes  in  a  stoppered  glass  flask  and  then  cooled.  In 
each  case  the  percentage  of  gain  of  electromotive  force  which 
had  occurred  during  the  mixing  was  largely  reduced,  but 
least  so  with  the  last  liquid.  These  results  indicate  that  all 
three  of  these  mixtures  were  more  or  less  unstable,  the  first 
one  the  most  and  the  last  one  the  least  so,  that  neither  of 
them  had  completely  attained  the  most  fixed  chemical  and 
molecular  condition,  and  that  heating  caused  a  rapid  change 
in  each  to  a  fixed  state.  The  chemical  change  and  the  final 
state  arrived  at  evidently  depend  upon  the  temperature  ; 
even  at  16°  C.  a  slow  change  occurs,  see  Table  III. 
Table  V. — Infinence  of  Doubling  the  Amount  of  the  Halogen. 


Mixtures. 


E.M.F. 


2CH-(KBr+KI). 
2Br  +  (KCl  +  Kl). 


1-62178 


Calculated 
E.M.F. 


1-3113 

J-.5<>84 


Change  of 
E.M.F. 


Per 

cent. 


Gain    -31048     =     2367 
-05.338  3-40 
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Dou])lincr  the  amount  of  the  ]ialogen  caused  each  of  the 
two  mixtures  to  assume  the  same  chemical  and  molecular 
com])ositiou  immediately  on  mixing.  It  ayipears  from  a 
com|)arison  of  these  results  and  those  of  Table  1.  with  those  of 
Table  II.,  that  the  condition  of  chemical  and  molecuhir  e(|ni- 
librium  depends  upon  the  pro})ortion  of  free  halogen  to  that 
of  the  salts.  If  the  proportion  of  the  halogen  to  the  total  of 
the  salt  was  1  eqt.  to  1  eqt.  as  in  Table  I.,  or  2  eqts.  to 
2  eqts.  as  in  Table  V.,  each  mixture  at  once  suffered  a 
change  and  attained  a  fixed  state  ;  but  if  it  was  1  eqt.  of 
halogen  to  2  eqts.  of  the  salt,  as  in  Tal)le  II.,  each  mixture 
was  in  a  condition  of  instability,  and  was  prevented  from 
assuming  at  once  the  fixed  state,  but  it  was  not  prevented  from 
undergoing  a  gradual  change  at  atmospheric  temperature 
(see  Table  III.)  ;  the  additional  proportion  of  salt  therefore 
only  h/'/idered  the  change. 

The  degree  of  solubility  of  iodine  in  water  was  too  small  to 
enable  a  double  proportion  of  it  to  be  used. 

Table  VI. — Injinence  of  IJalvlng  the  Amount  of  the  Salts. 


Mixture. 


E.M.F. 


I+-5(KCl  +  KBr). 


1-41014 


Calculated 
E.M.F. 


1-3203 


Change  of 
E.M.F. 


Per 

cent. 


Gain      -0898     =^     G'i 


The  proportion  of  gain  of  mean  amount  of  electromotive 
force  is  somewhat  less  than  in  the  comparison  case  in 
Table  II.,  as  if  diminishing  the  proportion  of  salt  to  halogen 
increased  the  amount  of  chemical  and  molecular  change  and 
assisted  the  mixture  to  attain  a  fixed  state,  similar  to  the 
effect  of  doubling  the  amount  of  the  halogen,  as  shown  in 
Table  V. 


Table  Y  11.— Infuence 

of  Two 

Halogens 

+  a  Salt. 

Ingredients 

.      E.M.F. 

Mixtures. 

E.M.F. 

Calculated 
E.M.F. 

Change  of 
E.M.F. 

Per 

cent. 

Cl+Br. 

Cl+I. 

Br+I. 

]  -8992 
1-7133 
1-69338 

(Cl  +  Br)  +  KL 
(Cl  +  I)  +  KBr. 
(Br  +  I)+KCl. 

1 -(53030 
1-02178 

1-4556      Gain  -17476  = 
1-4775          „    -14428 
1-5015          „     -06028 

12  00 
9  76 
3-80 

The  amounts  of  electromotive  force  obtained  by  means  of 
experiment  in  the  three  instances  are  so  nearly  alike  that 
they  nuiy  be  regarded  as  identical.    On  comparing  the  results 
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with  tliose  of  Tablo  I.,  we  find  tliat  whether  the  mixtures 
contained  a  single  haloo;en  or  two  ditto  rent  ones,  each  of  the 
mixtures  which  were  isomeric  to  each  otlier  at  once  attained 
the  same  tinal  state  ;  and  on  com[)arino;  them  with  tliose  of 
Tables  I.  and  II.,  it  appears  that  whilst  an  additional  salt 
hindered  the  chemical  and  molecular  change,  the  addition  of 
a  second  halogen  did  not  impede  the  change,  probably 
because  the  halogen  was  fre(^  and  had  greater  chemical 
energy. 

In  a  previous  research  (Phil.  Mag.  Jan.  1892,  p.  49)  I 
have  examined  the  influence  upon  the  electromotive  force 
of  a  cadmium  platinum  couple  of  heating  aqueous  solutions 
of  chlorine,  bromine,  and  iodine  alone,  during  successive 
periods  of  time,  until  a  state  of  equilibrium  was  attained,  and 
have  shown  the  amounts  of  change  thereby  produced  ;  the 
strength  of  solution  then  employed  was  one  equivalent  weight 
of  the  halofren  in  jrrains  in  449,500  ijrains  of  water.  Tiiese 
experiments  with  the  three  halogens  showed  the  limits  of  the 
amount  of  chemical  and  molecular  change  produced  in  their 
aqueous  solutions  by  means  of  heat. 

Section  B. — Halogens  +  Acids.     Positive  metal,  Zinc. 
Table  VIII. — Influence  of  a  Halogen  +  an  Acid. 


Ingredients. 

E.M.F. 

Mixtures. 

E.M.F. 

Calculated 
E.M.F. 

Change  of 
E.M.F. 

Per 

cent. 

'Cl. 

HBr. 
iBr. 

HCl. 

1  9250 
10(!718 
l-870(> 
1-35866 

Cl  +  HBr. 
Br+HCl. 

1-73332 
1-73904 

1-4954 
1-7102 

Gain  -2379 

„     -0288 

=   15-9 
1-68 

=  5-01 

•87 

HI. 

I- 

1181.34 
1-4410 

Cl+III. 
I +  11  CI. 

1-41014 

1-3428 
1-4226 

Gain  -06734 
Loss    -0125 

1 

Br  +  ni. 
I+HBr. 

1-40156 

1-4464 

1-3888 

Loss    -0448 
Gain  -01276 

=  3-09 
•91 

With  iha  two  mixtures  of  the  first  isomeric  couple  the 
electromotive  forces  were  imsteady,  and  the  amounts  ob- 
tained by  means  of  experiment  are  so  nearly  alike  that  they 
may  be  regarded  as  identical.  In  all  three  cases  the  two 
isomeric  mixtures  of  each  couple  appear  to  have  at  once 
attained  the  same  final  chemical  and  molecular  composition 
and  state  of  equilibrium. 
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Table  IX. — Influence  of  Tico  Halogens  and  One  Acid. 


Ingredients.     E.M.F. 


llixtures. 


E.M.F. 


Cl+Br.  1-8992      HI  +  (Cl+Br).         l-()847 

Ol+I.  1-7133       HBr4-(Cl4-I).         l'707<i 

Br+I.  1-69338     IICl+(Br  +  I).         1-0847 


Calculated 
E.M.F. 


Change  of         Per 
E.M.F.  cent. 


l-r)249     1  Gain  '1598  =  1048 
1-:)814  „      •12fi2  7-98 

1-G464  „      -0383  233 


The  additional  halogen  did  not  prevent  the  three  mixtures 
attaining  nearly  the  same  final  state. 

Table  X. — Influence  of  One  Halogen  and  Two  Acids. 


Ingredients.     E.M.F. 


HBr+HL       1-27858 
HCl+HI.        1-3329 
HC14-HBr.     l-3.o29 


Mixtures. 


E.M.F. 


Cl  +  (HBr4-HI).  1-5274 
Br+(HCl  +  HI).  1-4702 
I  +  (nCl+IlBr).      1-4072 


Calculated 
E.M.F. 


Change  of        Per 
E.M.F.  cent. 


1-3751 
1-5119 
1-4015 


Gain   -1523  =   IMl 
Loss    -0417  2-76 

Gain    0057  "40 


The  additional  acid  retarded  the  attainment  of  a  state  of 
stable  chemical  equilibrimn  similar  to  the  effect  of  an  addi- 
tional salt  (see  Table  II.). 

Section  C. — Halogp:xs  +  Bases. 

Strength  of  solution  =  1  equivalent  weight  in  grains  in 
1800  grains  of  water. 

Table  XI. —  With  Al  as  Positive  Metal. 


Ingredients. 

E.M.F. 

Mixtures. 

E.M.F. 

Calculated 
E.M.F. 

Change  of 
E.M.F. 

Per 
cent. 

Br  water. 
KHO  sohition. 
After  heating  1 
90°  C.   

1-.581G 

1-3814 

min.  to 

Br + KHO. 

1-5244 
1-5101 

1-4991 

Gain  -0253  = 
„      -0110 

1-68 
-73 

Table  XII. —  With  Sn  as  Positive  Metal. 


Ingredients.         E.M.F. 


Br  water.  12213 

KHO  solution.        -9210 

After  heating  1  min.  to 

90°  C 


Mi.xtures. 


E.M.F. 


Br+KHO.  -9496 

•9067 


Calculated       Change  of        Per 
E.M.F.  E.M.F.  cent. 


1-0976 


Loss     1480  =  13-49 
„     -1909        17-40 


i 
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The  bromine  solution  used  in  Tables  XI.  and  XII.  was  not 
rendered  colourless  by  the  alkali  ;  the  resulting  mixture  gave 
with  test-paper  an  alkaline  reaction  followed  bj  a  bleaching 
eftect  ;  its  colour  was  not  visibly  altered  b}^  heating,  nor  by 
the  addition  of  a  second  equivalent  of  the  alkali.  Both  by 
means  of  an  aluminium  positive  metal  and  a  tin  one  a  loss 
of  electromotive  force  caused  by  heating  the  mixture  was 
detected,  and  it  was  shown  that  the  most  stable  condition  of 
chemical  equilibrium  was  not  attained  during  the  act  of 
mixing. 

With  Za  as  Positive  Metal. 

Strength  of  Solution  =1  equivalent  w^eight  in  grains  in 

511,500  grains  of  water. 

Table  XUl.— Chlorine  water  +  KHO. 


Ingredients. 

E.M.F.    Mixtures. 

E  M.R 

Calculated 
E.M.F. 

Change  of 
E.M.F. 

Per 

cent. 

H.,0. 

1-1270 : 

KHO  solution. 

10755 

CI  water. 

19250  ,  01+ KHO. 

1-8420 

1-4055 

Gaiu  -4365  = 

31-06 

mm 

After  heating  1 

to  98°  C. 

l-f.990 

„      -2935 

20-88 

1 

»       )> 

1-5274 

,,     -1219 

8-67 

,.           I.       ^ 

i>      j> 

1-3129 

Loss   -0926 

6  59 

..     30 

!)                )) 

117216 

„     -2334 

16-61 

,.     30 

'■                 " 

113270 

„      -2728 

19-40 

The  solution  of  CI  +  KHO  in  these  experiments  required 
much  more  prolonged  heating  than  one  of  CI  alone,  in  order 
to  reduce  the  electromotive  force  to  the  smallest  amount  and 
to  complete  the  chemical  and  molecular  change.  Whilst 
also  with  the  mixture  of  CI  +  KHO  the  electromotive  force 
was  finally  reduced  nearly  to  that  given  by  water  alone; 
with  a  solution  of  CI  alone  it  finally  remained  constant  at  a 
number  nearly  double  that  given  by  water  (ibid.). 

Table  XIV. — Bromine  water  +  KHO. 


Ingredients 

E.M.F. 

Mixtures. 

E.M.F. 

Calculated 
E.M.F. 

Change  of 
E.M.F. 

Per 

cent. 

Br  water 

1-8706 

Br+KHO. 

1-69614 

1-4696 

Gain  -22654  = 

=  15-41 

mic 

. 

After  heatin 

^1 

b 

to  98°  C.       „ 

1-61320 

„     -1436 

9-77 

"           " 

>i      >> 

1-51882 

,",     -04922 

3-35 

i>           1) 

30 

!>               >» 

)>         )> 

1-19420 

Loss   -2754 

18-70 

■' 

30 

1)              » 

" 

1-1270 

„     -3426 

23-31 
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The  electromotive  force  was  finally  reduced  to  that  of 
water,  and  the  chemical  and  molecular  change  appeared  to  be 
nearly  complete. 

Table  XV. — Iodine  loater  +  KIIO. 


Ingredients.           E.M.F. 

Mixtures. 

E.M.F. 

Calculated 
E.M.F. 

Change  of 
E.M.F. 

Per 

cent. 

Iodine  water             I  44 16 

min. 
After  heating  1    to  98°  C. 

"„          ,','       5    "„      " 
..     30     „      „ 

I+KHO. 
»       » 

1-3844 

1-3272 
1-2843 
1-1942 
1-1270 

1-3295 

Gain  -0549  = 

Loss  -0023 
„     -0452 
„     -1353 
„     -2025 

4-136 

•1730 
3-400 
1017 
15-23 

Similar  remarks  may  be  made  respecting  the  results  of  this 
Table  as  about  those  of  Table  XIV. 

In  each  of  these  three  tables  the  process  of  heating  caused 
a  gradual  loss,  and  at  a  diminishing  rate  of  electromotive 
force  ;  and  each  of  the  liquids  appeared  to  finally  acquire  a 
fixed  chemical  and  molecular  state.  The  total  percentage 
losses  of  mean  amount  of  electromotive  force  with  the  three 
mixtures  were  as  follows: — with  Cl  +  KHO,  50"4  ;  with 
Br  +  KHO,  38-7  ;  and  with  I  +  KHO,  19-30. 

General  Bemarhs  and  Conclusions. 

1.  The  mixtures  employed  in  this  research  may  be  di^•ided 
into  two  classes,  viz.,  those  which  spontaneously  change  with 
such  ra])idity  that  they  at  once  attain  on  mixing  a  compara- 
tively fixed  state  of  chemical  and  molecular  equilibrium,  and 
those  which  only  slowly  change  and  attain  such  a  state. 

2.  The  results  of  the  present  research  and  of  previous  ones 
show,  that  with  mixtures  of  acids  +  salts,  and  of  salts + 
salts,  a  fixed  state  of  equilibrium  was  in  nearly  all  cases 
immediately  attained  ;  but  with  halogens  +  salts,  halogens + 
acids,  and  halogens  +  bases,  a  greater  or  less  degree  of  retarda- 
tion of  attainment  of  such  a  state  frequently  happened. 

3.  According  to  the  results  given  in  Tables  V.  and  VI. 
compared  with  those  of  Table  I.,  doubling  the  degree  of 
concentration  of  the  solution  did  not  produce  any  conspi- 
cuous etfect  upon  the  state  of  chemical  equilibrium. 

•4.  The  results  of  Table  III.  indicate  that  with  the  particular 
mixtures  there  employed,  a  gradual  change  by  lapse  of  time 
occurred,  and  each  liquid  attained  a  state  of  comparative 
equilibrium  in  24  hours. 

5.  The  great  influence  of  temperature  is  shown  in  a  number 
of  cases  in  Tables  IV.,  XL,  XU.,  XIII.,  XIV.,  and  XV.  ;  in 
all  cases  it  acted  so  as  to  i)romote  chemical  and  molecular 
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cliange,  and  enabled  the  mixtures  to  arrive  at  a  fixed  state. 
The  results  of  previous  experiments  (Phil.  Mag.  Jan. 
1802,  p.  40)  show  that  the  action  of  the  higher  temperature 
"vvas  upon  the  halogen  ])rosent.  In  all  cases  of  heating- 
aqueous  solutions,  either  of  V\,  Br,  or  iodine  alone  (il)id.),  or 
of  a  +  (KBr+KI),  Br  +  _(KCl  +  KI),  or  I+(KCl  +  KBr), 
Table  IV.  ;  Br  +  KHO,  with  a  positive  metal  of  aluminium 
or  of  tin,  Tables  XL  and  XII.  ;  Cl+KHO,  Br  +  KHO,  or 
I  +  KHO,  with  zinc  as  a  positive  metal — a  relative  loss  of 
electromotive  force  took  place,  and  a  more  fixed  state  of 
chemical  equilibrium  was  attained. 

6.  The  results  of  Table  I.  show  that  if  the  ingredients  of  a 
mixture  of  a  halogen  and  a  salt  in  water  were  in  the  propor- 
tion of  their  chemical  equivalents,  the  complete  change  and 
attainment  of  a  fixed  condition  of  equilibrium  was  promoted. 
If,  however,  as  in  Table  II.,  the  saline  ingredient  was  in 
excess,  the  change  to  a  fixed  state  of  chemical  equilibrium  was 
retarded.  But  if,  as  in  Tables  V.  and  VI.,  the  electro- 
negative one  was  in  excess,  the  changes  were  not  retarded. 

7.  ]\Iixtures  of  halogens  and  acids  in  chemically  equivalent 
proportions,  as  in  Table  VIII.,  acted  much  like  those  of 
halogens  and  salts  in  Table  I.,  ?.  e.,  their  solutions  at  once 
attained  a  fixed  or  final  state  of  chemical  equilibrium  on 
mixing ;  but  an  additional  acid,  like  an  additional  salt, 
retarded  the  chemical  change  (see  Table  X.). 

8.  Comparison  of  the  results  given  in  Tables  I.  and  II. 
with  those  in  Tables  VII.  and  IX.,  shows  that  whilst  doubling 
the  proportion  of  salt  to  halogen  retarded  the  change, 
doubling  that  of  the  halogen  had  no  such  effect. 

9.  Comparison  also  of  the  results  given  in  Tables  XIII., 
XIV.,  and  XV.  with  those  obtained  with  solutions  of  the 
halogens  alone  (Phil.  Mag.  Jan.  1892,  p.  49)  shows  that 
the  addition  of  a  caustic  alkali  to  a  solution  of  a  halogen 
considerably  retarded  the  rate  of  change  which  occurred  on 
heating.  An  inspection  of  the  results  in  Tables  XIII.,  XIV., 
and  XV.,  further  shows  that  the  greatest  retardation  occurred 
with  chlorin(^and  the  least  with  iodine  ;  probably  because  the 
chlorine  had  the  largest  amount  of  molecular  motion  to  be 
retarded. 

10.  The  leading  idea  in  all  these  cases  is  the  degree  of 
freedom  of  molecidar  motion,  and  the  most  general  conclusion 
is,  that  the  smaller  the  degree  of  freedom  of  such  motion  of 
the  halogen  molecules,  the  greater  the  retardation  of  chemical 
change  ;  heat  therefore  increases,  and  the  presence  of  dis- 
solved alkalies,  salts,  or  acids  decreases  the  rate  of  change 
and  retards  the  attainment  of  a  fixed  state  of  chemical 
equilibrium. 

2  B2 
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XXXVII.    Note    on    the    Resistance   and   Self-induction    of 
Branched  Circuits.     B>/  Prof,  A.  Anderson,  M.A.^ 

ON  pao;o  134:  of  Flemint^'s '  Altornato  Current  Transformer,' 
vol.  i.,  the  values  are  given  of  the  effective  resistance 
and  inductance  of  a  system  of  conductors  connected  in  parallel, 
and  acted  on  by  an  impressed  electromotive  force  varying 
according  to  a  simple  harmonic  law.  The  conductors  are 
supposed  to  have  no  mutual  induction.  The  results  are  taken 
from  a  paper  by  Lord  Uayleigh  in  the  Philosophical  Magazine 
of  ]\Iay  ly."^!),  to  which  the  reader  is  referred. 

The  following  method  of  obtaining  these  results,  although 
it  really  does  not  differ  much  from  that  given  in  Lord 
Rayleigh's  paper,  will  perhaps  be  more  easily  understood. 

Let  the  resistances  of  the  conductors  be  Ri,  R2,  II3,  ...  R„, 
the  coefficients  of  self-induction  Lj,  L2,  L3,  ..  .  L„,  and  sup- 
pose the  impressed  electromotive  force  to  be  E  s'lnpt.  The 
currents  in  the  branches  may  be  denoted  by  Iisin(/>f  —  61), 
I2  sin  (/?i  — ^2), . . .  I„  sin  (p^  — ^„).  Hence,  if  i  denote  the 
total  current,  we  have 

i  =  s'mpt  SI  cos  ^— cosjD^Slsin^. 
Now,  since 

E  siny>^  =  R,Ii  sin  {pt  —  d^^+phil^  cos  (pt  —  Oi) 


hav( 


we  nave 


whence 


=  R2l2sin  ipt  —  d^)  +/>L2l2  cos  (/»^  — ^2) 
=  . . ., 

E  =  Rilj  cos  61  +pLiIi  sin  6^, 
0  =  pLJi  cos  ^,-RiIi  sin  6^1, 

T         z,  ERi  pELi       ^ 


and  siuiilar  expressions  hold  for  Ig  cos  6-2,  I2  sin  62,  &c. 
Hence 

T)  T 

r  =  E  sinyv^  ^l^^rp^  "  ^'^  '°'^'  ^RM^^' 

or 

t  =  AE  sin;>/— /)BE  cos  pt,  where  A  is  written  for 

2,,.,  '"   .,,  .,,  and  B  for^fj^-; — ir>' 
R-+/>4.-'  R^+p'^L- 

*  Comnuinicatcd  bv  the  Author. 
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^o\v,  ileiiorin<j;  the  effective  resistance  of  the  system  by  li' 
and  the  inductance  by  L',  we  have 

E^mj>t  =  lVi  +  L'~\ 

^  at 

or 

sin pt=  (AR' -\-p^Bh')  sin pt  +p(WA-'R'B)  cospt ; 
and,  therefore, 

L'A-R'B  =  0, 

AR'  +  /rBL'  =  l, 
so  that 

R^=^_,_,A^^,    L'=        ^ 


which  are  the  results  quoted. 

We  may  employ  the  same  method  to  find  the  effective 
resistance  and  inductance  in  the  case  where  the  conductors 
have  mutual  induction.  Let  M„,  or  M^^,  denote  the  coefheient 
of  mutual  induction  between  the  conductors  r  and  s.  It  will 
now  be  convenient  to  discontinue  the  use  of  the  symbol  L, 
and  to  denote  the  coefficient  of  self-induction  of  the  con- 
ductor r  by  M^^.     ^^'e  have,  in  this  case, 

E  sinp«  =  RiIisin  {pt  —  d^)  +p[MnIi  cos  {j^t  —  d^) 

+  M12T2  cos  (pt  -e,)  +  ...+  Ml  J„  cos  (pt  -  ^  J  ] 

=  RJ2  sin  {pt-e{)  +^j[M2ili  cos  (pt-B^) 

-f-M22l2Cos(;?«-^2)+  . . .  +M2„I„cos(2^i-^J] 

Hence 
E  =RiIi  cos  $1  +  ;>[MiiIi  sin  6^  +  MioTg  sin  ^2  +  •  •  •  +  Mi  J„  sin  ^,J , 
0  =  Rili  sin  dy  — p[MiiIi  cos  61  +  Miglg  cos  ^2  +  •  •  •  +  Mi,J„  cos  ^„] . 

Denoting 

I,  cos  $1,  I2  cos  62,  '  - '  by  A'l,  ,V2,  • .  .j 
and 

Ii  sin  01,   I2  sin  6^,  ■ --  by  3/1,  7/2,  • .  •, 

we  have  the  equations 


r—n 


E  =  Ria-,+/':SMi,y,=R2.r2+;>2M2,7/,=  .  ..  =  , 

r=l  r=l 

r=n  r=n 

0=Riyi-pSMi^.r,=  R<^2-;^2M2,.r,=  ..  .  =  , 

r-l  r=l 
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Snl)s{ifntino;  in  tlio  former  equations  the  values  of  i/,,  ?/2>  • 
found  from  the  latter,  ^ve  get  the  system 

r=n  s=n  TVr    TV/T 


'  r=l   s=l 


K 


If  we  denote 


we  get 


r=n  lyr    "]\/r 

r=l 


B. 


r—n 


^-    r     >,   1  oAr 


Hence 


where 


_  EQi       _  EQ2 

^i~    ..'iA'    ^2—      J^  J 


p'-'A' 


A  = 


R. 


P1I+  T^J  ^125  Pi3j 
P21,  1  22+  ~!)  J^  23j 
"sij        "32^  -t^33  +  "7^5        •••    -^3» 


EQ. 

p-A  ' 

.  .  Pi,. 
.  .  P.., 


•I  «1?        ^  n2j        -'-  ■ 


n3j 


P       +^ 

""^    jy2 


and  Qr  is  the  result  of  equating  to  unity  the  terms  in  the  ?'th 
row  or  rth  column  of  this  determinant. 
It  follows,  then,  immediately,  that 


_EU2 

^^="^A  '    ^^-^A  ' 


EUi 


1/  = 


EUr 

^A 


I 


or 


Self-induction  of  Branched  Circiiifs,  355 

where 

Now,  as  before,  we  have 

i= sin  pt  Xx— cos  pt  %y, 
and,  therefore, 

E  sm/)<=E,'(smjt>i  ^x  —  cospt'^y)  +y^L'(cos  pt^x  +  sinj^t  Xy), 

whence 

E  =  'R'S.c+pL''Zy, 

0=pL'tx-lVly, 
and 

^  -  (Zqy+p\^W    -{tqr+fi-^vf 

In  the  simple  case  of  two  branches  of  resistances  R  and  S, 
coefficients  of  self-induction  L  and  N,  and  coefficient  of 
mutual  induction  M,  we  easily  find 

p^RS  ' 

^^_RS(R+S)+p2S(L-M)2+;>2R(N-M)2 

and 

^-rT_2MRS  +  LS^  +  NR^+;>^(LN-M^)(L  +  N-2M) 

The  values  of  L'  and  R'  are  obtained  by  substitution.  If 
p  =  0,  we  see  by  inspection  that 

T3,       RS         ,T,     2MRS  +  LS2  +  NR2 

^  =  Rifrs  ^^^  ^  = (R+sp ' 

and  if  p  =  co  ,  that 

8(L-M)^+R(N-M)2  LN-M^ 

(L  +  N-2M)2        ^    ^-L  +  N-2M' 
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XXXVIII.    Remarks  on  Maxwell's  Investigation  respecting 
Boltzmann's  Theorem.     By  Lord  Rayleigh,  Sec.  R.S.* 

rr^HE  investigation  in  question,  which  was  puhlished  by 
_L  Maxwell  in  the  12th  volume  of  the  Cambridge  Philo- 
sophical Transactions!  only  a  short  time  before  his  death,  has 
been  the  subject  of  some  adverse  criticism  at  the  hands  of  Sir 
W.  Thomson]:  and  of  Mr.  Bryan §.  The  question  is  indeed  a 
very  difficult  one  ;  and  I  do  not  pretend  to  feel  complete 
conlidenco  in  the  correctness  of  the  view  now  to  be  put 
forward.  Nevertheless,  it  seems  desirable  that  at  the  present 
stage  of  the  discussion  some  reply  to  the  above-mentioned 
criticisms  should  be  hazarded,  if  only  in  order  to  keep  the 
question  open. 

The  argument  to  which  most  exception  has  been  taken  is 
that  l)y  which  Maxwell  (Rej)rint,  p.  722)  seeks  to  prove  that 
the  mean  kinetic  energy  corresponding  to  every  variable  is 
the  same.  In  the  course  of  it,  the  expression  T  for  the  kinetic 
energy  is  supposed  to  be  reduced  to  a  sum  of  squares  of  the 
component  momenta,  an  assumption  which  Mr.  Bryan  charac- 
terizes as  fallacious.  But  here  it  seems  to  be  overlooked  that 
Maxwell  is  limiting  his  attention  to  systems  in  a  given  con- 
figuration, and  that  no  dynamics  is  founded  upon  the  reduced 
expression  for  T.  The  reduction  can  be  etlected  in  an  infinite 
number  of  ways.  We  may  imagine  the  configuration  in 
question  rendered  one  of  stable  equilibrium  by  the  introduc- 
tion of  suitable  forces  proportional  to  displacements.  The 
principal  modes  of  isochronous  vibration  thus  resulting  will 
serve  the  required  purpose.  I  do  not  see  the  applicability  to 
this  argument  of  the  warning  quoted  from  Routh's  '  Rigid 
Dynamics.'  Perhaps  the  objection  is  felt  that  the  conclusion 
cannot  be  true  in  the  absence  of  a  complete  specification  of 
the  variables.  This  is  a  point  that  may  require  further 
examination,  I  admit  that  the  argument  seems  to  imply 
that  the  conclusion  possesses  something  of  an  invariantic 
character. 

The  nature  of  the  question  may  be  illustrated  by  an  example 
approximately  realized  in  the  billiard-table,  viz.  the  path  of  an 
clastic  particle  moving  in  a  plane  without  loss  of  energy  and 

*  Comaiunicated  by  the  Author. 

t  'Repiiut,'  vol.  ii.  p.  713. 

X  Proc.  lioy.  Soc.  Jiiue  18i)l. 

§  "  On  the  I'resent  Stcate  of  our  Knowledge  of  Thermodvnamics,"  Brit. 
Assoc.  Itepoit,  1801.  I  am  indebted  to  the  author  for  an  advance  copy 
of  this  viduable  report. 
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limited  within  an  enclosure.  The  fundamental  assumption  is 
that,  apart  from  exceptional  cases,  the  particle,  starting  from 
a  given  point,  will  sooner  or  later  traverse  that  point  in  ever// 
direction  ;  and  the  conchision  founded  upon  this  assumption 
is  that  in  the  long  run  all  directions  through  the  point  are 
equally  favoured.  I  do  not  see  that  there  is  here  anything  to 
be  specially  surprised  at.  If  the  premises  are  admitted,  the 
conclusion  seems  natural  enough. 

In  another  part  of  his  investigation  Maxwell  puts  forward 
under  the  same  reserves  the  more  general  hypothesis  that  not 
merely  does  the  system  pass  through  a  given  configuration 
with  every  possible  system  of  velocities  consistent  with  the 
energy  condition,  but  also  through  every  configuration  which 
can  be  reached  without  violation  of  the  same  condition.  In 
the  billiard -table  example  this  means  that  every  part  of  the 
tiible  is  reached  sooner  or  later,  and,  as  we  have  seen,  every 
part  that  is  reached  is  traversed  as  much  in  one  direction  as 
in  another.  In  this  case,  where  there  is  no  potential  energy, 
we  ma}'  indeed  go  further.  Maxwell's  equation  (41)  shows 
that  any  part  of  the  table  is  occupied  in  the  long  run  as  much 
as  any  other  ;  so  that  all  points,  as  well  as  all  directions,  are 
equally  probable. 

To  my  mind  the  difficulty  of  Maxwell's  investigation  lies 
more  in  the  premises  than  in  the  deductions^.  It  is  easy  to 
propose  particular  cases  for  which  the  hypothesis  is  manifestly 
m)true.  For  example,  if  the  table  be  circular,  a  particle  pro- 
jected otherwise  than  along  a  diaineter  will  leave  a  central 
circular  area  uninvaded,  and  in  the  outer  zone  will  not  pass 
through  a  given  point  in  every  direction,  even  when  the  pro- 
jection is  such  that  the  path  is  not  re-entrant.  The  question 
is  how  far  the  considerations  advanced  by  Maxwell  justify  us 
in  putting  aside  these  cases  as  too  exceptional  to  interfere 
with  the  general  "proposition,  which,  at  any  rate  in  its  appli- 
cation to  physics,  is  essentially  one  of  probability. 


Having  fourtd  Maxwell's  demonstration  of  the  fundamental 
theorem 

dqi  '  • .  dgj  c\p{  . . .  f//>,/  =  fZr/i . . .  dq^  dp^ . . .  dp^ 

difficult  to  follow,  I  have  sought  to  simplify  it  by  an  arrange- 
ment such  that  the  initial  and  final  times  ^'  and  t  may  be 

*  The  particular  case  for  which  Burnside  obtained  a  result  inconsistent 
with  Maxwell's  conclusions  is  emphasized  by  Mr.  Bryan.  But  Mr.  Bur- 
bury  is  of  opinion  that  the  discordant  result  depends  upon  an  error  of 
calculation,  and  that  Avhen  this  is  set  right  tlie  discrepancy  disappears 
(I'roc.  Roy.  Soc,  November  19,  1«91,  p.  196). 
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considered  us  absolutely  fixed  throughout  the  discussion. 
The  following,  dependent  upon  the  substitution  for  the 
"  action"  A  of  Hamilton's  "  principal  function  "  S,  seems  to 
meet  the  requirements  of  the  case.     By  definition, 

and,  as  in  Thomson  and  Tait's  '  Natural  Philosophy,'  §  319, 
SS  =  i8A-  ^'hNdt 

=  i{2m(a-S.i-+  . .  .)}-ipm(;£S.f+  . . .)] 


+ 


^rrf/[8T  +  8V-2SY]; 


so  that 


or  in  generalized  coordinates 

8S  =  2^/S(/-2/V (1) 

In  this  equation  all  the  motions  contemplated  are  uncon- 
strained, and  occupy  the  fixed  time  t  —  t'.  The  total  energy 
E  is  variable  from  one  motion  to  another,  and  S  is  to  be 
regarded  as  a  function  of  the  (/'s  and  q'%. 

The  initial  and  final  momenta  are  thus  expressed  by  means 
of  S  in  the  form 

<7S            _  fZS  ,^. 

"J^f     ^'•"TTT' \^' 

so  that 

.  (3)* 

Thus,  using  S  with  t  —  t'  constant,  instead  of  (as  in  Maxwell's 
investigation)  A  with  E  constant,  we  get 

*  As  an  example  the  motion  of  a  particle  in  two  dimensions  aljout  a 
centre  of  force  may  be  considered,  qr,  (Js  are  then  the  rectangular  co- 
ordinates of  the  particle  at  a  fixed  time  t ;  qr ,  qs  the  coordinates  at  the 
fixed  time  t' ,  while  ^Jr,iJs  and  ^v'  Ih'  are  the  component  velocities  at  the 
same  moments. 

lu  equation  (3)  r  and  s  may  be  identical. 
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(/y/.  .  .  ih/J  dp;  .  .  .  iJpJ  =  ihj/  .  .  .  d'jj  ihji  .  .  .  (77„ 


dijy    '    '    ' 

d<ji 

dp,' 

dqn  '  '  ' 

dp^ 
dqn 

(^) 


On  the  left  side  the  motion  is  defined  by  the  initial  q's  and  p's 
at  time  t';    on  the  right  by  the  initial  and  final  y's  and  by 
t—t'  (not  E,  which  is  a  dependent  variable). 
In  like  manner 

d'/i . . .  dg^^  dp^ . . .  d2),=dqi' . . .  dqj  dq^...  dq^ 

dp  I  dp,, 


(5) 


dq,'  '  '  ' 

'  '  '  dq,' 

dPi 

dqj'" 

dpn 

'  '  '  d^:' 

Bv  the  relation  (3)  proved  above  the  two  determinants  in  (4) 
and  (5)  are  equal,  and  thus 

dqi  . . .  dq^l  dp{  . . .  dpj=dqi_ . . .  dqn  dpi . . .  dp^,      .     (5) 

the  required  conclusion. 
February  20. 


XXXIX.    On  an  Experiment  Illustrative  of  the  Formation  of 
Rocking  Stones.     By  Chaeles  Tomlinson,  F.R.S.* 

IN  an  article  on  the  "  Weathering  of  Rocks  "  (Phil.  Mag. 
Dec.  1888),  I  noticed  the  exiilanation  given  by  Dr. 
Paris  and  Mr.  Justice  Grove  on  the  formation  of  logging 
or  rocking  stones,  and  stated  that  the  process  described  by 
them  might  be  imitated  by  small  blocks  of  camphor  freely 
exposed  to  evaporation  in  the  air. 

Camphor  is  now  sold  in  neatly  cut  parallelepipeds,  oblong 
and  square.  A  square  block,  1^  inch  to  the  side,  and  half 
an  inch  thick  was  superposed  upon  one  of  similar  dimensions 
(fig.  1),  and  placed  in  the  glass  pan  of  a  pair  of  scales  close  to 

*  Cominunicated  by  the  Author. 
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the  window  of  an  inhabited  room.  The  initial  weiglit  of  the 
pile  at  the  beginning  of  the  experiment  at  5  P.M.  on  the  17th 
October  last  was  422  grains  ;  on  the  Ibth,  ut  11.30  a.m.,  the 
weight  was  416  grains. 

grains 

Oct.  19th,  at  11,      .  .     406       Nov, 

20th,  „  10.30,  .     391 

21st,  „  11,      .  .380 

22nd,  „  12.30,  .     366 

23rd,  „     1.30,  .     352 

24th,  „  10.30,  .     340 

25th,  „  10.15,  .     330 
26th,  no  observation. 

27th,  at  10.30,  .     307 

28th,  „  12,     .  .     '2'M 

29th,  „  11.30,  .     286 

30th,  „  10,     .  .     276 

31st,    „  10.30.  .     269 

During  these  observations  the  changes  remarked  by  Mr. 
Justice  Grove  as  applicable  to  two  slabs  of  stone  applied 
equally  well  to  the  two  slabs  of  camphor.  "  If  we  suppose  a 
slab  of  stone  [cam})hor]  lying  on  another,  both  having  flat 
surfaces,  the  disintegration  produced  by  changes  of  weather, 
of  temperature,  &c.,  [evaporation]  would  act  to  the  greatest 
extent  at  the  corners,  and  next  to  them  at  the  edges,  because 
those  })arts  expose  respectively  the  greater  surfaces  compared 
with  the  bulk  of  the  stones  [camphor].     This  would  tend  to 


grains. 

1st, 

at  10.45, 

.     259 

2nd 

„  10.30, 

.     253 

3rd, 

„  10,   . 

.     243 

4th, 

„  11.30, 

.     235 

5th, 

„  10.30, 

.     226 

6th, 

„  10.30, 

.     219 

7th, 

„  11.30, 

.     210 

8th, 

„  10.30, 

.     202 

9th, 

„  10.45, 

.     195 

10th, 

no  observation. 

nth. 

at  11,   . 

.     183 

12th, 

„  10.30 

.     178 

Fig.  1. 


Fig.  2. 


Figr.  3. 


round  off  all   the  angles,  and  gradually  change  the  rhomb 
more  or  less  towards  an  oblate  spheroid.'" 

The  above  description  applies  with  great  accuracy  to  the 
changes  that  took  place  in  the  superposed  blocks  of  camphor 
(fig.  2),  whether  of  the  dimensions  above  indicated  or.  on 
laro-er  blocks,  namely  2^  inches.  In  such  case  the  form  be- 
came reduced  in  the  course  of  many  months  to  flattened 
oblate  spheroids.  In  the  case  of  the  smaller  masses  which 
were  weighed  from  day  to  day,  after  the  solid  angles  and 
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edges  hiul  been  removed,  evaporation  took  place  chiefly  from 
the  top  piece,  which  being  more  freely  exposed  diminished 
ftir  more  rapidly  than  the  lower  piece,  which  it  partially 
shelteretl  and  protected  from  evaporation.  Hence  there  was 
a  gradnal  decline  in  the  loss  suffered  from  day  to  day,  namely, 
from  10  or  12  grains  to  3  or  4.  This  decline  was  apparently 
due  to  the  diminution  of  surface  exposed,  rather  than  to  the 
state  of  the  weather  outside.  The  temperature  was  noted 
when  the  weight  was  taken,  both  with  the  wet  and  dry  bulb  ; 
but  being  in  an  inhabited  room  it  did  not  greatly  vary,  and 
the  external  atmospheric  conditions  seemed  to  have  but  little 
influence.  The  experiment  was  terminated  on  the  9th  Decem- 
ber, when  the  two  fragments  of  camphor  were  weighed 
separately.  The  lower  piece  weighed  54:  grains  and  the 
upper  14.  It  will  be  seen  from  fig.  3  that  the  upper  frag-, 
ment  rests  upon  a  kind  of  point  due  to  the  loss  of  matter 
from  the  upper  side  of  the  lower  piece,  and  the  under  side  of 
the  upper  piece  around  the  point  of  contact,  and  this  is  exactly 
what  takes  place  in  the  logging  or  logan  stones  by  the  slower 
action  of  weathering.  It  will  be  seen  that  the  conditions  are 
now  fulfilled  to  allow  the  upper  piece  to  be  rocked  upon  the 
lower. 

An  interesting  result  was  obtained  by  inserting  a  square 
piece  of  filtering  paper  between  another  pair  of  the  1^  inch 
camphor  blocks.  The  two  blocks  were  held  between  the 
finger  and  thumb,  and  the  paper  between  them  was  trimmed 
along  the  four  sides  with  a  small  pair  of  scissors,  so  that  the 
paper  projected  over  the  lower  block  only  to  the  extent  of 
half  the  thickness  of  the  scissor  blades.  The  blocks,  put  on 
a  glass  plate,  were  placed  on  a  high  shelf  in  an  inhabited 
room,  and  were  left  undisturbed  for  many  weeks,  when  it 
was  found  that  the  slight  paper  projection  had  been  sufficient 
to  protect  the  lower  block  from  evaporation,  so  as  to  preserve 
the  solid  angles  and  edges. 

It  was  formerly  supposed  that  light  had  a  subtle  but  power- 
ful influence  in  promoting  crystallization  and  producing 
deposits  of  cam}>hor  and  other  volatile  bodies  on  the  most 
illuminated  side  of  the  closed  vessels  containing  them.  This 
idea  was  favoured  in  our  text-books  by  such  recent  authorities 
as  Daniell,  Brande,  and  Miller.  In  the  Philoso[)hical  Magazine 
for  November  18G2,  I  showed  by  a  number  of  experiments 
that  these  deposits  are  made,  not  on  the  most  illuminated  side 
of  the  vessel,  but  on  the  coldest  side.  With  respect  to  crys- 
bdlization  it  was  supposed  that  a  saline  solution  would  not 
deposit  its  salt  if  the  vessel  containing  it  were  screened  from 
the   light.     Thus   Chaptal  observed  that    by   covering    over 
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certain  parts  of  the  evaporating  dish  with  black  taffeta,  so  as 
entirely  to  exflude  tlu;  light,  crystals  would  creoj)  up  only  on 
the  side  to  which  light  had  access.  But  the  function  of  the 
screen  was  mistaken  ;  its  action  being  to  prevent  evaporation, 
as  may  be  scon  in  an  experiment  so  contrived  as  to  admit 
light  freely,  but  exclude  or  limit  the  evaporating  force.  Fig.  4 
represents  two  vessels,  on  different  levels^  each  containing  a 

FifT.  4. 


saline  solution  :  they  were  placed  on  the  ledge  of  a  window 
facing  the  wesf,  so  as  to  be  in  the  full  light  of  day,  and  often 
in  sunshine.  The  top  vessel  was  half  covered  with  a  thin 
glass  plate,  which  projected  above  and  over  one  half  of  the 
lower  vessel.  The  exposed  half  of  each  vessel  had  a  crystalline 
deposit  running  round  it.  The  left-hand  glass  contained  a 
solution  of  acetate  of  lime.  This  is  well  adapted  to  the  purpose 
of  this  test  experiment.  The  glass  being  replenished  every  few 
days,  large  rounded  cauliflower  masses  of  great  beauty  are 
formed  on  the  uncovered  half  of  the  glass,  gradually  swelling 
over  and  adhering  to  the  outside.  They  are  first  white,  but 
by  exposure  to  the  sun  become  of  a  delicate  yellow,  touched 
with  a  deep  brown  on  the  most  projecting  portions,  while  the 
solid  in  the  dish  is  striated  after  the  manner  of  certain  fibrous 
minerals.  The  glasses  may,  however,  contain  a  solution  of 
almost  any  salt,  and  a  deposit  will  be  found  on  the  uncovered 
half  of  either  glass,  and  none  on  the  covered  half. 

Highgate,  14th  December,  1891. 
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XL.  J^.rper/'ments  upon  Surface-Films, 
Bjj  Lord  Rayleigei,  Sec.  R.S* 

THE  experiments  here  descril)e(l  are  rather  miscellaneous 
in  character,  but  seem  of  sufficient  interest  to  be  worthy 
of  record.  The  ojreater  number  of  them  have  been  exhibited 
in  the  course  of  lectures  at  the  Royal  Institution. 

The  Behaviour  of  Clean  Mercury. 

According  to  jMarangoni's  rule,  water,  which  has  the  lower 
surface-tension,  should  spread  upon  the  surface  of  mercury  ; 
whereas  the  universal  experience  of  the  laboratory  is  that 
drops  of  water  standing  upon  mercury  retain  their  compact 
form  without  the  least  tendency  to  spread.  To  Quincke  belongs 
the  credit  of  dissipating  the  apparent  exception.  He  found 
that  mercury  specially  prepared  behaves  quite  differently  from 
ordinary  mercury,  and  that  a  drop  of  water  deposited  there- 
on spreads  over  the  whole  surtace.  The  ordinary  behaviour 
is  evidently  the  result  of  a  film  of  grease,  which  adheres  with 
great  obstinacy. 

The  process  described  by  Quincke  is  somewhat  elaborate  ; 
but  my  experience  with  water  suggested  that  success  might 
not  be  so  difficult,  if  only  the  mistake  were  avoided  of  pouring 
the  liquid  to  be  tried  from  an  ordinary  bottle.  In  the  early 
experiments  upon  the  camphor  movements  difficulty  seems  to 
have  been  experienced  in  securing  sufficiently  clean  water 
surfaces.  The  explanation  is  probably  to  be  found  in  the 
desire  to  use  distilled  water,  and  to  the  fact  that  the  li({aid 
would  usually  be  simply  poured  from  a  stock  bottle  into  the 
experimental  vessel.  No  worse  procedure  could  be  devised  ; 
for  the  free  surface  in  the  bottle  is  almost  sure  to  be  dirty, 
and  is  transferred  in  great  part  to  the  vessel.  In  my  expe- 
rience water  from  the  dirtiest  cistern  will  exhibit  the  camphor 
movements,  provided  that  it  be  drawn  in  the  usual  manner 
from  a  tap,  and  that  the  precaution  be  taken  to  give  the  vessel 
a  preliminary  rinsing. 

In  order  to  carry  out  the  idea  of  drawing  the  liquid  from 
underneath,  an  arrangement  was  provided  like  an  ordinary 
wash-bottle,  and  was  tilled  with  tolerably  clean  mercury.  As 
ex[»(*rimeiital  vessels  watch-glasses  are  convenient.  They 
may  be  dipped  into  strong  sulphuric  acid,  rinsed  in  distilled 
water,  and  dried  over  a  Bunsen  flame.  When  the  glasses  are 
cool  they  may  be  charged  with  mercury,  of  which  the  first 

*  Communicated  by  the  Author. 
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portion  is  rejected.  Operating  in  this  way  there  was  no  diffi- 
culty in  obtaining  surfaces  upon  which  a  drop  of  water  would 
spread,  although,  from  causes  that  could  not  always  be  traced, 
a  certain  projjortion  of  failures  was  met  with. 

Exposure  of  the  glasses  to  the  atmosphere  soon  tells  upon 
the  success  of  the  experiment,  although  on  one  occasion 
spreading  occurred  after  a  glass  had  stood  (with  protection 
from  dust)  for  20  hours.  Even  so  short  an  exposure  as 
10  minutes  was  found  to  prejudice  the  condition  of  the 
mercury  surface.  Although  something  here  may  have  de- 
])ended  u[)on  the  special  character  of  the  sample  of  mercury, 
it  will  be  advisable  in  repeating  the  experiment  to  pour  the 
mercury  at  the  last  moment. 

As  might  be  expected,  the  grease  which  produces  these 
effects  is  largely  volatile.  In  many  cases  a  very  moderate 
preliminary  warming  of  the  watch-glass  makes  all  the  difll'er- 
ence  in  the  behaviour  of  the  drop. 

So  far  as  I  have  observed,  the  spreading  of  the  drop  takes 
place  always  in  a  leisurely  fashion.  If  a  little  powder  of 
recently  ignited  magnesia  be  dusted  over  the  mercury,  there 
is  no  violent  repulsion  of  the  dust  before  the  advancing  water. 
But  if  a  small  drop  of  oil  be  substituted  for  the  water,  the 
powder  is  flashed  away  so  quickly  that  the  eye  cannot  follow 
the  operation.  The  difference  between  the  two  cases  appears 
to  depend  upon  the  atmospheric  moisture.  As  soon  as  the 
mercury  is  poured,  it  coats  itself  with  an  aqueous  film,  and  the 
subsequent  spreading  of  the  drop  takes  place  upon  a  surface 
whose  affinity  for  water  is  already  largely  satisfied.  A  drop 
of  water  that  has  spread  and  then  partially  gathered  up  again 
(as  usually  happens  after  a  short  interval)  shows  an  interesting 
behaviour  when  breathed  upon.  The  disk  contracts  some- 
what, and  then  as  the  breath,  which  need  hardly  be  visible, 
passes  off,  exi)ands  again  ;  and  thus  a  number  of  times.  The 
temporary  character  of  the  effect  indicates  that  it  is  due 
rather  to  the  moisture  of  the  breath  than  to  any  greasy  con- 
tamination; a  view  confirmed  by  subsequent  experiments,  in 
which  the  breath  was  replaced  by  a  current  of  pure  air  which 
had  passed  through  warm  water. 

In  the  experiment  with  a  powdered  surface,  the  dust  may 
be  driven  from  the  neighbourhood  of  a  drop  of  petroleum  by 
the  action  of  vapour  without  actual  contact  of  the  liquids. 

Drops  of  Bisulphide  of  Carbon  upon  Water. 

The  behaviour  of  a  drop  of  CSg  placed  upon  clean  water  is 
also  at  first  sight  an  exception  to  Marangoni^'s  rule.     So  far 
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from  spreading  over  the  surface,  as  according  to  its  lower 
tension  it  ought  to  do,  it  remains  suspended  in  the  form  of  a 
lens.  And  dust  -which  may  be  lying  upon  the  surface  is  not 
driven  away  to  the  edge  upon  the  deposit  of  the  drop,  as 
would  happen  in  the  case  of  oil.  A  simple  modification  of  the 
experiment  suffices,  however,  to  clear  up  the  difficulty.  If 
after  the  deposit  of  the  drop  a  little  lycopodium  be  scattered 
over  the  surface,  it  is  seen  that  a  circular  s})ace  surroanding 
the  drop,  of  perhaps  the  size  of  a  shilling,  remains  bare,  and 
this  however  often  the  dusting  be  repeated,  as  long  as  any  of 
the  CS2  remains.  The  interpretation  can  hardly  be  doubtful. 
The  bisulphide  is  really  spreading  all  the  while,  but  on  account 
of  its  volatility  is  unable  to  reach  any  considerable  distance. 
Immediately  surrounding  the  drop  there  is  a  film  moving 
outwards  at  a  high  speed,  and  this  carries  away  almost  instan- 
taneously any  dust  that  may  fall  upon  it.  The  phenomenon 
above  described  requires  that  the  water  surface  be  clean.  If 
a  very  Httle  grease  be  present  there  is  no  outward  flow,  and 
dust  remains  undisturbed  in  the  immediate  neighbourhood  of 
the  drop.  With  the  aid  of  the  vertical  lantern,  and  a  shallow 
dish  whose  bottom  is  formed  of  phue  glass,  these  experiments 
are  easily  shown  to  an  audience. 

Movements  of  Dust. 

When  dust  of  sulphur  or  lycopodium  is  scattered  upon  the 
surface  of  water  contained  in  a  partially  filled  vessel,  it  is 
found  that  after  a  few  seconds  the  dust  leaves  the  edge  and 
that  a  clear  ring  is  formed  of  perhaps  a  centimetre  in  width. 
Two  explanations  suggest  themselves.  The  action  may  be 
due  to  grease  communicated  to  the  surface  from  the  edge  of 
the  vessel ;  or,  secondly,  it  may  be  the  effect  of  gravity  upon 
those  particles  of  the  dust  which  lie  within  the  limits  of  the 
capillary  meniscus.  The  first  explanation  is  rendered  im- 
probable by  the  non-progressive,  or  at  least  but  very  slowly 
progressive,  character  of  the  effect ;  and  it  is  negatived  by  a 
repetition  of  the  experiment  in  a  varied  form.  It  is  found 
that  if  the  vessel,  whether  of  glass  or  metal,  be  filled  over  the 
brim,  so  that  the  capillary  meniscus  is  convex,  then,  although 
as  before  a  bare  margin  is  formed,  the  effect  is  due  to  a  motion 
of  the  dust  outwards  (instead  of  inwards,  as  in  the  former 
case),  and  therefore  not  to  be  attributed  to  grease. 

A  similar  movement  of  dust  was  to  be  observed  in  the 
experiment  above  recorded,  where  magnesia  was  scattered 
upon  a  pool  of  mercury,  and  is  undoubtedly  due  to  gravity ; 
but  the  full  explanation  is  not  so  simple  as  might  appear  at 
first  sight. 

Phil.  Mag.  S.  5.  Vol.  33.  No.  203.  Ajrril  1892.        2  C 
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Even  in  the  interior  parts  of  the  surface  at  a  distance  from 
the  edge  the  sulphur  particles  do  not  retain  their  initial 
positions,  but  form  aggregations  into  which  continually 
increasing  numbers  are  attracted.  This  is  also  due  to  gravity, 
neighbours  tending,  as  it  were,  to  fall  into  the  depression  by 
which  every  particle  is  surrounded. 

Camjjhor  Movements  a  Test  of  Surface-Tension. 

The  theory  of  these  movements,  due  to  Van  der  Mens- 
brugghe,  im})lies  that  they  will  take  place  with  greater  or  less 
vigour  so  long  as  the  tension  of  the  surface,  which  may  be  in 
some  degree  contaminated,  is  greater  than  that  of  a  saturated 
solution  of  camphor.  If,  however,  the  contamination  Ijc  so 
great  that  the  tension  falls  below  this  point,  the  solution  of 
camphor  can  no  longer  si)read  upon  the  surface,  and  the 
movements  cease.  Thus,  according  to  this  theory  and  to 
obsen^ations  *  u})on  a  saturated  solution  of  camphor,  the 
movements  are  an  indication  that  the  actual  tension  does  not 
fall  below  '71  of  that  of  })ure  water. 

Although  there  appeared  to  be  no  reason  for  distrusting 
this  view,  it  was  thought  desirable  to  examine  specially 
whether  the  cessation  of  the  movements  was  really  a  question 
of  surface-tension  onlv,  without  regard  to  the  character  of 
the  contamination.  The  readiest  method  of  ensuring  the 
equality  of  the  tensions  of  two  surfaces  contaminated  with 
dilFerent  materials  is  to  make  the  two  surfaces  parts  of  one 
surface,  for  two  parts  of  the  same  surface  cannot  be  at  rest 
unless  they  have  the  same  tension.  The  method  of  experi- 
ment was  therefore  to  divide  a  surface  of  clean  water  con- 
tained in  a  large  dish  into  two  parts  by  a  line  of  dust,  and  to 
conununicate  different  kinds  of  grease  to  the  surfaces  on  the 
two  sides  of  the  indicating  line.  If,  for  examjile,  a  small 
chip  of  wood,  slightly  greased  with  olive-oil,  lie  allowed  to 
touch  one  part  of  the  surface,  the  line  of  dust  is  repelled  by 
the  expansion  of  that  part,  but  the  etl'ect  may  be  compensated 
by  a  slight  greasino-  of  the  other  part  with  oil  of  cassia.  By 
careful  alternate  additions  the  line  of  dust  may  be  kept  central, 
while  the  two  halves  become  increasingly  greased  with  the 
two  kinds  of  oil.  At  every  stage  of  this  process,  so  long  as 
the  surface  is  at  rest,  the  tension  of  all  ])arts  is  necessarily  the 
same. 

A  large  number  of  substances  have  thus  been  tried  in 
pairs,  of  which  may  be  mentioned  oils  of  olive,  cassia,  turpen- 
tine, lavender,  cinnamon,  anise,   petroleum,   pseudocumene. 

*  Phil.  Ma"-.  November  1890. 
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In  no  case  could  any  difference  be  detected  in  the  behaviour 
of  camphor  tVaoineuts  on  the  two  sides.  Whenever  possil)le, 
the  tjuantities  of  oil  were  adjusted  to  the  point  at  which  the 
movements  wore  just  ceasing.  In  case  of  overshooting  the 
mark,  the  excess  of  oil  could  be  easily  removed  by  strips  of 
paper,  partially  immersed  and  then  withdrawn,  the  action 
being  equivalent  to  an  expansion  of  the  surface.  In  several 
cases  the  volatility  of  the  substance  with  which  the  surface 
was  contaminated  led  to  a  subsequent  retraction  of  the  line  of 
dust.  Thus  freshly  distilled  oil  of  turpentine,  even  at  first 
barely  capable  of  arresting  the  movements,  soon  passes  off. 

As  was  shown  by  Tomlinsou,  oil  of  anise  is  incapable  of 
arresting  the  camphor  movements.  In  the  experiment  with 
a  partition  of  dust,  olive-oil  will  drive  oil  of  anise  into  a  very 
small  space,  whose  area  is  doubtless  dependent  upon  the 
amount  of  other  impurities  present.  In  this  case,  as  in  all 
others,  the  behaviour  of  camphor  is  the  same  on  the  varioits 
parts  of  the  surface. 

It  may  thus  be  taken  as  established  that  the  relation  of  a 
contaminated  surface  to  the  camphor  movements  is  one  of 
surface-tension  only. 

A  similar  method  of  experimenting  may  be  applied  to  a 
rough  determination  of  the  degree  of  purity  of  cleansed  stir- 
faces.  The  whole  of  the  surface  under  test  is  lightly  dusted 
over,  and  olive-oil  is  applied  at  several  places  close  to  the 
circumference  until  camphor  movements  are  nearly  arrested. 
After  each  addition  of  oil  the  dusted  area  contracts,  and  at 
the  close  of  operations  it  gives  a  measure  of  the  extent  to 
which  the  original  contamination  must  be  concentrated  in 
order  to  stop  camphor. 

A  few  numbers  may  be  given  as  examples,  although  in  all 
probability  the  result  is  influenced  by  a  variety  of  circum- 
stances. A  circular  area  of  10  inches  diameter,  occupied  by 
tap  water,  and  cleansed  by  the  flexible  hoop  described  in 
former  papers,  was  tested  on  July  28,  181*1.  The  application 
of  oil,  just  sufficient  to  stop  the  camphor  movements,  drove 
the  dust  into  a  central  circular  patch  of  2^  inches  diameter. 
When  the  surface  was  in  its  natural  condition,  unpurified  by 
the  action  of  the  hoop,  the  central  patch  was  of  about  5  inches 
diameter.  These  numbers,  approximately  verified  on  repe- 
tition, show  that  the  natural  surface  was  about  4  times,  and 
the  purified  about  16  times  better  than  according  to  the 
camphor  standard.  The  difference  between  the  two  cases  is 
less  than  was  expected,  and  would  perhaps  have  been  greater 
had  distilled  water  been  employed.  It  must  be  remembered 
also  that  contact  with  dust  (sulphur)  is  unfavourable  to  the 
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purity  of  a  water  surface.  In  a  very  good  light  a  special 
dusting  might  probably  be  dispensed  with,  the  motion  of  the 
surface  being  evidenced  by  inevitublc  motes. 

If  the  dust  be  applied  in  the  first  instance  to  a  small  central 
patch,  which  is  then  touched  internally  with  a  very  smxall 
quantity  of  oil,  the  expansion  of  the  dust  in  the  form  of  a  ring 
is  followed  by  a  slight  but  unmistakable  rebound.  The  effect 
appears  to  take  place  when  the  surface  is  very  clean  to  begin 
with,  and  is  then  somewhat  difficult  of  explanation.  I  am 
disposed  to  think  that  it  must  be  attributed  in  all  cases  to 
initial  contamination.  This  is  concentrated  in  front  of  the 
rapidly  advancing  ring,  and  has  not  time  to  diffuse  itself 
equally  over  the  whole  external  area.  Under  the  influence 
of  inertia  the  expansion  of  the  central  area  may  then  proceed 
so  far  that  its  tension  becomes  greater  than  that  of  the  parts 
immediately  surrounding. 

Influence  of  Heat. 

For  a  lecture  experiment  the  effect  of  heat  is  best 
shown  by  holding  a  hot  body  near  the  surface  of  water  con- 
tained in  a  shallow  vessel  with  a  glass  bottom.  The  hot 
body  may  be  the  end  of  a  glass  rod  heated  by  a  flame,  or 
more  conveniently  a  small  spiral  of  platinum  wire,  rendered 
incandescent  at  will  by  an  electric  current.  The  immediate 
effect  of  the  heat  is  to  lower  the  tension  of  the  part  of  the 
surface  affected  ;  but  the  visible  result  depends  entirely  upon 
whether  the  surface  be  clean  or  otherwise.  In  the  former 
case  the  heated  surface  expands,  and  an  outward  current  is 
generated.  This  is  rendered  evident  by  the  clearing  away  of 
dust.  But  if  the  original  contamination  exceed  a  very  small 
quantity,  a  moderate  expansion  of  the  heated  area  brings  the 
tension  again  up  to  equality  with  that  of  the  surrounding 
surface,  and  there  is  no  further  action.  In  this  case  there  is 
no  visible  clearing  away  of  dust  under  the  hot  body. 

Under  favourable  circumstances  a  very  slight  elevation  of 
temperature  suflices.  On  July  "2'^  a  shallow  tin  vessel  8x5 
inches,  the  lid  of  a  biscuit-box,  was  levelled  and  filled  with 
tap-water  from  a  rubber-hose,  after  a  thorough  preliminary 
rinsing  in  situ.  A  little  dust  (sulphur)  was  then  scattered 
over,  and  the  finger  w^as  brought  underneath  into  contact 
with  the  bottom  of  the  dish.  After  about  20  seconds  the  dust 
opened  out,  and  a  bare  spot  was  formed  over  the  finger  of 
about  li  inch  diameter.  A  spirit-flame,  a])plied  for  a  few 
seconds  under  one  end  of  the  dish,  cleared  away  the  dust  from 
the  larger  part  of  the  area.  If  when  quiet  was  nearly  restored, 
a  little  iVesh  dust  was  applied,  and  the  experiment  with  the 
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finger  repeated,  the  effect  was  more  pronounced  than  before, 
and  the  bared  j^pace  much  larger,  showing  that  the  treatment 
with  the  spirit-fiame  had  driven  away  most  of  the  residual 
contamination. 

The  best  effects  were  obtained  with  a  dish  somewhat  larorer 
than  that  above  mentioned  ;  and  in  subsequent  experiments 
the  difference  of  temperature  between  different  parts  was  more 
readily  maintained  by  the  use  of  a  vessel  in  which  the  main 
portions  were  connected  by  a  comparatively  narrow  channel(^?i^O 
In  this  way  the  tensions  of  surfaces,  contaminated  in  different 


Fig.  1. 

degrees,  may  be  equalized,  the  warmer  purer  surface  in  one 
compartment  balancing  the  colder  but  greasier  surface  in  the 
other.  And  the  actual  temperature  difference  necessary  for 
equilibrium  gives  a  measure  of  the  small  difference  of  tensions 
to  be  compensated*. 

When  the  surface  of  the  liquid  in  the  tin  vessel  is  but  very 
slightly  greased,  a  spot  can  no  longer  be  cleared  by  the  warmth 
of  the  finger  held  underneath.  Indeed  the  spirit-flame  itself 
soon  becomes  ineffective.  And  yet  the  greasing  may  be  so 
slight  that  camphor  fragments  move  with  apparently  unabated 
vigour. 

It  is  of  interest  to  compare  the  behaviour  of  saturated 
solution  of  camphor  with  that  of  greasy  w^ater.  The  former 
can  scarcely  be  brought  to  rest,  unless  covered  up.  This  is 
doubtless  due  to  evaporation  of  camphor,  aided  by  local 
draughts.  A  spirit-flame  drives  away  dust  in  a  manner  im- 
possible in  the  case  of  a  merely  greasy  surface,  whose  tension 
may  nevertheless  be  decidedly  higher  than  that  of  the  cam- 
phorated water. 

It  may  here  be  mentioned  that  the  lowering  of  tension  by 
camphor  follows  a  different  law  from  the  lowering  caused  by 
soap.  In  the  latter  case  the  fall  of  tension  requires  time,  and 
at  the  first  moment  of  its  formation  a  free  surface  has  almost 
the  tension   of  pure    water.     Similar  experiments  to   those 

*  The  lowering  of  tension  per  degree  Cent,  is  said  to  be  '0018  of  the 
total  value. 
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formerly  recorded*  with  soapy  water  have  shown  that  the 
ratio  of  tensions  I'or  pure  water  and  for  sohitiou  of  camphor 
are  the  same  at  the  first  moment  of  the  formation  of  a  free 
surface  as  when  the  measures  are  conducted  statically. 

Saponine  and  Soap. 

A  strono;  infusion  of  horse-chestnuts  allowed  excellent 
bubbles  to  be  l)lown,  up  to  4  inches  or  more  in  diameter. 
When  the  interiors  of  e(iual  bubbles  of  soap  and  of  saponine 
were  brought  into  comnmnication,  the  latter  contracted  and 
the  former  expanded,  showing  that  the  tension  of  the  sapo- 
nine film  was  the  greater.  In  order  to  obtain  equilibrium, 
the  diameter  of  the  saponine  bubble  required  to  be  about  half 
as  great  again  as  that  of  the  soap  bul)ble.  These  saponine 
bubbles  exhibited  the  characteristic  wrinkling,  when  caused 
suddenly  to  contract  by  withdrawal  of  part  of  th('  contained  air. 

The  foaming  of  Highland  waterfalls  is  doubtless  attributable 
to  dissolved  vegetable  matter.  In  the  autumn  of  1890  I  had 
an  excellent  opportunity  of  observing  these  effects  in  the  case 
of  the  river  Creed  at  Stornoway.  By  the  coalescence  of 
smaller  ones  hemispherical  bubbles  of  remarkable  size,  up  to 
a  foot  or  more  in  diameter,  were  frequently  formed,  and  en- 
dured for  a  few  seconds;  and  yet  not  the  smallest  bubble 
could  be  blown  from  a  tobacco-pipe.  However,  by  collecting 
some  of  the  foam  and  allowing  it  to  subside,  which  took  a 
good  while,  I  obtained  liquid  from  which  bubbles  could  be 
blown  with  a  i)ipe  up  to  4  inches  diameter.  But  these  bubbles 
behaved  like  soap,  and  not  as  had  been  rather  expected,  like 
saponine,  remaining  perfectly  light  and  smooth  when  the 
included  air  was  rapidly  withdrawn. 

Separation  of  Motes. 

In  the  course  of  some  experiments  last  year,  in  illustration 
of  Sir  G.  Stokes's  theory  of  ternary  mixtures,  I  had  prepared 
an  association  t  of  water,  alcohol,  and  ether,  in  which  the 
quantity  of  alcohol  was  so  adjusted  that  the  tendency  to 
divide  into  two  parts  was  almost  lost.  As  it  was,  division  took 
place  after  shaking  into  two  nearly  equal  parts,  and  these 
parts  were  of  almost  identical  composition.  On  ])lacing  the 
bottle  containing  the  liquids  in  the  concentrated  light  from  an 

*  Proc.  Rof .  Soc.  March  1890. 

t  Association  is  here  employed  as  a  general  term  denoting  the  juxta- 
position of  two  or  moro  Huids.  Whether  the  result  is  a  mi.vture  depends 
upon  circumstances. 
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are  lamp,  I  was  struck  ^Yith  the  contrast  between  the  appear- 
ance of  the  two  parts.  The  loworj  more  aqueous,  layer 
was  charged  with  motes,  while  the  upper,  more  etherial,  layer 
was  almost  perfectly  free  from  them.  Some  years  ago  I  had 
attempted  the  elimination  of  motes  by  repeated  distillation  of 
liquid  in  vacuum,  conducted  without  actual  ebullition,  but  I 
had  never  witnessetl  as  the  result  of  this  j)rocess  anything  so 
clear  as  the  etherial  mixture  above  described. 

The  observation  with  the  ternary  association,  which  happened 
to  be  the  first  examined,  is  interesting,  because  the  approxi- 
mate equality  of  the  liquids  suggests  that  the  explanation  has 
nothing  directly  to  do  with  gravitation.  But  the  presence  of 
alcohol  is  not  necessary.  Ether  and  water  alone  shaken 
together  exhibit  the  same  phenomenon.  It  would  appear  that 
when  the  two  liquids  are  mixed  together  in  a  finely  divided 
condition,  the  motes  attach  themselves  by  preference  to  the 
more  aqueous  one,  and  thus  when  separation  into  two  distinct 
layers  follows,  the  motes  are  all  to  be  found  below. 

An  obvious  explanation,  which,  however,  stands  in  need  of 
confirmation,  is  that  under  the  play  of  the  capillary  forces  the 
energy  is  least  when  the  motes,  which  may  be  presumed  to  be 
denser  than  either  liquid,  are  in  contact  with  the  denser 
rather  than  with  the  rarer  of  the  two.  The  density  here 
referred  to  is  that  which  occurs  in  Laplace's  theory  of  capil- 
larity, and  may  need  to  be  distinguished  from  ordinary 
mechanical  density. 

I  have  lately  endeavoured  to  obtain  some  confirmation  of 
the  views  above  expressed  by  the  use  of  other  liquids.  It 
woidd  evidently  be  satisfactory  to  exhibit  the  selection  of 
motes  by  the  upper,  instead  of  by  the  lower,  layer.  Experi- 
ments with  bisulphide  of  carbon  and  water,  and  also  asso- 
ciations of  these  two  bodies  with  alcohol,  which  acts  as  a 
solvent  to  both,  gave  no  definite  result,  perhaps  in  consequence 
of  a  tendency  to  the  formation  of  a  solid  pellicle  at  the 
common  surfaces.  But  with  chloroform  and  water,  and  with 
associations  of  chloroform,  water,  and  acetic  acid  (acting  as  a 
common  solvent),  the  experiment  succeeded.  The  motes  were 
always  collected  in  the  upper,  more  aqueous,  layer,  even  when 
the  composition  of  the  two  layers  into  which  the  liquid  sepa- 
rated was  so  nearly  the  same  that  a  few  additional  dro[)S  of 
acetic  acid  sufficed  to  prevent  separation  altogether. 

In  this  and  similar  cases  a  marked  tendency  to  foaming 
may  be  observed  when  the  composition  is  such  that  separation 
just  fails  to  take  place. 
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The  Lowering  of  Tension  hy  the  Condensation  of  Ether 
Vapour. 

The  suspension  of  water  in  an  inverted 
tube  of  small  bore  is  familiar  to  all.  The  Fig.  2. 
limit  of  diameter  was  investigated  some  years 
ao'o  by  Duprez  *.  A  ^kss  tube,  such  as  that 
shown  in  fig.  2,  is  ground  true  at  the  lower 
end,  and  at  the  upper  end  is  connected  to  an 
india-rubber  tube  provided  with  a  pinch-cock. 
Water  is  sucked  up  from  a  vessel  of  moderate 
size,  the  rubber  is  nipped,  and  by  a  quick 
motion  the  tube  and  the  vessel  are  separated, 
preferably  by  a  downward  movement  of  the 
latter.  In  this  way  of  working  Duprez  found 
that  the  liquid  might  remain  suspended  in 
tubes  of  diameter  up  to  16  millim.,  and  with 
the  aid  of  a  shding  plate  up  to  19'85  millim. 
The  theory  is  given  in  MaxwelFs  article  in 
the  Encyclopedia  Britannica  ("  On  Capillary 
Action").  For  lecture  purposes  it  is  well 
not  to  attempt  too  much.  The  tube  employed 
by  me  had  an  internal  diameter  of  14^  millim., 
and  there  was  no  difficulty  in  obtaining  sus- 
pension. The  experiment  on  the  effect  of 
ether-vapour  was  then  as  follows  : — The  inverted  tube,  with 
its  suspended  water,  being  held  in  a  clamp,  r  beaker  con- 
taining a  few  drops  of  ether  was  brought  up  from  below 
until  the  free  surface  of  the  water  was  in  contact  with  ether 
vapour.  The  lowering  of  tension,  which  follows  the  con- 
densation of  vapour,  is  then  strikingly  shown  by  the  sudden 
precipitation  of  the  water. 

Breath  Figures  and  their  Projection. 

These  figures  are  perhaps  most  readily  prepared  upon  the 
plan  described  in  Eiess's  '  Electricity.'  The  carefully  cleaned 
glass  plate  upon  which  the  image  is  to  be  received  is  placed 
upon  a  flat  metallic  slab,  and  upon  it  again  rests  the  coin  to  be 
copied,  for  example,  a  shilling.  The  two  conductors  form  the 
coatings  of  a  Leyden  jar,  and  are  connected  by  wires  to  the  dis- 
charging terminals  of  a  large  Wimshurst  machine,  the  latter 
being  set  ^  as  to  give  sparks  about  ^  inch  long.  In  my  ex- 
periments about  20  turns  of  the  handle  were  found  sufficient 
to  impress  the  latent  image. 

*  "  Sur  uu  cas  particulier  de  I'equilibre  des  liquides,"  Briuvelles,  Acad. 
Sci.  Mem.  xxvi.  1851 :  xxviii.  1854. 
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The  projection  of  the  figures,  developed  upon  the  glass  by 
breathing,  requires  a  special  arrangement,  which  it  is  the 
principal  object  of  this  note  to  describe.  For  this  purpose 
the  light  simply  transmitted  by  the  undinnned  parts  of  the 
plate  must  be  intercepted,  lea^-ing  the  image  to  be  formed  by 
the  light  diverted  from  its  path  by  the  condensed  breath.  The 
arrangement  was  as  follows  : — 

The  ordinary  condenser  B  (fig.  3)  of  the  electric  lantern 
was  stopped  down  to  an  aperture  of  |  inch,  and  provided  a 

Fig.  3. 


Af 


SCALE    40 

somewhat  divergent  beam  of  light  of  corresponding  diameter. 
At  a  distance  of  15^  inches  from  the  condenser  was  placed 
the  slide  C  upon  which  a  figure  had  been  impressed.  The 
focusing  lens  D  was  of  plate-glass,  G  inches  in  diameter 
and  25  inches  focus,  and  was  of  course  distant  from  the  breath 
figure  by  an  amount  slightly  exceeding  its  own  focal  length. 
Any  light  that  might  pass  outside  was  intercepted  by  a  suit- 
able mounting.  So  far  there  was  nothing  peculiar,  except  in 
respect  to  the  dimensions  of  the  focusing  lens.  But  now 
between  the  latter  and  the  screen  was  inserted  a  disk  E  of 
black  card  2  inches  in  diameter,  at  such  a  distance  (40  inches) 
from  the  lens  as  to  receive  a  well-defined  image  of  the  hot 
carbons  A.  By  this  disk  all  regularly  refracted  light  would 
be  stopped,  so  that  the  screen  would  appear  dark.  If, 
however,  any  part  of  the  prepared  glass  be  dimmed  by  the 
breath,  light  is  there  diverted  from  its  path,  and  thus  escaping 
the  stop  proceeds  to  form  an  image  of  the  part  in  question 
upon  the  screen.  The  dewed  parts  of  the  breath-figure  are 
accordingly  seen  bright  upon  a  dark  ground  ;  and  with  the 
arrangement  described,  in  w^hich  the  large  diameter  of  the 
focusing  lens  is  a  leading  feature,  the  projected  images  are 
very  beautiful.  A  similar  method  would  probably  be  adequate 
to  the  projection  of  smoke-jets. 

In  conclusion  I  may  mention  that  the  latent  images  can 
be  developed  in  a  more  durable  manner  by  a  deposit  of 
silver,  the  arrangements  being  such  as  are  adopted  for  the 
silvering  of  mirrors,  except  that  the  action  is  stopped  at  an 
earlier  stage.  The  washed  and  dried  deposit  may  then  be 
protected  from  mechanical  injury  by  a  coat  of  varnish. 

March  4, 1892. 
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XLI.    Wave  Propagation  of  Magnetism. 
By  John  Trowbridge  *. 

AT'ARIOUS  attompts  liave  been  made  to  discover  a  wave- 
propagation  of  niaonetism  along  bars  of  iron  or  around 
rings  of"  this  metal  f-  Tbe  ordinary  method  of  investigation 
has  been  to  subject  the  iron  to  alternating  currents  of  a  certain 
frequency,  and  to  search  for  nodes  along  the  extent  of  the  bar 
or  ring.  The  search  has  been  conducted  by  employing  small 
secondary  coils  of  wire  connected  ^vitll  a  ballistic  galvanometer 
or  with  telephones. 

I  have  lately  examined  this  question  with  a  new  instrument 
which  I  have  termed  a  phasemeter,  and  which  seems  to  me  to 
be  of  great  use  in  the  subject  of  alternating  currents.  It 
consists  of  an  application  of  Lissajous's  method  of  studying  the 
vibration  of  tuning-forks  to  two  telephones  which  take  the 
place  of  the  tuning-forks.  On  the  diaphragm  of  each  tele- 
phone is  affixed  a  mirror  ;  and  the  axes  of  the  telephones  are 
so  turned  that  the  excursions  of  a  spot  of  light,  reflected  from 
both  the  mirrors  of  the  telephones,  represent  the  figure  pro- 
duced bv  a  combination  of  two  motions  at  rioht  ano-les  to 
each  other.  In  the  telephone  which  I  have  employed,  the 
diaphragms  are  about  three  inches  in  diameter,  and  are 
clamped  delicately  around  the  edges  upon  their  support  by 
little  screw-clamps,  which  can  be  moved  about  until  the  dia- 
phragm vibrates  in  unison  with  the  alternating  currents  which 
are  em])loyed.  Professor  Eli  W.  Blake  ij:  has  described  a 
method  of  making  the  vibrations  of  a  telephone-diaphragm 
visible.  And  since  I  began  to  work  uj)on  this  subject 
M.  Wien§  has  described  an  instrument  which  he  terms  an 
optical  telephone,  which  he  employs  for  the  measurement  of 
alternating  currents.  In  his  method  a  stylus  connected  with 
the  centre  of  the  diaphragm  touches  a  light  mirror  which  is 
placed  upon  a  flexible  sup[)ort,  and  thus  the  motions  of  the 
dia])hragm  are  amplified.  Great  care  must  evidently  be  taken 
that  the  support  of  the  mirror  should  move  in  unison  with  the 
stylus  connected  with  the  diaphragm.  Professor  Blake's 
method  is  an  extremely  sensitive  one  :  for  my  purposes,  how- 
ever, I  have  found  the  method  of  clamping  the  diaphragm 
around  its  edges  at  suitable  points  sufficiently  sensitive,  and  I 

*  Communicated  by  the  Author. 

t  Dr.  Harold  Whiting,  Proe.  American  Academy  of  Arts  and  Sciences, 
p.  14  (1881);  Y.  T.  Trouton,  'Xatm-e,'  November  1891. 
X  American  Journal  of  Science,  vol.  xvi.  (1878). 
§  Ann.  der  Vhysih  und  Chnnie.  No.  Vl  (1891). 
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have  not  been  troubled  by  tlie  viln-ation  of  supports  or  dis- 
turbance? in  the  room  AvLere  the  instrument  \Yas  set  up.  The 
two  telephones  can  be  mounted  u])on  the  same  support,  and 
the  entire  instrument  can  be  comprised  in  a  box  a  foot  square. 
I  have  used  as  a  source  of  light  a  Welsbach  burner,  which 
consists  of  a  fine  gauze  of  zirconium  placed  in  the  flame  of 
a  Bunsen  burner.  A  tin  chinniey  provided  with  a  circular 
opening  of  about  -i  inch  in  diameter  is  placed  over  a  glass 
chimney  and  a  cylinder  of  writing-paper  over  the  tin  cylinder; 
a  pinhole  in  the  paper  at  the  centre  of  the  orifice  in  the  tin 
chimney  enables  one  to  obtain  a  point  of  light  on  a  light 
ground.  This  light  ground  diminishes  difFraction-etfects  and 
enables  one  to  see  the  cross  wires  of  an  observing-telescope 
or  microscope.  With  a  lime-light  or  electric  light  the  differ- 
ence of  phase  between  branch  circuits  and  main  circuits 
through  which  alternating  currents  are  pulsating  can  be 
shown  to  a  large  audience.  On  account  of  its  application  to 
the  study  of  difference  of  phase  in  magnetic  researches,  I  have 
termed  the  instrument  a  phasemeter.  It  is  evident  that 
it  can  be  nsed  to  study  the  nodal  lines  of  membranes  and 
plates  :  for  this  purpose  a  plate  or  membrane  provided  with 
a  mirror  might  be  placed  in  front  of  a  movable  magnet  con- 
taining at  its  end  a  coil  of  wire,  and  the  vibrations  of  any 
membrane  or  thin  plate  could  be  compared  with  those  of  the 
diaphragm  of  a  fixed  and  standard  telephone. 

I  have  also  employed  the  instrument  for  studying  differ- 
ences in  phase  between  branch  circuits.  That  there  are  such 
differences  of  phase  has  been  shown  by  Lord  Rayleigh  and 
others.  This  portion  of  my  investigation  I  reserve  for  a 
subsequent  paper. 

The  phasemeter  permits  of  the  study  of  the  eflfect  of  differ- 
ent qualities  of  iron  and  steel  in  increasing  the  self-induction 
of,  and  therefore  the  impedance  of,  branch  circuits  ;  and  it 
seems  to  me  can  be  made  of  great  use  in  the  study  of  alter- 
nating-current motors.  It  is  well  known  that  two  or  three 
electrodynamometers  must  be  employed  in  the  ordinary 
methods  of  determining  change  of  phase.  The  phasemeter 
can  be  quickly  employed  and  its  adjustments  are  extremely 
simple.  The  application  of  this  instrument  to  the  question 
of  magnetic  waves  is  the  subject  of  this  paper.  I  have 
employed  it  both  on  rings  and  straight  bars,  laminated  and 
solid.  The  ring  I  employed  was  3  feet  in  diameter,  and  the 
diameter  of  its  cross  section  was  i  inch.  Two  large  coils  of 
coarse  wive  were  slipped  upon  the  ring,  through  which  an 
alternating  current  could  be  passed.  These  coils  could  be 
separated  or  joined  together,  and  by  a  commutator  opposite 
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poles  or  poles  of  the  same  name  could  Le  opposed.  Two 
small  coils  of  fine  wire  were  also  slipped  upon  the  ring  ;  each 
of  these  small  coils  was  connected  with  a  tele])hone.  The 
diaphragm  of  one  telephone  gave  a  horizontal  line  of  light, 
and  the  diaphragm  of  the  other  a  vertical  line,  the  combina- 
tion of  the  two  amplitudes  giving  a  straight  line,  an  ellipse,  or 
a  circle. 

On  placing  one  of  the  small  coils  at  a  fixed  point  on  the 
ring  on  one  side  of  one  of  the  large  coils  and  the  other  small 
coil  between  the  two  large  coils,  I  examined  the  distribution 
of  magnetism  between  the  coils  when  the  same  poles  or  oppo- 
site poles  were  opposed  to  each  other.  A  preliminary  experi- 
ment in  which  the  two  small  fine  coils  were  on  the  same  side 
of  one  of  the  large  coils  gave  me  no  indication  of  nodes,  or 
change  of  phase. 

When,  however,  one  coil  was  placed  in  the  manner  1  have 
described  between  the  two  coils,  and  one  on  the  opposite  side 
of  either  of  the  coils,  the  following  phenomena,  which  are 
sufficiently  obvious,  were  observed.  With  a  current  of  2500 
alternations  per  minute,  an  ellipse  was  seen  in  the  phasemeter 
when  the  coils  were  at  an  equal  distance  from  the  ends  of 
either  of  the  large  coils.  When  poles  ot  the  same  name  were 
opposed  to  (nich  other,  this  ellipse  changed  from  an  ellipse 
with  its  major  axis  inclined  to  the  right  to  an  ellipse  with 
this  axis  inclined  to  the  left  or  the  reverse,  thus  indicating  a 
dilFerence  of  phase  of  180°. 

At  the  central  point  on  the  iron  between  the  two  poles  of 
the  same  name,  the  small  coil  placed  there  indicated  no  lines 
of  force  threaded  through  it,  and  consequently  the  telephone 
connected  with  this  coil  gave  no  amplitude,  and  a  line  of  light 
either  horizontal  or  vertical  was  given  by  the  other  telephone. 
When  poles  produced  by  the  current  in  the  large  coils  were 
of  opposite  sign,  there  was  no  appreciable  change  of  phase 
produced  by  moving  one  of  the  small  coils  on  the  iron  between 
these  poles;  only  the  amplitude  of  the  diaphragm  of  the  tele- 
phone connected  with  it  changed. 

The  reason  of  the  change  of  phase  in  the  first  case  is 
obvious.  In  the  case  of  two  poles  of  the  same  sign  which  are 
opposed,  the  lines  of  force  are  threaded  through  the  coil  in 
one  direction  on  one  side  of  the  middle  point  of  the  iron 
between  the  coils,  and  in  the  opposite  direction  on  the  other 
side  of  this  middle  ])oint.  With  poles  of  opposite  sign 
ojiposed,  the  lines  of  force  are  threaded  in  the  same  direction 
in  whichever  way  the  small  coil  is  moved  between  tlies(i  poles. 
The  same  phenomena  can  be  observed  on  straight  bars.  An 
interesting  manner  of  showing  the  change  of  phase  produced 
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bv  the  opposition  of  ]iolos  of  the  same  or  contrary  sign,  is  to 
place  one  of  the  small  coils  on  the  core  of  a  large  coil,  at  one 
end  of  this  latter  coil,  and  to  place  the  other  small  coil  on  a 
small  roil  of  iron  or  steel,  and  to  bring  this  rod  with  its  coil 
near  one  end  of  the  core  of  the  large  coil  and  afterwards  to 
the  other  end.  The  change  of  phase  of  the  ellipses  is  readily 
shown,  and  is  evidently  due  to  the  threading  of  the  lines  of 
force  by  induction  through  the  small  coils  in  the  same  or  in 
opposite  directions. 

If  an  incandescent  lamp  of  about  one-candle  power  is 
connected  with  one  of  the  small  coils,  and  the  coil  is  placed  on 
the  iron  ring  between  poles  of  the  same  name,  the  lamp  will 
not  glow  ;  but  on  changing  the  poles  so  that  two  of  opposite 
sign  shall  be  opposed,  the  lamp  immediately  glows.  This 
point,  however,  cannot  be  called  a  true  nodal  point,  and  I 
failed  to  find  any  other.  Although  it  is  probably  true  that 
the  most  distant  molecule  of  the  iron  quivered  under  the 
periodic  alternations  of  magnetism  to  which  it  was  subjected, 
yet  there  was  no  wave-motion  along  the  iron  ring.  Just  as 
a  distant  molecule  might  have  responded  quickly  to  the  first 
application  of  heat  to  the  ring,  there  is  no  true  wave-motion 
in  the  propagation  of  thii  heat.  It  seems  to  me  that  the  pro- 
pagation of  magnetic  disturbances  produced  by  forced  oscilla- 
tions on  iron  bars  is  closely  analogous  to  the  propagation  of 
heat  over  these  bars,  and  that  each  molecule  of  the  iron  swings 
under  the  directive  moment  of  the  magnetic  field  somewhat 
like  a  pendulum  in  molasses. 

Instead  of  the  formula 


we 


have 


cl~u      ,  dn       „       T^ 
^+/.-^+,.^u  =  Ecos;.f, 


cPit,        ,  da        .-,       „ 


The  curve  of  distribution  of  magnetism  on  the  ring  can  be 
made  to  agree  closely  with  an  exponential  form,  which  is 
evidently  the  solution  of  the  second  of  the  above  equations. 

The  projection  of  the  ellipses  on  a  screen  makes  a  very 
interesting  lecture-experiment. 

To  ascertain  whether  changes  of  phase  could  be  detected 
between  the  inner  portions  of  a  thick  iron  core  subjected  to 
alternating  magnetic  impulses  and  the  outside  of  tliis  core,  I 
placed  one  of  the  coils  of  the  phasemeter  in  a  channel  wliich 
was  turned  about  the  centre  of  a  core  of  iron,  the  diameter  of 
the  curve  being   2^   inches.      Another  coil  with  its  centre 
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coinciding  with  the  centre  of  the  imbedded  coil  was  slipped 
on  the  outside  of  the  core :  no  chiin<res  of  })hase  could  be 
observed  between  the  inner  portions  of  the  iron  core  and  the 
outside  portions.  When  an  armature  was  placed  over  the 
imbedded  coil,  thus  completely  closing  it  in  iron,  hardly  any 
lines  of  force  were  threaded  through  it.  They  were  diverted 
to  the  surface  of  the  iron  core.  Here  we  had  the  case  of 
Thomson^s  marine  galvanometer,  and  the  amplitude  shown  by 
the  telephone-diaphragm  connected  with  the  imbedded  coil 
was  reduced  to  almost  nothing.  When,  however,  the  arma- 
ture which  extended  over  the  entire  cross  section  of  the  core 
was  removed  and  an  armature  was  employed  which  extended 
the  iron  which  passed  through  the  centre  of  the  imbedded 
coil  beyond  the  limits  of  the  ends  of  the  thick  core,  the  lines 
of  mao'netic  force  were  brouoht  down  from  the  surface  of  the 
iron  and  made  to  thread  themselves  through  the  imbedded 
coil.  Properly  chosen  armatures  can  be  made  to  closely 
resemble  arrangements  of  lenses,  bringing  magnetic  lines  into 
bundles  or  s])reading  them.  An  incandescent  lamp  can  thus 
be  made  to  glow  when  it  is  connected  with  a  coil  imbedded  in 
iron,  by  diverting  the  lines  of  magnetic  induction  through  it 
with  suitable  armatures.  To  illustrate  the  distribution  of  the 
lines  of  force  about  an  electromagnet^  one  can  employ  the 
phasemeter  to  advantage.  By  reducing  the  diameter  of  the 
iron  ring  on  which  the  coils  I  have  described  are  slipped,  so 
that  a  sufficient  number  of  lines  of  force  are  threaded  from  the 
north  pole  to  the  south  pole  of  one  of  the  large  coils,  one  can 
show  that  an  incandescent  lamp  can  be  lighted  even  when  it 
is  outside  the  coil  in  a  plane  perpendicular  to  the  axis  of  one 
of  the  large  coils  and  passing  through  its  centre.  It  is 
evident  that  there  would  be  no  induction  through  the  coil  if 
the  iron  did  not  make  a  magnetic  circuit. 

The  experiments  I  have  described  were  conducted  with  an 
alternating  machine  giving  currents  of  the  period  of  2500  to 
5000  a  minute.  Doubling  the  rate  of  alternation  only  pro- 
duced changes  in  am})litude. 

Dr.  Harold  Whiting,  in  the  paper  I  have  cited,  could  find 
no  true  nodes  in  the  propagation  of  magnetism  along  bars, 
and  my  instrument  also  shows  none  ;  and  my  conclusion  is 
that  which  I  have  already  given,  namely  that  the  propagation 
of  magnetic  induction  in  iron  and  steel  is  expressed  by  the 
equation  of  motion  of  molecular  magnets  in  a  resisting  medium 
rather  than  by  the  equation  of  a  wave-motion. 

Jefferson  Physical  Laboratory, 
Cambridge,  Mass.,  U.S. 
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XLII.  I^ote  on  the  Selective  Absorption  of  Light  hij  Optical 
Glass  and  Calc-spar.  Bij  Edward  L.  Nichols  and 
Benjamin  "W.  Snow*. 

IN  the  course  of  some  recent  experiments  ■\,  tlie  authors 
had  occasion  to  measure  the  absorption  whicli  the  rays 
from  an  incandescent  hxmp  suffered  in  passing  through  a  lens 
and  a  pair  of  Nicol's  prisms.'  A  number  of  observations 
upon  the  absorption  of  light  by  lenses  have  already  been 
published,  but  they  deal  for  the  most  part  with  the  total 
absorption.  Yierordt  %,  however,  and  very  recently  Kruess§, 
have  measured  the  amount  of  absorption  that  takes  place  in 
each  region  of  the  visible  spectrum,  and  Abney  and  Festing  || 
have  shown  that  such  absor[)tion  may  introduce  very  im- 
])ortant  errors  into  colour  photometr}-. 

For  the  details  of  the  method  by  means  of  which  the 
selective  absorption  in  glass  and  calcite  was  determined,  we 
must  refer  the  reader  to  the  article  already  cited.  The  lens 
and  prism  in  question  were  mounted  before  the  slit  of  a 
spectrophotometer  under  conditions  which  made  it  possible 
to  compare  the  light  from  a  glow  lamp  with  rays  from  the 
same  lamp  after  passage  through  the  lens,  or  through  both 
lens  and  prisms.  In  every  other  respect  the  two  sets  of  rays 
under  comparison  were  subjected  to  precisely  the  same 
treatment,  in  their  path  from  the  lamp  to  the  eye  of  the 
oljserver.  Any  differences  in  the  character  of  their  spectra 
were  ascribable,  therefore,  to  losses  incurred  in  traversing 
the  lens,  on  the  one  hand,  or  to  the  combined  action  of  the 
glass  and  the  calcite  on  the  other.  No  attempt  was  made  to 
distinguish  between  losses  due  to  absorption  and  those 
resulting  from  reflexion  at  the  various  surfaces. 

In  presenting  our  results,  light  of  the  region  of  the  D  line 
(X  =  ,5890)  is  taken  as  a  standard  of  reference.  The  amount 
of  light  of  this  wave-length,  transmitted  by  the  lens,  or  by 
the  Nicol's  prisms,  respectively,  is  taken  as  unity,  and  the 
relative  proportions  of  light  of  other  wave-lenguhs  trans- 
mitted are  given  in  terms  of  that  quantity.  This  method 
expicsses   the   character   of  the   change.      The  results  are 

*  Communicated  by  the  Authors, 
t  Phil.  Mag.,  vol.  xxxii.  p.  40G. 
X  Die  quantitative  Spectralanalyse,  1876,  p.  11.3. 
§  Gerhard  und  Hugo  Kreiiss  ;  Kolorimetrie,  1891,  p.  252. 
II  "  Coloui-  Photometry,"  1888,  Philosophical  Transactions,  vol.  clxxix. 
p.  549. 
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merely  relative.  Expressed  graphically,  the  curve  of  a 
substance  the  absorbing  power  of  which  is  not  selective  is  a 
horizontal  line,  with  ordinate  equal  to  unity. 

Figure  showing  selective  absorption  : — (A)  by  a  glass  lens ; 
(B)  by  a  pair  of  Nicol's  prisms. 
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Tables  I.  and  II.  show  the  selective  transmission  in  glass 
and  calcite,  respectively,  expressed  in  the  manner  already 
indicated.  Curs'es  A  and  B  of  the  accompanying  figure 
})resent  the  data  of  the  tables  in  graphic  form.  Abscissae 
are  wave-lengths  and  ordinates  represent  amounts  of  light 
transmitted. 
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Table  I. 
Selective  transmission  of  light  by  a  lens. 


Transparency  for  each  wave-length 

Wave-lengths. 

in  terms  of  that  of  the  regrion  of  the 

DUne. 

\=-7530/u. 

1-059 

■^Mo^') 

1-046 

•6080 

1-015 

•5570 

0^964 

•5185 

0^906 

•4920 

0-867 

•4685 

0^826 

•4500 

0-812 

•4340 

0-777 

•4250 

0-750 

Table  II. 
Selective  tninsmission  of  light  by  a  pair  of  Nicol's  prisms. 


Transparency  for  each  wave-length 

k'^ave-lengths. 

in  terms 
D  line. 

of  that  of  the  region  of  the 

X,=  -75o0jw> 

1^006 

•6685 

1-003 

-6080 

1-001 

•5570 

0-995 

•5185 

0-977 

•4920 

0-913 

•4685 

0-844 

•4500 

0-736 

•4340 

0-617 

•4250 

0-500 

The  lens  referred  to  in  Table  I.  is  made  of  ordinary  white 
crown  glass  (refractive  index  1-549).  It  consists  of  two 
simple  plano-convex  lenses,  the  added  mean  thickness  of  the 
two  being  about  2  cm. 

The  Nicol's  prisms  were  of  the  usual  form,  their  thickness, 
measured  in  the  direction  of  the  path  of  the  ray,  being  about 
50  mm. 

It  will  be  seen  that  the  glass  of  which  the  lens  was 
constructed  although  not  more  strongly  coloured  than  most 
optical  glass,  the  tint  being  (|uite  unnoticeable  to  the  unaided 
eye,  at  least  when  seen  through  in  the  direction  of  the  optical 
axis,  is  far  from  being  colourless.  The  selective  absorption 
begins  to  show  itself  in  the  red  and  the  transparency  falls  off 
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steadily  throughout  the  spectrum,  the  transparency  for  the 
region  beyond  tlie  G  line  being  only  three  fourths  as  great  as 
that  for  rod  light. 

In  the  case  of  the  Nicol's  prisms,  however,  the  transparency 
throughout  the  red  and  yellow  is  quite  uniform,  diminishing 
less  than  one  per  cent,  between  the  A  line  and  the  D  line. 

In  the  blue  and  violet,  on  the  other  hand,  absorption 
appears  to  be  relatively  more  marked  in  calcite  than  in  glass. 

Physical  Laboratory  of  Cornell  University, 
Ithaca,  New  York,  June  1,  1891. 
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Guide  through  the  Collection  of  Building-materials  in  the  Imperial 
Natural-historg  Museum  at  Vienna.  [Fiihrer  durcli  die  Bauma- 
terial-Sammluug,  &c.]  Bg  Felix  Kaeeee,  tSmall  8a'o.  355 
pages,  with  numerous  plates.     Lechner  ;  Vienna. 

T\n.  AEISTIDES  BEEZINA,  Director  of  the  Mineralogical 
-*~^  Department  of  the  Museum,  gives  a  short  Preface,  noticing 
the  histo  y  o2  this  special  collection,  giving  due  credit  to  those  who 
have  helped  in  the  work,  aud  especially  acknowledging  the  industry 
ana  acumen  of  F.  Kaebek  in  perfecting  this  extensive  aud  useful 
Collectiou.  An  Introduction  gives  (1st)  a  general  account  of  the 
collection  and  of  the  method  followed  in  its  arrangement  and  in  the 
Guide-book  :  (2nd)  brief  notices  of  the  characteristics  of  the  most 
common  and  useful  rock-materials:  (3rd)  the  geological  order  of 
the  rocks  and  strata :  (4th)  a  Bibliography  of  memoirs  and  books 
on  constructive  materials,  in  chronological  order  from  1831. 

In  the  body  of  the  Mork  the  main  arrangement  is  geographical ; 
and  a  city  or  town  in  each  division,  in  many  cases  supplying  one 
or  more  chief  buildings  (of  which  there  are  foi'ty  "  phototypes  "), 
has  a  detailed  account  of  the  nature  and  sources  of  the  various 
building-materials  used  in  these  constructions  ;  and  its  paving- 
stones  and  road-metal  are  also  carefully  noted.  Thus  Vienna, 
Linz,  Salzburg,  Innsbruck,  Bregenz,  Graz,  Klagenfurt,  Laibach, 
Gorz,  Triest,  Parenzo,  Zara,  Prague,  Briinn,  Troppau,  Lemberg, 
Cracow,  Czernowitz,  Budapest,  Hermann stadt,  Ivlausenberg,  aud 
Agram,  give  full  opportunities  for  detailing  the  particulars  of  the 
building-stones,  decorative  stones,  sand,  lime,  hydraulic  cement, 
plaster,  bricks,  roofing-stone,  &:c.,  locally  used  in  Austria-Hungary. 
Of  foreign  countries  large  and  well-known  buildings  at  Cologne, 
Eegensburg,  Strassburg,  Niirnberg,  Dresden,  Eome,  Milan,  Paris, 
Brussels,  and  Schaerbeck  are  illustrated ;  and  the  materials  used  in 
them  aud  in  other  buildings,  as  well  as  in  streets  and  roads,  are 
enumerated  according  to  the  many  examples  in  the  Museum. 
Shorter,  but  useful,  notices  of  the  building-materials  in  the  ]Museum 
from   England,   Norway,   Eussia,    Switzerlaud,    Spain,   Portugal, 
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Greece,  United  States  of  America,  some  parts  of  Asia,  Algeria, 
Tunis,  and  Egypt  are  also  given. 

This  work  is  an  excellent  model  for  what  might  be  done  with 
advantage  by  geologists  and  architects  in  other  countries :  indeed 
Dr.  Karrer  intimates  that  England  in  particular  could  produce,  and 
decidedly  requires,  sucli  a  (xuide-book,  having  reference  to  the 
local  museums.,  quarries,  and  great  buildings,  whether  public  or 
private  works. 

The  exquisitely  neat  and  truthful  reproductions  of  the  many 
architectural  photographs  used  in  illustrating  this  Guide-book 
greatly  enhance  its  value  both  for  tbe  general  reader  and  the  con- 
noisseur of  stone-work.  A  long  list  of  corrections  is  supplied ; 
and  a  very  full  and  useful  Index  of  things,  places,  and  names 
occupies  the  last  fifty  pages. 

Dytuxmics  of  Rotation.     By  A.  M.  Woethington,  M.A.,  F.R.A.S. 

London :  Longmans,  1892. 
Ix  the  ordinary  text-books  of  Elementary  Mechanics  and  Dynamics 
of  a  Particle  the  subject  of  rotational  motion  is,  as  a  rule,  treated 
with  extreme  brevity,  and  is  sometimes  entirely  neglected.  Con- 
sequently a  student  who  has  made  himself  quite  conversant  with 
the  principal  facts  relating  to  motion  of  translation  often  meets 
uith  great  dilheulties  on  commencing  a  course  of  Rigid  Dynamics, 
arising  mainly  from  his  want  of  familiarity  with  the  properties  of 
couples  and  the  phenomena  presented  by  a  spinning  body.  In 
addition  to  this  the  examples  and  problems  in  treatises  on  Rigid 
Dynamics  usually  involve  morion  in  three  dimensions,  and  a  know- 
ledge of  solid  geometry  is  requii'ed  for  their  solution.  The  aim  of 
the  present  book  is  to  introduce  the  student  a  little  more  gradually 
into  the  intricacies  of  the  subject  of  rotation,  by  confining  his 
attention  at  first  to  problems  involving  motion  about  a  single  fixed 
axis.  The  laws  of  such  motion  lead  up  to  the  definition  of  a 
moment  of  inertia,  and  a  considerable  portion  of  the  book  is 
devoted  to  the  methods  of  finding  moments  of  inertia  and  the 
various  theorems  respecting  them.  The  subject  of  oscillations 
then  comes  in  for  a  share  of  attention,  after  which  the  laws  of 
conservation  of  angular  momentum  and  of  the  independence  of 
translation  and  rotation  are  enunciated  and  applied.  The  book 
concludes  ^^•ith  an  interesting  chapter  on  the  phenomena  of  pre- 
cession. The  aim  of  the  author  has  been  throughout  to  treat  the 
subject  from  a  physical  rather  than  a  mathematical  standpoint ; 
and  wherever  possible  he  has  appealed  to  experiment  to  illustrate 
and  confirm  the  mathematical  investigations.  We  learn  from  the 
preface  that  the  book  is  intended  for  those  students  of  Engineering 
or  Physics  who  have  not  a  sufficient  knowledge  of  mathematics  to 
enable  them  to  follow  the  works  of  mathematical  writers  on  Rigid 
Dynamics.  For  such  it  should  prove  useful,  but  it  will  be  of  some 
service  also  to  the  mathematical  reader,  by  giving  him  clearer  ideas 
as  to  the  physical  meaning  of  the  equations  which  he  uses. 

James  L.  Howaed. 
2D2 
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December  9,  1891.— Sir  Archibald  Geikie,  D.Sc,  LL.D.,  F.R.S., 
President,  in  the  Chair. 

^PHE  following  communications  were  read  : — 
-*-         I.  "  On   the  llocks    mapped  as    Cambrian  in  Caernarvon- 
shire."    By  the  Rev.  J.  F.  Blake,  M.A.,  F.G.S. 

In  this  paper  the  following  is  given  as  a  definite  succession  in  the 
Cambrian  series: — 1.  Pale  Slates;  2.  Upper  Purple  Slates;  3.  St. 
Ann's  Grit ;  4.  Lower  Purple  Slates  ;  5.  Phiw-wn  Grit ;  6.  Hard 
banded  Pale  Slates  and  HiiUeflintas ;  7.  Bangor  Conglomerate ; 
8.  Hard  banded  Pale  Slates  and  Halletlintas  ;  9.  Bangor  Breccia ; 
10.  Blue  banded  laminated  Grits;  11.  Tairffynnon  Conglomerate; 
12.  Blue  banded  laminated  Grits ;  13.  Brithdir  quartz-felsite  Grit. 

The  general  succession  is  argued  to  be  the  same  in  the  isolated 
portion  east  and  south  of  Bangor  as  in  the  main  mass.  The  existence 
or  otherwise  of  a  base  on  the  mainland  is  considered  to  depend  on 
the  age  assigned  to  the  Dinorwic  felsite,  and  the  presence  of  the 
summit-beds  to  depend  on  whether  the  Bronllwyd  Grit  (stated  to 
belong  to  the  overlying  group)  rests  conformably  or  unconformably 
on  the  Cambrian  rocks. 

It  is  argued  that  the  rocks  to  the  west  of  the  Llyn  Padarn  felsite 
belong  to  the  lower  part  of  the  series  and  those  to  the  east  to  the 
upper,  and  that  the  felsite  is  a  volcanic  complex  belonging  to  the 
middle  of  the  Cambrian  period. 

A  post-Cambrian  age  is  assigned  to  the  conglomerates  of  Moel 
Tryfan  and  Llyn  Padarn,  thus  causing  the  break  at  the  base  of  the 
Silurian  system  to  assume  an  increased  importance. 

2.  "  The  Subterranean  Denudation  of  the  Glacial  Drift,  a  probable 
cause  of  submerged  Peat  and  Forest-beds."  Bv  W.  Shone,  Esq., 
F.G.S. 

A  description  is  given  of  a  section  at  Upton,  Chester,  where 
Boulder  Clay  rests  upon  "  mid-glacial  sands."  The  Boulder  Clay 
sinks  to  a  lower  level  in  the  small  valleys  which  are  cut  through 
into  the  sands ;  and  the  author  suj)poses  that  this  is  due  to  the 
subterranean  denudation  of  the  sands,  which  would  be  greatest  near 
the  valleys,  and  become  less  at  a  distance  from  them.  He  con- 
siders such  denudation  is  capable  of  producing  submerged  peat  and 
forestr-beds,  and  accounts  for  the  splitting  of  peat-beds,  as  described 
by  Mr.  G.  H.  Morton,  by  a  somewhat  similar  action,  which  he 
believes  may  have  also  operated  in  Carboniferous  times,  causing  the 
splitting  of  coal-seams. 
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3.  "  High-Levcl  Glacial  Gravels,  Gloppa,  Cyrn-y-bwch,  near 
Oswestry."'  By  A.  C.  Nicholson,  Esq.  Communicated  by  W. 
Shone,  Esq.,  F.G.8. 

These  gravels  are  found  at  Gloppa,  and  arc  situated  at  a  height 
of  from  900  to  1160  feet  above  sea-level,  on  the  eastern  slope  of  a 
ridge  of  Millstone  Grit  which  forms  the  western  border  of  the 
Cheshire  and  Shropshire  plain. 

The  beds  present  the  appearance  of  having  been  abruptly  cut  off 
on  the  north-eastern  slope.  The  gravels  are  in  places  much  contorted, 
and  false-bedding  is  frequent.  They  contain  numerous  striated 
erratics.  Amongst  the  boulders  arc  Silurian  grits  and  argiUites, 
granites  like  those  of  Eskdale,  Criffel,  &c.,  Carboniferous  rocks.  Lias 
shale,  and  Chalk  flints.  The  shells  are  often  broken,  roUed,  and 
striated,  but  the  bulk  of  them  are  in  fairly  good  condition. 

A  list  of  the  shells  is  given,  including  nine  Arctic  and  Scandina- 
vian forms  not  now  living  in  British  Seas,  nine  northern  types,  also 
found  in  British  seas,  two  southern  types,  and  nearly  fifty  species 
of  ordinary  British  forms.  Comparative  lists  of  the  shells  of  Aloel 
Tryfan  and  of  those  now  living  in  Liverpool  Bay  are  placed  side  by 
side  with  the  list  of  shells  from  Gloppa. 

December  23.— W.  H.  Hudleston,  Esq.,  M.A.,  F.R.S., 

Vice-President,  in  the  Chair. 

The  following  communications  were  read  : — 

1.  "On  Part  of  the  Pelvis  of  PoZacaHi^iMS."  Bv  R.  Lydekker, 
Esq.,  B.A.,  F.G.S. 

2.  "  On  the  Gravels  on  the  South  of  the  Thames  from  Guildford 
to  Newbury."     By  Horace  AV.  Monckton,  Esq.,  F.G.S. 

The  author  stated  that  the  greater  part  of  the  hill-gravel  in  the 
district  referred  to  belonged  to  the  Southern  Drift  of  Prof.  Prestwich, 
and  that  the  vaUo5--gravels  for  the  most  part  consisted  of  material 
derived  from  the  Southern  Drift.  Small  patches  of  Westleton  Shingle 
and  Glacial  Gravel  occurred  near  Beading  and  Twyford. 

He  divided  the  Southern  Drift  into  three  classes  : — 

1.  Upper  Hale  type,  characterized  by  the  abundance  of  small 
quartz  pebbles  and  the  scarcity  of  chert. 

2.  Chobham  Eidges  type,  with  abundance  both  of  small  quartz 
pebbles  and  chert. 

3.  Silchester  type ;  quartz  scarce,  and  chert  very  rare  or  alto- 
gether absent. 

He  described  the  localities  at  which  these  types  occurred  and  their 
limits  of  distribution,  and  then  referred  to  the  Glacial  Gravels  of  the 
Tilehurst  plateau,  which  he  believed  to  have  been  deposited  before 
the  excavation  of  the  valley  of  the  Thames  between  Beading  and 
Goring. 

The  author  then  dealt  with  the  valley-gravels,  which  lie  believed 
to  be  mainly  derived  from  the  hill-gravels  of  the  immediate  neigh- 
bourhood, and  showed  how  the   various  types  of  hill-gravel  had 
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contributed  materials  for  the  vallej'-gravels.  He  explained  that, 
with  tlie  possible  exception  of  the  Westleton  Shingle,  he  entirely 
rejected  the  theory  of  marine  action  in  connexion  with  the  formation 
of  these  gravels,  and  thought  that  the  Glacial  Gravels  were  probably 
for  the  most  part  duo  to  floods  during  melting  of  large  quantities  of 
ice.  The  remaining  gravels,  he  believed,  had  been  spread  out  by 
water  in  valleys  ;  as  denudation  proceeded,  the  gravel,  by  pro- 
tecting the  ground  upon  which  it  lay,  came  to  stand  out  as  the 
capping  of  the  plateaux  and  hills ;  as  the  gravel  itself  was 
denuded,  the  materials  were  carried  to  lower  levels,  forming  new 
gravels ;  and  this  process  has  been  repeated  up  to  the  present 
time.  He  explained  that  Prof.  Eupert  Jones  and  Dr.  Irving  had 
already  adopted  this  theory  in  part,  but  that  ho  differed  from  them 
in  the  entire  exclusion  of  marine  action. 

3.  "The  Bagshot  Beds  of  Bagshot  Heath."  By  Horace  W. 
Monckton,  Esq.,  F.G.S. 

The  author  stated  that  certain  changes  in  the  classification  of  the 
Bagshot  Beds  had  recently  been  proposed,  and  he  gave  reasons  for 
preferring  that  at  present  in  use,  which  was  originally  proposed  by 
Prof.  Prestwich  in  1847,  viz.  a  threefold  division  into  Upper,  Middle, 
and  Lower  Bagshot. 

He  then  argued  against  the  theory  that  the  Upper  and  Middle 
Bagshot  Beds  overlap  the  Lower  Bagshot  on  the  north-western  side 
of  the  Bagshot  district,  as  had  been  suggested  by  Dr.  A.  Irving ; 
and,  dealing  with  the  various  localities  where  Upper  Bagshot  had 
been  alleged  to  exist  resting  on  Lower  Bagshot  or  on  London  Clay, 
he  contended  that  in  every  case  the  evidence  in  favour  of  Upper 
Bagshot  age  broke  down  on  examination. 

January  G,  1892.— W.  H.  Hudlcston,  Esq.,  M.A.,  F.R.S., 
Yice-President,  in  the  Chair. 

The  following  communications  were  read : — 

1.  "On  a  new  Form  of  Af/elacnniies  {Lepidodisms  MiJIeri,  n.  sp.) 
from  the  Lower  Carboniferous  Limestone  of  Cumberland.''  By  G. 
Hharman,  Esq.,  and  E.  T.  Newton,  Esq.,  F.G.S. 

2.  "The  Geology  of  Barbados. — Part  II.  The  Oceanic  Deposits."' 
By  A.  J.  Jukes-Browne,  Esq.,  B.A.,  F.G.S.,  and  Prof.  J.  B.  Harrison, 
M.A.,  F.G.S. 

The  Oceanic  deposits  rest  uneonformably  on  the  Scotland  Series, 
with  which  they  contrast  strongly  in  every  respect.  They  are  divi- 
sible into  five  portions  : — 

1.  Grey  and  buff  calcareous  marls  (Foraminiferal). 

2.  Fine-grained  red  and  yellow  argillaceous  earths. 

3.  Pulverulent  chalky  earths  (Foraminiferal). 

4.  Siliceous  earths  (lladiolarian). 

5.  Caleareo-siliceous  and  chalky  earths  (Foraminiferal). 

The  whole  series  is  more  calcareous  in  the  northern  than  in  the 
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southern  part  of  the  island,  and  layers  of  volcanic  dust  occur  in  it 
at  various  horizons.  There  is  everywhere  a  passage  from  the  more 
siliceous  to  the  more  calcareous  earths. 

From  the  palirontological  and  lithological  evidence  the  authors 
conclude  that  the  depth  of  water  in  which  the  Oceanic  beds  were 
deposited  varied  between  TOGO  and  2.")U(>  fathoms.  The  micro- 
scopical and  chemical  evidence  shows  that  the  Kadiolarian  earths  are 
similar  to  modern  Hadiolarian  ooze  ;  that  the  calcareo-siliceous  earths 
are  similar  to  what  is  called  by  Prof,  ffaeckel  "mixed  lladiolarian 
ooze '' ;  that  some  of  the  Eoraminiferal  earths  are  comparable 
to  Glohityeriita-oozo  from  1000  fathoms,  and  that  others  greatly 
resemble  European  Chalk ;  and,  finally,  that  the  coloured  clays 
bear  a  strong  resemblance  to  the  so-called  "  red  clays  "  of  modern 
oceanic  areas.  Hence  the  raised  Oceanic  deposits  of  Barbados  seem 
to  present  us  with  an  epitome  of  the  various  kinds  of  deposits 
which  are  found  on  the  floors  of  warm  seas  at  the  present  day. 
Equivalent  deposits  are  known  in  Trinidad  and  Jamaica ;  and 
it  is  inferred  by  the  authors  that  the  whole  Central  American  and 
Caribbean  region  was  deeply  submerged  during  the  Pliocene  period, 
leaving  free  communication  at  that  time  between  the  Atlantic  and 
Pacific  Oceans. 

An  Appendix  by  Mr.  W.  Hill  treats  of  the  minute  structure  of 
the  Oceanic  earths  and  limestones  and  of  the  Foraminiferal  muds 
and  detrital  earths ;  and  this  is  supplemented  by  a  Report  from 
Miss  Paisin  on  the  inorganic  material  of  certain  Barbados  rocks. 

3.  "  Archceopneustes  ahruptiis,  a  new  Genus  and  Species  of 
Echinoid  from  the  Oceanic  Series  in  Barbados."  By  J.  W.  Gregory, 
Esq.,  B.Sc,  F.G.S. 


XLV.  Intelligence  and  Miscellaneous  Articles. 

ON  THE  INTENSITY  OF  THE  RADIATION  OF  GAS  UNDER  THE 
INFLUENCE  OF  THE  ELECTRICAL  DISCHARGE.  PRELIMINARY 
NOTICE  BY  K.  ANGSTROM  *. 

I.  T^HE  interesting  phenomena  which  accompany  electrical  dis- 
-'-  charge  through  rarefied  gases,  although  still  for  the  most 
part  unexplained,  ha\e  of  late  been  repeatedly  investigated  both  in 
the  optical  and  in  the  electrical  direction.  The  quantitative  relation 
between  the  optical  and  the  electrical  phenomena  has,  however,  been 
but  little  studied.  Xow  it  is  only  by  a  more  perfect  knowledge  of 
this  relationship  that  we  may  hope  to  understand  and  explain  the 
origin  and  the  nature  of  the  radiation  which  we  observe  in  Geissler's 
tubes,  as  also  the  part  whicli  electricity  plays  in  those  remarkable 
phenomena. 

Calorimetrical  researches  on  the  development  of  heat  in  Geissler's 

*  Translated  from  a    separate  impression  communicated  by  the  Author. 
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tubes  have  been  made  by  E.  Wiedemann  (Wied.  Annalen,  vol.  vi. 
p.  298,  1879,  and  vol.  x.  p.  202,  1880),  and  by  M.  Xasselberg 
{^Mcm.  de  VAcad.  Imp.  des  sciences  de  St.  Pctershoimf,  vol.  vi.  Xo.  1, 
1879).  M.  G.  Staub  further  has  recently  {Inawjaral  dissertation, 
2nd  part,  Zurich,  1^90)  made  some  experimentson  the  development 
of  heat  in  the  discharge  of  Leyden  jars  through  Geissler's  tubes 
filled  with  air  and  hydrogen  :  he  has  at  the  same  time  attempted  to 
determine  the  ratio  of  the  obscure  to  the  luminous  radiation. 
With  this  view  he  enclosed  the  tube  in  a  Bunsen's  ice-calorimeter, 
where  the  tube  and  the  calorimeter  successively  transmitted  or 
absorbed  the  luiuiuoiis  radiation ;  in  the  latter  case  the  tube  was 
blackened. 

Not  only  the  total  energy  absorbed  by  the  gas  and  that  radiated 
have  been  measured  in  these  experiments,  but  also  the  energy 
received  directly  from  the  sides  of  the  tubes,  and  which 
they  chauged  into  heat.  However  valuable  these  researches 
may  have  been,  they  do  not  give  a  direct  answer  to  the  question  of 
the  radiation  of  the  gas  under  the  action  of  the  electric  discharge. 
A  direct  determination  of  this  intensity  has  not  yet  been  made 
so  far  as  I  know,  and  the  possibility  of  such  a  determination, 
with  our  present  resources,  has  even  been  questioned,  For  this 
reason  I  have  endeavoured  to  use  the  bolometer  to  determine  the 
radiation  of  different  gases  under  the  action  of  the  electrical 
current ;  to  express  the  intensity  of  this  radiation  in  absolute 
measure ;  and  to  endeavour  then  to  determine  the  I'elation  of  the 
radiation  to  the  causes  which  produce  it. 

After  having  worked  for  more  than  a  year  at  this  very  arduous 
investigation,  I  think  I  may  consider  that  the  preliminary  trial 
experiments  are  completed.  I  shall  explain  here  some  of  the 
results  at  which  I  have  arrived  ;  treating  afterwards  with  greater 
detail  the  materials  \\hich  I  have  collected. 

II.  As  the  light  of  the  kathode  is  too  feeble  and  its  shape  too 
variable  to  justify  the  hope  that  I  could  obtain  very  accurate 
quantitative  results,  I  restricted  myself  to  the  investigation  of  the 
positive  light  only. 

I  used  cylindrical  glass  tubes  of  the  same  thickness  and  10  to 
15  mm.  in  diameter.  The  electrodes  were  usually  placed  in 
side  tubes  at  right  angles  with  the  principal  tube.  One  end  of 
the  tube  and  sometimes  both  were  closed  by  a  smooth  plate  of  rock- 
salt  fixed  hermetically  by  means  of  silicate  of  soda.  In  the  pro- 
longation of  the  axis  of  the  tube  a  sensitive  bolometer  was  placed, 
separated  from  the  tube  by  a  double  screen  with  apertures  in  the 
direction  of  the  axis  of  the  tube.  Between  the  sides  of  the  screen 
was  another  double  movable  screen. 

The  indications  of  the  bolometer  were  compared  with  one  of  mj* 
instruments  for  determining  radiant  heat  in  absolute  measure 
(Acta  Reg.  Soc.  Upsal.  series  iii.  1886.  See  also  Ofversigt  af  Kongl. 
Vet.-Akad.  Forhandl.  No.  6,  p.  379,  1888).  I  found  "in  this  way 
that  one  division  of  the  scale  corresponded  to  a  radiation  of 
278  X  10  ~9  gramme  calories  per  second  and  square  centimetre. 
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To  ascertain  if  and  how  far  the  character  of  the  radiation  chancres 
uith  the  diiiVrent  conditions  of  the  gas,  I  measnred  on  the  one  hand 
the  total  radiation,  and  on  the  other  the  radiation  transmitted 
by  a  {date  of  aluin  of  395  mm.  in  thickness.  The  radiation 
determined  by  direct  observations  consists  of  two  parts — the 
radiation  of  the  gas,  and  that  of  tiie  more  or  less  heated  sides  of 
the  tnbe.  The  latter  part  nuist  be  eliminated,  which  is  effected  by 
a  series  of  observations  of  the  radiation  of  the  tube  after  the 
current  has  been  opened.  Erom  the  curve  of  radiation  thus  found 
it  is  easy  to  calculate  the  radiation  of  the  tnbe  during  the  experi- 
ment, and  by  subtracting  this  quantity  from  the  quantity  observed 
during  the  passage  of  the  current  the  radiation  of  the  gas  is 
obtained.  This  value,  however,  is  increased  by  the  reflexion  o£ 
the  sides  of  the  discharge-tube,  and  diminished  on  the  other  hand 
by  the  reflexion  of  the  plate  of  rock-salt  which  closes  the  tube. 
Direct  experiments,  the  details  of  which  I  suppress,  have  enabled 
me  to  make  a  satisfactory  correction  for  this  reflexion,  and  therefore 
to  determine  the  total  radiation  in  absolute  measui'e. 

As  source  of  electricity  1  principally  used  an  accumulator  of  800 
elements  of  Plante's  pattern,  and  also  a  lluhmkorff's  coil  of  medium 
size.  The  current  was  determined  by  a  dead-beat  re  fleeting- 
galvanometer,  with  a  wire  insulated  by  caoutchouc.  The  dif- 
erence  of  potential  between  two  points  in  the  positive  light  was 
measured  by  means  of  two  thin  platinum  "wires,  soldered  in  the 
discharge-tube,  and  connected  with  a  Mascart's  quadrant-electro- 
meter. For  exhausting  the  tube  I  used,  in  my  later  experiments, 
a  pump  on  Sprengel's  principle,  modified  by  Prytz  (Wiedemann's 
Annalen),  and  further  improved  by  myself. 

I  have  spared  no  pains  to  make  the  gases  as  pure  as  possible. 
Thus  neither  stopcocks,  nor  caoutchouc  tubes,  nor  grease  were 
used  either  in  the  preparation  of  the  gas  or  in  the  connexion  of 
the  tube  with  the  air-pump.  To  introduce  the  gases  into  the  dis- 
charge-tube, to  dry  them,  and  to  pre\ent  the  access  of  mercurial 
vapour  to  the  tube,  I  used  the  method  of  M.  Coruu  {Journal  de 
Physique),  slightly  modified  for  my  purpose.  My  researches 
extended  to  oxygen  and  hydrogen  liberated  by  electrolj'sis  of  pure 
water  acidulated  by  phosphoric  acid  ;  to  nitrogen  produced  by 
leading  pure  air  freed  from  carbonic  acid  over  heated  copper  (first 
reduced  by  hydrogen)  ;  and  to  carbonic  acid  produced  by  heating 
sulphuric  and  oxalic  acids  and  purified  by  passing  through  a  solution 
of  potash. 

111.  I  give  here  the  most  important  results  of  this  research. 

1.  For  a  cfiven  pressure,  the  radiation  of  2Msitive  light  is  jtro- 
portional  to  the  intensit)/  of  the  'principal  current.  It  is  true  that  on 
using  very  powerful  currents  small  divergences  are  observed,  but 
in  this  case  they  are  always  accompanied  by  a  permanent  alteration 
of  the  gas,  so  that  the  same  radiation  is  not  met  \v\t\\  again  for 
less  strong  currents. 

2.  If  the  electric  current  is  kept  constant  and  the  pressure  is 
varied,  ifc  appears  that  the  intensity  of  total  radiation  scarcely  varies 
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between  the  limits  O'l  to  1*5  mm.,  hut  it  increases  a  little  at  Mr/her 
jvessutrs.  At  pressures  exceeding  lv5  mm.  the  character  of  the 
discharge  sccins  to  be  modified,  after  which  the  radiation  increases 
considerably  with  the  pressure  after  having  passed,  at  any  rate  in 
certain  cases,  tlirough  a  minimum. 

3.  Fur  the  s(()))e  ijas  uixltr  the  same  pressure  the  composition  of  the 
raduition  is  constant,  and  does  not  depend  on  the  intensity  of  the 
electrical  current.     This  is  subject  to  the  reserve  stated  in  (1). 

4.  When  the  densiti/  of  the  (jus  changes  the  composition  of  the 
radiation  chanrjes  also,  in  so  far  that  the  ratio  of  the  intensity  of 
radidtion  of  the  shorter  wave-lenyths  to  that  of  the  total  radiation 
decreases  tvith  increase  of  jiressure. 

This  ratio,  indicated  in  my  experiments  by  the  ratio  of  the 
radiation  transmitted  by  a  plate  of  alum  to  that  of  the  total  radiation, 
varies  for  instance  between  the  pressures  0'1-1*G  mm.,  for  car- 
bon dioxide  from  46  to  15  per  cent.,  and  for  nitrogen  from  94 
to  GO  per  cent. 

5.  It  will  be  seen  from  these  figures  that  the  ratio  between  the 
luminous  and  the  total  radiation  rises  to  considerable  values  for 
very  low  pressures,  values  far  greater  than  those  of  our  ordinary 
luminous  sources.  This  ratio,  however,  does  not  always  attain 
such  high  values  in  the  electrical  discharge  in  rarefied  gases.  At 
pressures  of  5-]()  mm.  it  is  rather  small. 

6.  The  intensity  of  the  total  radiation  varies  greatly  for  different 
gases.  It  is  not  in  a  simple  ratio  with  the  molecular  weight  of 
the  substance,  or  with  the  diiference  of  potential  in  the  layer  of 
radiating  gas.  It  does  not  appear  to  depend  essentially  on  the 
absorption  of  the  gas  at  the  ordinary  pressures  and  temperatures, 
either  as  regards  its  intensity  or  in  reference  to  its  composition, 
as  can  be  seen  by  the  following  table,  which  contains  values  for  the 
radiation  and  the  difference  of  potential  for  a  pressure  of  0*7  mm. 
and  for  the  same  strength  of  the  electrical  current. 


Radiation 
Total.          transmitted 
by  alum. 

Difference 
of  potential. 

1-0                   '            17 

Hydrogen 

5-9 
30-0 
13-6 

2-2 
2-4 
3-8 

19 
25 
27 

Nitrogen    

Carbon  dioxide 

IV.  In  the  case  of  low  pressures  it  appears  to  me  that  we  may 
give  the  following  explanation  of  these  phenomena. 

When  the  rarefied  gas  becomes  a  conductor  of  an  electrical 
current,  it  is  the  molecules  priucipally  which  serve  to  transport 
electricity,  that  is  to  say  the  active  molecules  which  radiate.      The 
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number  of  these  molecules  is  proportional  to  the  intensity  of  the 
current,  a,nd  varies  but  little  with  the  variations  of  pressure  as  long 
as  the  discharge  rrtains  its  character  (III.  1  and  2).  This  radiation 
is  of  an  irregular  cliaracter  according  to  M.  li.  \o\\  WLAmXioXi/.  {Die 
Licht  itiiil  Wiiniti  straJihiiti/  verhrenntndei'  Gase,  Berlin  18U0)  ;  or  it 
belongs  to  the  class  of  phenomena  to  which  M.  E.  Wiedemann 
(Wied. -1««.  xxxvii.  p.  177,  1889)  has  given  the  name  of  7>/((?;H)/nt'>*rt 
of  luminescence  in  this  sense,  that  the  composition  of  the  radiation 
does  not  correspond  with  the  temperature  of  the  gas.  The  radia- 
tion may  be  of  extreme  intensity  in  the  groups  of  short  wave- 
lengths. 

When  the  pressure  increases  and  with  it  the  number  of  inactive 
molecules,  the  irregular  radiation  of  the  active  molecules  may  more 
easily  be  transmitted  to  the  former.  The  number  of  radiating 
molecules  increases  therefore,  and  consequently  also  the  radiation  of 
the  gas,  but  it  changes  in  character  in  this  sense,  that  the  radiation 
of  the  groups  of  shorter  wave-lengths  relatively  diminishes. — 
Ofversigt  af  Kongl.  Akad.  Forhandl.,  1891,  No.  6. 


ON  THE  REPULSIVE  FORCE  OF  RADIATIXG  BODIES. 
BY  PETER  LEBEDEW. 

It  was  shown  by  Maxwell  *  that  a  pressure  is  exerted  on 
absorptive  bodies  by  incident  rays  in  the  direction  of  their  pro- 
pagations, and  that  this  can  be  expressed  in  the  form 

p=! (1) 

in  which  E  is  the  energy  imparted  to  the  body  by  the  incident 
rays  in  unit  time,  and  v  the  velocity  of  light  in  the  medium  in 
which  the  body  is  placed. 

Independently  of  Maxwell,  Bartolit  and  BoltzmannJ  arrived  at 
analogous  results  in  treating  the  case  of  reflexion.  Bartoli  found 
that  at  perpendicular  incidence  the  rays  exert  a  pressure  against 
a  mirror,  which  is  twice  as  much  as  that  \\hich,  according  to 
Maxwell,  they  would  exert  against  an  absorbent  body. 

In  what  follows  the  ratio  of  the  repulsion  produced  by  radia- 
tion to  the  Xewtonian  attraction  is  deduced  both  for  our  sun, 
and  for  a  hot  spherical  body  in  general.  The  expressions  obtained 
hold  only  for  absolutely  black  bodies,  whose  dimensions  are 
great  in  comparison  with  the  wave-length  of  the  incident 
radiation ;  accordingly  the  interesting  questions  respecting  the 
repulsive  force  in  the  tails  of  comets,  and  the  mutual  action  of 
two  adjacent  molecules  in  the  body  cannot  be  solved,  but  only 
indicated.  •     • 

As  it  is  only  the  order  of  the  magnitude  of  the  desired  ratio 

*  Electricity  and  Magnetism,  §  792. 

t  Exner's  liepertorium,  vol.  xxi.  p.  398  (1885). 

\  Wied.  Ann.  vol.  xxii.  p.  31  (1884). 
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which  is  of  int(^rest,  the  simplest  case  only  shall  be  treated  here  ; 
the  body  attracted  is  assumed  to  be  spherical,  to  absorb  the  whole 
of  the  ener<?y  which  falls  upon  it,  and  to  radiate  it  then  uni- 
formly in  all  directions ;  the  numerical  calculations  will  be  made 
with  great  allowances. 

Assuming  with  Langley  as  the  value  of  the  solar  constant, 
that  is  the  quantity  of  heat  which  falls  perpendicularly  in  a 
minute  on  1  square  centimetre,  C=3  gramme- calories,  and  the 
mechanical  equivalent  of  heat  B  =  425  gramme-metres,  the  quan- 
tity of  energy  E  which  falls  in  a  second  on  a  square  centimetre 

will  be  c 

E=— B  =  21  gramme-metres. 

Taking  the  velocity  of  light  V  =  3.10'*  metres,  we  can  from  (1) 
calculate  the  pressure  P  which  a  pencil  of  rays  of  1  sq.  cm.  section 
exerts  on  an  absorbing  body  at  the  distance  of  the  earth 

or  in  absolute  units 

P  =  0-Gx  10-^  dynes (2) 

If  we  take  the  earth's  distance  from  the  sun  p=15  .  10'^  cm., 
and  the  velocity  of  the  earth's  path  <7  =  3  .  10"  cm.,  the  sun's  acce- 
leration 

rt=— =0-6  cm. 
P 
Accordingly  the  sun  attracts  1  gramme  mass,  at  the  earth's  dis- 
tance, with  the  force  A, 

A  =  0-Gdyne (3) 

The  action  which  the  sun  exerts  on  a  body  which  rotates  around 
it,  consists  on  the  one  hand  in  the  Newtonian  attraction,  and  on 
the  other  hand  in  repulsion  from  radiation.  Given  a  spherical 
body  at  the  earth's  distance,  which  absorbs  the  whole  of  the  solar 
energy  which  falls  upon  it,  and  then  radiates  it  uniformly  in  all 
directions ;  if  r  is  its  radius  in  centimetres,  and  h  its  density  in 
reference  to  water,  we  can  calculate  both  the  force  G  with  which  it 
is  attracted,  and  the  force  H  with  which  it  is  repelled : 

G  =  |7r*^^A, 

H  =  7rr=P. 
From  this  we  can  calculate  the  resultant  force  P,  and  express  it  in 
fractions   of   the   force   of   gravitation   with  which    the   body  is 
attracted  by  the  sun  : 

y     G-H_       H     ^_3  P^ 

*  The  pressure  of  a  pencil  of  rays  of  1  square  metre  section  amouuts 
to  I  mg. 
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For  the  body  in  question  F  represents  a  characteristic  constant, 
wtiich  is  independent  of  the  distance  from  the  sun,  since  P  and  A 
depend  in  the  same  way  on  this  distance. 

Eeplacing  P  and  A  in  (4)  by  their  numerical  magnitudes  (2) 
and  (3),  we  obtain  approximately 

l-=l-l-5ll (5) 

ro 

It  is  clear  from  this  that  for  all  bodies  in  which  S>  1  and  r  >  10  m., 
the  deviations  from  Xewton's  law  must  lie  below  the  errors  of 
observation  of  the  most  accurate  measurements. 

The  smaller  r  is  chosen,  the  more  prominent  does  the  repulsive 
force  of  the  sun  become.  If  we  pass  over  to  comets'  tails,  which 
are  known  to  consist  principally  of  gaseous  hydrocarbons  *,  they 
represent  for  us  the  individual  molecules  in  which,  according  to 
Exnert,  ^<10  and  r<10-^cm.  Our  formula  (5)  cannot  be  in 
strictness  applied  to  this  case,  since  the  individual  molecules  are  not 
absolutely  black  bodies,  and  their  radii  are  very  small  compared  with 
the  wave-length  of  the  incident  radiation;  formula  (5),  however, 
allows  us  to  suppose  that  in  this  case  the  repulsive  force  may  be 
several  times  greater  than  the  attractive,  that  this  may  be  of 
different  magnitudes  for  different  vapours,  and  decreases  in  inverse 
proportion  to  the  square  of  the  distance  from  the  sun.  Bredichin  J 
has  calculated  from  the  curvatures  of  the  tails  of  forty  comets,  by 
Bessel's  method,  the  repulsive  force  which  the  sun  exerts  on 
various  substances  forming  the  tails,  and  has  found  three  values 
IT'o,  1-1,  and  0-2;  these  values  can  without  straining  be  referred 
to  the  mechanical  action  of  the  radiation,  without,  like  Zollner§, 
having  recourse  to  the  assumption  of  an  electrostatic  charge  on  the 
sun. 

It  maybe  observed  that  Faye  ||  has  already  expressed  the  opinion 
that  the  repulsive  force  of  the  sun  is  to  be  sought  in  its  radiation. 

AVe  now  turn  to  general  considerations :  any  body,  the  tem- 
perature of  which  is  different  from  the  absolute  null  point, 
radiates  and  exerts  on  an  adjacent  body  a  repulsion  by  radiation 
besides  the  Xewtonian  attraction. 

If,  in  place  of  the  sun,  we  have  a  spherical  body  the  radius  of 
which  is  E,  centimetres,  and  tlie  density  A,  and  if  1  square 
centimetre  of  its  surface  radiates  Q  gramme-calories  in  one  second, 
we  can  treat  this  case  based  on  the  results  found  for  the  sun, 
taking  into  consideration  that 

*  Scheiner,  Spectralanalyse  der  Gcstirne,  pt.  iii.  chapter  3 ;  Leipzig, 
1890. 

t  Wied.  Beibldtter,  vol.  ix.  p.  714  (1885). 

X  Revision  des  valeurs  numiriques  de  la  force  repulsive  ;   Leipzig,  1885. 

§    Ueber  die  Natur  der  Kotneten  ;  Leipzig,  1872. 

i|   Compt.  reiid.  vol.  xciii.  pp.  11  and  302  (1881). 
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the  sun's  radius Eo  =  7  .  lO^'cm. 

„      „_    density      .....  Ao=l-4. 
„    radiation  of  1  square  cm.  of 

its  surface  in  1  second.     .     .  Qo=2000  gramme-calories*. 

If  we  denote  by  s  the  ratio  of  the  repulsive  force  of  the  radiation 
to  the  Newtonian  force  of  attraction,  we  may  contend  that  s  is 
directlv  proportional  to  Q,  inversely  proportional  to  A  and  also 
toEt. 

For  the  sun  we  have  from  (o)  the  value  s^ : 

_10-4 
'» ^ 

Hence  for  any  other  body  we  have 

o_-      Q    ^oI^O.  /ft) 

'-'°Q„A  E' ^- 

or,  replacing  the  magnitudes  s^,  Q^,  A,^,  and  E^  by  the  corre- 
sponding numerical  values,  we  obtain  approximately 

^  =  5-^.10^ (7) 

The  resultant  K  of  the  attraction  and  repulsion  is 

K=l-s=l-5_|-  .10^ (8) 

rcEA 

Christiansen  J  found  for  a  black  body  that  radiates  Q'  gramme- 
calories  in  a  second  at  0°  C  from  1  sq.  centimetre  of  its  surface, 
approximately 

Q'=  (1-21  .  10-12)  (^274)'  =0-0()4  gramme-calorie. 

Hence  the  force  K'  with  which  a  spherical  absolutely  black 
body,  whose  radius  is  E  cm.,  density  A,  and  temperature  0'',  attracts 
another  spherical  body  in  space  whose  radius  is  r  cm.  and  density  c, 
is  furnished  by  the  expression 

"^■"i-Ji <«) 

Accordingly,  two  bodies  whose  temperatures  are  0°,  radii  E— -/• 
=  2mm.,  and  densities  A=c  =  10,  would  neither  attract  nor  repel 
each  other  in  space.     If  we  assume  that  the  radii  of  the  bodies 

*  If  at  the  distance  of  the  earth  p=lo.  10^-  ceutim.  the  quantity  of 
heat  c/60  =  0-0o  <rramiue-calorie  falls  ou  1  square  centiiu.,  then  1  square 
centiui.  of  the  sun's  surface,  which  is  at  a  distance  of  Ho  =  7  .  10'°  ceutim. 
from  the  centre,  radiates  the  quantity  of  heat  Q,, =005  (/3/Ro)-  =  2000 
gramme-calories  in  one  second. 

t  Since  the  attractive  force  of  the  mass  is  proportional  to  R',  and  the 
repulsive  force  of  radiation  to  R-. 

X  Wied.  Ann.  vol.  xix.  p.  272  (1883). 
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are  still  smaller,  we  see  that  the  repulsion  with  them  would  be 
considerably  greater  than  the  attraction ;  hence  particles  of  dust 
whose  radii  are  smaller  than  the  thousandth  of  a  millimetre  would 
repel,  at  a  temperature  of  0°  in  space,  with  a  force  the  order  of 
whose  magnitude  is  a  million  times  greater  than  that  of  the 
Is'ewtoniau  attraction. 

If  we  take  the  radii  still  smaller,  we  come  gradually  to  molecular 
dimensions.  Our  formula  (S)  is,  however,  no  longer  applicable 
to  individual  molecules,  since  they  are  not  perfectly  black,  and 
both  their  dimensions  and  their  respective  distances  in  bodies  are 
small  compared  with  the  wave-length  of  the  radiation  ;  the  action 
of  two  molecules  on  each  other  must  therefore,  like  that  of  two 
resonators,  be  treated  in  a  complex  manner. 

If  equation  (8)  does  not  give  us  the  direct  action  of  two  mole- 
cules, it  reminds  us  that  in  investigations  of  the  nature  of  Mhat 
are  called  "  molecular  forces "  we  cannot,  without  more  ado, 
neglect  the  forces  arising  from  the  reciprocal  radiation  of  the 
molecules,  without  having  first  defined  what  fractious  of  the  mole- 
cular forces  they  form. — Wiedemann's  Anncden,  No.  2,  1892. 


AN  ELECTROLYTIC  EXPERIMENT.   BY  LEO  ARONS. 

If  a  copper  cylinder  is  placed  in  an  electrolytic  cell  which  con- 
tains copper-sulphate  solution  between  two  copper  electrodes,  part 
of  the  current  sent  through  the  cell  will  disperse  in  the  cylinder. 
In  the  places  at  which  the  lines  of  flow  enter  the  cylinder  copper 
is  deposited,  while  an  equivalent  quantity  is  dissolved  at  the  places 
where  they  emei'ge.  If  the  copper  cylinder  is  arranged  so  that  it 
rotates  easily  about  a  horizontal  axis,  it  will  begin  to  rotate  as  soon 
as  the  current  is  closed,  since  the  part  opposite  the  anode  is  heavier, 
the  other  lighter.  As  the  conductivity  of  the  copper  so  greatly 
exceeds  that  of  the  liquid,  we  can  use  a  hollow  cylinder  without 
any  material  diminution  in  the  number  of  lines  of  flow  which  pass 
through  the  metal.  From  this  circumstance  a  considerable  mo- 
bility of  the  cylinder  can  be  attained,  even  when  the  bearings  of 
the  axle  are  very  roughly  worked.  The  thickness  of  the  hollow 
cylinder  can  be  easily  so  calculated  that  the  cylinder,  which  is  closed 
at  the  ends,  floats  in  a  concentrated  solution  of  copper  sulphate, 
but  sinks  in  water ;  accordingly  it  is  possible  to  attain  a  degree  of 
concentration  in  which  the  cylinder  only  just  sinks,  and  thus 
exerts  scarcely  any  pressure  on  the  bearings. 

The  small  apparatus  which  I  used  consisted  of  a  longish  glass 
vessel  of  rectangular  section.  The  copper  cylinder,  wliich 
occupied  almost  the  whole  breadth  of  the  trough,  was  4-5  centim. 
in  length  and  its  diameter  was  10  centim.  The  thickness  of  the 
sides  was  1-8  millim.  At  the  ends  ebonite  plates  were  cemented, 
and  through  them  passed  the  axis,  a  glass  rod  1  millim.  in  dia- 
meter, which  projected  a  few  millimetres  on  each  side ;  the  bear- 
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iugs  were  small  triaugular  ebonite  plates  which  were  fastened  to 
the  side  o£  the  glass  vessel.  The  cylinder  turned  slowly  and  con- 
tinuously with  currents  of  O'l  to  1  ampere.  The  motion  gradually 
became  slower,  in  the  first  place  probably  because  the  surface  of 
the  cylinder  became  rough,  owing  to  electrolysis.  After  going  for 
some  time  the  motion  appeared  to  become  more  uniform.  Some 
experiments  gave  an  approximate  proportionality  between  the 
velocity  of  rotation  and  the  strength  of  the  current.  It  is  possible 
that  in  the  hands  of  a  skilled  technicist  this  might  lead  to  the  con- 
struction of  a  continuous  electricity  meter  for  continuous  currents. 
— Wiedemann's  Annalen,  No.  2,  1892. 


ON  A  METHOD  OF  DETERMINING  ELECTROMAGNETIC  RADIATION. 
BY  PROF.  KLEMENCIC. 

The  method  applied  by  the  author  consists  in  bringing  a  thermo- 
element near  a  fine  platinum  wire  heated  by  the  electric  ^•ibrations, 
and  measuring  the  increase  of  temperature  of  the  junction.  As  a 
comparison  the  platinum  wire  is  also  heated  by  a  constant  current, 
aud  the  rise  of  temperature  of  the  junction  is  also  measured.  Two 
series  of  experiments  were  made.  In  one  the  author  employed  a 
form  of  secondary  inductor  which  has  frequently  been  used  (two 
thin  brass  plates  each  30  cm.  in  length  by  5  cm.  in  breadth),  aud 
investigated  the  heating  of  a  thin  platinum  wire  2  cm,  in  length. 
The  observations  showed  a  px'oduction  of  heat  of  0'00015.5  calorie 
per  second.  In  the  second  case,  a  single  platinum  wire  26*3  cm.  in 
length  was  exposed  to  radiation,  and  the  A'alue  0-000088  calorie 
per  second  obtained.  In  both  series  of  experiments  Hertz's 
miri'or  was  used  with  a  distance  of  1*44  metres  between  the  focal 
lines.  It  may  in  addition  be  mentioned  that  a  wave-length  of  66 
cm.  corresponds  to  the  pi'imary  inductors,  that  the  Kuhmkorfi^  was 
excited  by  three  accumulators,  and  that  the  breaks  were  at  the  rate 
of  23  per  second.  Boys,  Briscoe,  and  Watson  (Phil.  Mag.  1891, 
xxxi.  p.  44)  determined  the  intensity  of  the  electromagnetic  radia- 
tion with  the  aid  of  the  convection  air-thermometer,  and  found  the 
value  0-000685  calorie  per  second.  The  length  of  the  wire  they 
used  was  2  x  103  cm.,  and  it  was  at  a  distance  of  30  cm.  from  a 
couple  of  primary  inductors  of  above  100  cm.  in  length.  If  the 
value  found  by  the  English  physicists  is  referred  to  unit  length  of 
the  irradiated  wire,  aud  if  this  is  done  also  for  the  second  value 
found  by  the  author,  the  result  is  a  production  of  heat  in  both 
cases  of  0-000033  calorie  per  second.  Owing  to  the  great  differ- 
ence between  the  two  methods,  this  agreement  is  of  course  only 
accidental. —  Wiener  Berichte,  February  18,  1892. 
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XL VI.    On  the  Resistances  to  Transverse  Strain  in  Beams. 
By  Robert  Cradogk  Nichols  *. 

A  COMMUNICATION  was  made  to  the  Royal  Society  in 
1855  by  Mr.  W.  H.  Barlow,  in  which  a  new  theory  was 
propounded  to  account  tor  the  amount  of  strength  exhibited 
bv  bars  or  beams  ot"  cast  iron  subjected  to  transverse  strain, 
which  could  not  be  reconciled  according  to  any  previously 
suggested  hypothesis  with  the  results  obtained  from  experi- 
ments on  direct  tension. 

Shortly  stated,  Mr.  Barlow's  theory  was  this  :  that  in 
addition  to  the  resistances  to  deflexion  or  rupture  called  into 
action  by  the  compression  of  the  fibres  on  the  one  side,  and 
their  extension  on  the  other  side  of  the  bar,  a  further  amount 
of  resistance  was  developed  by  the  lateral  action  of  the  fibres 
caused  by  the  curvature  of  the  bar,  which  he  termed  a  resist- 
ance  to  flexure. 

Mr.  Barlow  gave  in  his  paper  an  account  of  a  number  of 
elaborate  experiments  which  he  regarded  as  establishing  the 
truth  of  this  theory,  and  further  developed  it  in  an  algebraical 
form  in  a  series  of  equations  which  were  made  to  correspond 
with  the  experimental  results. 

The  theory  thus  proposed  has  since  been  generally  accepted 
and  approved,  and  has  continued  to  the  present  time  to  be 
regarded  by  the  best  practical  authorities  as  the  true  expla- 
nation of  the   facts  ;   though  a  doubt  has   been   expressed 

*  Communicated  by  the  Author. 
PhU.  Mag.  S.  5.  Vol.  33.  No.  204.  J%  1892.        2  E 
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vvlictlier  liitHral  iU'tioii  alone  \v;:s  sufficient  to  account  for  tlic 
wliolc  of  the  extra  strength  which  had  heen  observed*. 

The  lise  of  cast  iroii  as  a  material  for  beams  and  girders 
lias  been  so  much  discredited,  and  to  a  great  extent  super- 
seded ])y  that  of  wrought  iron  and  steel,  that  the  ])ractical 
importance  of  this  question  has  greatly  diminished  since  the 
date  of  Mr.  Barlow's  investigations.  It  may,  however,  be 
still  regarded  as  one  of  some  theoretical  interest,  and  its  true 
solution  as  not  altogether  devoid  of  practical  value. 

No  explanation  was  given  by  Mr.  Barlow  of  the  manner  in 
which  his  assumed  rr!<istance  to  fieo'ure  was  sup])osed  to  act. 
It  may  be  observed  that,  in  achlition  to  the  ordinary  direct 
resistances  to  extension  or  compression,  another  kind  of 
resistance  is  known  to  come  into  operation  when  the  particles 
of  a  body  situated  in  one  layer  or  set  of  filires  are  laterally 
displaced  relatively  to  those  in  a  contiguous  layer  or  set  of 
fibres,  as  in  the  case  of  torsional  or  shearing  strain. 

The  nature  of  this  resist-ince  mav  be  illustrated  by  the 
accompanying  diagrams.  A,  B,  C  (fig.  1)  are  supposed  to 
represent  three   contiguous  ^ 

fibres  or  filaments,  a  a' a", 
h  h'  h" ,  c  c  c" ,  the  particles  of 
which  they  consist,  in  their 
original  relative  position. 
Then  when  these  fibres  are 
displaced,  as  in  fig.  2,  the 
distance  between  a  and  />, 
/'  and  ('  &c.  is  increased,  while 
that  between  a  and  //,  J>  and 
/,  &c.  is  diminished.  Both 
these  displacements  will  call 
into  action  resistances  of  a 
tensile  or  com|)ressive  na- 
ture, and  constitute  a  shear- 
ing or  a  torsional  strain  ac- 
cording as  the  lateral  motion 
is  direct  or  rotatory. 

In  the  case  of  direct  ten- 
sile strain  (fig.  3),  where  the 
displacement  of  all  the  par- 
ticles is  relatively  similar,  a 
like  resistance  must  exist  in 
consequence  of  the  increased  r,,^ 

distance  between  the  par- 
ticles in  contiguous  filaments.      But  the  resultant  of  these 

*  Sir  B.  Baker, '  On  the  Strength  of  Beams,  CoUimn.%  and  Arches,'  p.  10. 
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rt'sistaiioes  being  in  tlie  direction  of  tlie  Hhivs,  they  are 
nieasureil  with,  and  undistino;uislial)le  from,  the  resistance  to 
the  elongation  of  the  several  ti laments. 

But  if  these  form  part  of  the  extended  portion  of  a  bar 
subjected  to  transverse  strain,  and  therefore  midorooing 
tiexure,  as  in  tig.  -4,  the  extension  of  the  middle  tibre  being- 
assumed  to  be  the  same  as  that  of  all  the  fibres  in  tig.  3,  the 
distance  between  b  and  c,  h  and  c' ,  etc.  will  be  increased  to  a 
greater  extent  than  in  the  previous  case  of  direct  tension,  and 
therefore  an  increased  resist^mce  developed  between  them. 
But,  on  the  other  hand,  the  distance  between  a  and  h,  a'  and  6, 
etc.  will  be  less  increased,  and  the  resistances  thereby  caused 
will  be  less.  So  that  unless  the  bending  or  flexure  be  ex- 
tremely great,  the  aggregate  resistances  to  the  displacement 
of  the  particles  of  the  middle  fibre  B  will  be  the  same,  neither 
more  nor  less  than  that  to  its  elongation  to  an  equal  amount 
by  direct  tension. 

These  considerations  appear  to  present  some  a  priori  ground 
against  the  supposition  of  such  a  resistance  to  f/exure  as  is 
assumed  by  Mr.  Barlow,  and  they  are  further  confirmed  by 
the  investigations  of  M.  St.  Tenant*,  referred  to  and  endorsed 
by  Sir  William  Thomson  in  his  article  on  Elasticity  in  the 
EneyclopcBdia  Britannica. 

M.  St.  Tenant  proved  that,  with  the  important  practical 
exception  of  a  thin  flat  spring,  the  resistances  to  the  flexure 
of  a  rod  or  bar  consist  in  "the  mutual  normal  forces  pulling 
the  jiortions  of  the  solid  towards  one  another  in  the  stretched 
part  and  pressing  them  from  one  another  in  the  condensed 
part,  and  that  the  amount  of  this  negative  or  positive  normal 
pressure  per  unit  of  area  must  be  equal  to  the  Young's 
modulus  (E)  at  the  place  multiplied  into  the  ratio  of  its  dis" 
tance  from  the  neutral  line  of  the  cross  section  to  the  radius 

of  curvature Hence  the  j)rincipal  flexural  rigidities  are 

simply equal  to  the  product  of  the  Young's  modulus 

into  the  principal  moment  of  inertia  of  the  cross  section '^t  5 
that  is  to  say,  the  moment  of  the  resistances  is  the  sum  of  the 
moments  of  the  tensile  and  compressive  stresses. 

This  had  indeed  been  assumed,  as  Sir  William  Thomson 
remarks,  without  proof  by  earlier  writers  ;  but  it  was 
St.  Tenant  who  first  gave  the  subject  "  satisfactory  mathe- 
matical investigation,"  and  "  proved  that  the  old  supposition 
is  substantiallv  correct." 


*  Mettioires  dea  Savants  Etrangers,  18oo,  "  De  la  Tor:jion  des  Prismes, 
avec  considerations  sur  Ifur  I'lexure." 

t  Encyr.  Brit.  ^  ol.  vii.,  art.  "  I^lasticitv." 

2  E  2 


400  Mr.  K.  ('.  Nicljols  on  the  liesistances 

Before  proceediiifr  to  inquire  further  into  the  real  cause  of 
the  actual  amount  of  resistance  found  to  exist  in  bars  sub- 
jected to  transverse  strain,  it  will  be  desirable  to  examine 
somewhat  closely  some  of  the  experiments  detailed  by  Mr. 
Barlow,  and  the  conclusions  drawn  from  them  by  him  for  the 
purpose  of  establishing  his  theory. 

His  first  set  of  experiments  were  made  "  in  order  to  estab- 
lish clearly  the  position  of  the  neutral  axis;"  and  he  states 
that  they  ''  point  it  out  as  the  centre  of  the  beam  in  a  manner 
so  decided  as  to  remove  all  further  doubt  on  the  subject,  not 
only  in  the  smaller  strains  but  in  the  larger  ones,  which  were 
carried  to  about  three  fourths  of  the  breaking  weight^'*. 

Mr.  Barlow's  experiments  were  conducted  with  exlreme 
care,  and  his  measurements  made  with  all  the  accuracy  which 
circumstances  would  permit.  He  observes  that  "  considering 
the  very  minute  quantities  which  had  to  be  measured,  and  the 
numerous  causes  of  disturbance  to  which  observations  of  such 
delicacy  were  liable,  such  as  changes  of  temperature,  or  want 
of  perfect  unifornnty  in  the  dimensions  or  texture  of  the 
beams,  the  results  exhibit  much  more  regularity  than  could 
have  been  expected." 

These  experiments  were  made  upon  cast-iron  beams  or 
bars  "  7  feet  long  f,  6  inches  deep,  and  2  inches  in  thickness, 
on  each  of  which  were  cast  small  vertical  ribs  at  intervals  of 
]  2  inches  :  these  ribs  were  ^  inch  wide  and  projected  ^  inch 
from  the  beam.  In  each  rib  nine  small  holes  were  drilled  to 
the  depth  of  the  surface  of  the  beam  for  the  purpose  of  insert- 
ing the  pins  attached  to  a  delicate  measuring  instrument,  the 
intention  being  to  ascertain  the  position  of  the  neutral  axis 
by  measuring  the  distance  of  the  holes  in  the  vertical  ribs 
when  the  beam  was  placed  under  different  strains"  J. 

Mr.  Barlow  does  not  state  the  distance  between  the  holes, 
nor  whether  the  accuracy  of  their  relative  distances  was 
tested  in  any  way.  The  only  indication  given  on  this  point 
is  the  statement  that  the  elongation  at  the  lowest  point  mea- 
sured was  1  Aths  of  that  of  the  outer  fibres.  This  implies  that 
the  distance  of  the  last  hole  from  the  lower  (or  upper)  side 
was  J  inch,  giving  for  the  distance  between  the  holes  bh  inches 

*  rhil.  Trans,  18o5,  p.  228. 

t  In  the  plate  the  beams  are  fig-ured  as  7  feet  4  inches  long,  and  in 
another  place  in  his  paper  Mr.  Bailow  refers  to  them  as  of  this  length, 
but  in  the  absence  of  definite  and  consistent  statement  it  may  be  con- 
cluded that  the  distance  between  the  points  of  support  was  7  feet,  while 
7  feet  4  inches  was  the  total  length. 

t  Phil.  Trans.  1855,  p.  22-5. 
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H-8,  or  •687")  inch.  It  would,  however,  he  iin])Ossihle  to 
regulate  the  disttinee  with  any  very  minute  aeeuracv,  and 
some  considerable  part  of  the  irregularities  observable  in  tho 
measurements  may  prol)ably  be  due  to  this  cause. 

"  It  will  be  observed,"  says  Mr.  Barlow,  "  that  the  exten- 
sions and  compressions  increase  in  an  arithmetical  ratio  from 
the  centre  to  the  extreme  upper  and  lower  sides  of  the  beam." 
If  we  substitute  the  word  "  neutral  axis  "  for  "  centre,"  it  is 
obvious  that  this  must  necessarily  be  the  case;  and  any  devia- 
tion from  this  law  must  he  regarded  as  resultino;  from  errors 
of  measurement,  inequality  in  the  distances  between  the 
points  measured,  want  of  uniformity  in  the  material,  or  other 
accidental  causes. 

It  may  therefore  be  assumed  that  if  an  arithmetical  series 
be  taken,  ap])roximating  as  nearly  as  possible  to  all  the  actual 
measurements,  the  quantities  so  obtained  may  be  regarded  as 
the  corrected  results  of  the  experiments. 

It  is,  moreover,  to  be  noted  that  the  extensions  and  com- 
pressions measured  are  those  of  a  portion  of  the  beam  about 
12  inches  in  length,  extending  therefore  to  a  distance  of  about 
6  inches  from  the  centre  on  each  side. 

Each  length  was  separately  and  minutely  measured  before 
being  strained  ;  but  the  variations  in  the  original  lengths,  at 
least  in  the  first  series  of  experiments,  do  not  exceed  y/j^yth 
part  of  the  whole,  so  that  they  will  be  inappreciable  in  their 
effect  upon  the  amount  of  extension  or  compression  as 
measured.     The  mean  length  was  12*25  inches. 

But  the  maximum  strain  will  exist  only  at  the  centre  of  the 

length  of  the  beam,  and  that  at  any  other  part  of  it  must  be 

proportionate  to  its  distance  from  the  point  of  suj)port.     It 

follows  that  the  strain  at  the   centre   of  the  beam  will   be 

42 
——77  =r078  times  that  indicated  by  the  measurement  of  the 

extension  or  compression  in  the  length  of  12*25  inches,  or 
nearly  one  twelfth  greater*. 

The  units  of  measurement  in  which  the  extensions  and 
compressions  are  given  by  Mr.  Barlow  are  4^Vo^^  ^^  '"^ 
inch. 

Taking,  then,  one  series  of  experiments  on  the  same  beam 
subjected  to  successive  loads  we  find  these  results  : — 

*  That  is,  so  long  as  the  limits  of  elasticity  are  not  exceeded.  If  tlie 
beam  should  be  overstrained  at  its  lower  side  tiie  strain  at  the  centre 
may  be  considerably  more  in  comparison  with  the  mean  strain  for  any 
distance  on  each  side  of  the  centre. 
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The  deviation  in  the  position  of  tho  neutral  axis  from  the 
centre  of  the  seotii)n  under  the  smallest  load,  57^!()  lb.  at 
centrt'  of  bojun,  must  be  sui)})Osed  to  be  due  either  to  th«^ 
points  at  which  the  extension  and  compression  were  measured 
not  being  accurately  distanced  vertically,  or  to  some  in- 
equalities in  the  resisting  power  of  different  parts  of  the 
section.  In  any  case  these  conditions  will  remain  the  same 
for  the  same  beam  under  the  different  loads. 

But  it  will  be  seen  that  there  is  a  sensiljle  and  increasinij; 
disj)lacement  of  the  neutral  axis  with  increasing  loads  in  the 
direction  of  the  compressed  side  of  the  beam,  it  being  '121  inch 
higher  with  10,2(>(j  llj.  than  with  578G  lb.,  and  -139  inch 
higher  with  14,74G  lb.  than  with  10,266  lb.,  giving  a  total 
displacement  of  "26  inch,  or  more  than  ^  inch. 

A  similar  result  is  shown  by  an  experiment  with  another 
similar  l)eam  loaded  successivelv  with  bOOO  and  1(5,000  lb. 
(see  Table  j).  404). 

The  displacement  of  the  neutral  axis  between  the  loads  of 
8000  and  16,000  lb.  is  here  '178  inch. 

Another  series  of  measurements  given  by  Mr.  Barlow  of 
the  same  beam  inverted  but  with  similar  loading  is  valueless 
for  the  purjiose  of  comparison,  iiiasnmch  as  the  measured 
lengths  as  loaded  are  compared  with  those  taken  before  the 
inversion  of  the  beam,  and  are  therefore  affected  by  its  own 
weight  in  the  opposite  direction,  and  also  affected  by  the  con- 
siderable internal  stresses  caused  by  the  overstrain  to  which 
the  beam  had  already  been  subjected. 

The  amounts  of  dis{)lacement  of  the  neutral  axis  may  not 
app<'ar  considerable,  but  it  must  be  remembered  that  within 
the  Mmits  of  elasticity,  and  so  long  as  the  calculated  stress  at 
the  lo'ver  side  of  the  section  does  not  exceed  the  direct  tensile 
stren.  ili.  all  the  facts  are  explicable  upon  the  ordinary  theory 
with  th  '  neutral  axis  in  the  centre  ;  and  it  will  be  liereaftei* 
seen  that  for  beams  of  rectangular  section,  even  with  extreme 
loads,  no  greater  displacement  is  to  be  expected  until  the 
Ijreaking  weight  is  nearly  reached,  the  utmost  amotmt  being 
about  one  tenth  of  the  depth  of  the  beam,  or  in  this  case  about 
two  thirds  of  an  inch. 

Another  circumstance  to  be  remarked  in  these  experiments, 
and  likewise  in  the  other  experiments  made  by  Mr.  Barlow 
hereafter  to  be  referred  to,  but  which  does  not  a})[)ear  to  have 
Ijeen  noticed  by  him,  is  that  the  elongations  and  contractions 
and  the  deflexions  restilting  from  loading  increase,  not  in  the 
ratio  of  the  load,  but  in  a  higher  and  increasing  I'atio. 

Thus,  for  the  1st  Beam,  with  a  load  of 
o,78H  lb.  the  maximum  elon^ration  was  •dOO";}:;  or  -OOOlo;)  per  KXX)  lb. 

h),-2m  „  „  (joi^o    „  -Dooiir    „       „ 

14,746  „  „  -001  !»o    „  ouoi.;;;    „ 
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For  the  2nd  Beam,  with  a  load  of 

8,000  lb.  the  maximum  elongation  was  -OOOSoS  or  -000107  per  1000  lb. 
10,000  „  „  „  -00223    „  -000139    „        „ 

In  the  four  experiments  on  solid  rectanoular  beams  1  inch 
wide  by  '2  inches  deep  and  5  feet  long,  the  mean  initial  de- 
flexion was  •U00o5  inch  per  lb.  of  load,  and  the  mean  ultimate 
deflexion  '0005:^4  inch  })er  added  lb.,  or  half  as  much  again, 
showing  a  diminished  re^^istance  as  the  curvature  increased. 

This  fact  is  of  the  highest  importance  for  the  determination 
of  the  causes  of  the  amount  of  transverse  strength.  If  there 
were  a  resistance  tojie.vure  this  should  rather  increase  with  the 
curvature.  The  consequence  would  be  that  the  ratio  of  the 
elongation  of  the  lower  fibres,  and  of  the  deflexion,  to  the 
load  should  diminish  as  the  curvature  increases.  It  is  found 
on  the  contrary  to  increase,  and  the  fact  of  its  doing  so  is 
fatal  to  Mr.  Barlow's  hypothesis. 

Another  material  feature  observable  in  these  experiments, 
but  not  particularly  noticed  by  Mr.  Barlow,  is  that  in  all 
cases  when  the  loads  were  removed  the  measured  lengths  did 
not  return  to  their  original  dimensions  but  retained  a  per- 
manent set.  The  amount  of  set  shown  is  given  in  the  last 
columns  of  the  preceding  tables,  and  will  be  hereafter  again 
referred  to. 

Mr?  Barlow  assumes  (1)  that  the  resistance  which  he  ascribes 
to  flexure  has  the  same  effect  as  an  addition  to  the  tensile  stress, 
and  (2)  that  the  amount  of  this  addition  varies  with  the 
degree  of  flexure,  and  also  with  the  depth  of  the  beam.  But 
when  he  comes  to  determine  the  amount  of  this  resistance  in 
solid  rectangular  beams  at  the  moment  of  rupture,  he  makes 
this  addition,  due  to  the  resistance  to  flexure,  a  constant  quan- 
tity, bearing  a  proportion  to  the  tensile  resistance  of  1  to  'IS  I 
(Well  may  a  doubt  be  expressed  whether  lateral  action  alone 
is  sufficient  to  account  for  such  an  addition  to  the  tensile 
resistance.)  For  a  beam  of  different  pattern  he  assumes  that 
this  constant  is  multiplied  by  the  depth  of  metal  and  by  the 
deflexion,  and  divided  by  the  depth  and  deflexion  of  the  solid 
beam. 

In  eff'ect  this  is  simply  to  treat  the  question  as  though 
the  tensile  strength  were  so  much  greater  than  it  really  is,  the 
amount  of  the  excess  being  taken  at  an  arbitrary  quantity, 
determined  from  the  excess  of  transverse  strength  required  to 
be  accounted  for,  and  modified  to  suit  the  case  of  beams  of  a 
different  form  in  an  equally  ai'bitrary  manner. 

And  no  satisfactory  account  or  explanation  is  given  of  this 
assumed  enormous  addition  to  the  tensile  resistance.  It  is 
clear  that  the  relative  lateral  displacement  of  the  fibres  must 
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l)t',  in  comparison  with  their  elongation  or  contraction,  some- 
thing extremely  small,  and  the  resistances  thereby  occasioned 
oom])aratively  insignificant. 

Mr.  Barlow  says  "  there  aro  in  fact  two  distinct  changes  of 
figun^  Thei-e  is  the  change  produced  by  the  tension  and 
compression,  which  if  acting  alone  would  result  in  the  figure 
efgli  (a  rectangle),  and  there  is  the  change  produced  by  the 
curvature,  which  if  acting  alone  would  result  in  the  figure 
I p norm  (a  similar  rectangle  with  the  upper  and  lower  sides 
curved),  the  combination  of  these  effects  is  necessary  to  ])ro- 
ducethe  figure  whicli  a  beam  assumes  under  transverse  strain"'^. 

But  this  is  to  take  info  account  twice  over  tiie  greater  part 
of  the  displacements  by  which  the  resistance  is  occasioned.  If 
the  area  of  the  first  figure  lepresent  the  resistances  caused  by 
direct  strain,  it  is  clear  that  the  addition  caused  by  the  second 
displacement  cannot  exceed  that  represented  by  the  space  not 
included  in  ])oth  areas. 

What  the  experiments  show  us  is  a  losa  of  resisting  j)Ower 
with  the  increase  of  deflexion,  manifested,  as  already  pointed 
out,  by  an  increasing  ratio  of  deflexion  to  load,  and  therefore 
something  absolutely  the  reverse  of  a  resistance  to  flexure. 

In  addition  to  the  conclusion  already  quoted  as  to  the 
position  of  the  neutral  axis,  which  has  been  shown  not  to  be 
confirmed  by  the  ex])eriments,  j\Ir.  Barlow  makes  this  further 
comment  u})on  them  : — 

"  In  the  first  beam  a  strain  (load)  of  5786  lb.  caused  an 
extension  . . .  at  the  outer  fibres  ...  =30  divisions  . . .  therefore 

an  extension  of  ,  _,.  .  ,  of  the  length.     The  beam  was  7  ft. 
l<*J2-4  " 

4  in.  long,  (5  in.  deep,  and  '1  in.   thick,  so  that  with  a  strain 

.     ,./ox88x578G     \,^^.,,  .,,  ,         ,      ,.,         ,, 

stress)  of     — , — ^,-,   -7-  =     10,(508  Hj.  at  the  outer  fibres,  the 

extension  produced  was  7^:^  t— .  of  the  lenoth.   But  in  referrini: 

to  the  experiments  made  by  Mr.  Hodgkinson,  it  will  be  seen 
that  a  force  of  10.538  lb.  applied  by  direct  tensile  strain  extends 

cast  iron        --of  its  length,  being  nearly  double  that  exhibited 

by  the  beam." 

Now  an  extension  of  this  amount  wiili  such  a  stres.s, 
unless  the  limit  of  elasticity  were  exceeded,  iuij)lies  a  modulus 
of  elasticily  E  =  10538  x"^105()  =  1 1,127,028  only  ;  whereas 
the  values  of  E  deduced  by  Mr.  Hodgkinson  from  his 
experiments  on  various  samj)les  of  cast  iron  varv  from 
13,730,500  to  22,1107,700.  that  for  Can-on  C  B  being  17,270,000, 
*  IMiil.  Trans.  18r,7.  ]i.  171. 
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wbii'li  is  about  tlie  average  It  ninst  be  remcinl)ered  tbat  tbc 
extension  measured  by  Mr.  Barlow  is  tbat  of  12-25  indies  of 
tbe  lengtb  of  tlie  beam,  antl  tbat   tlie  inaxiniuni  extension  at 

the  centre  is   tberefore   1*078  times  tbis  amount  or  ,  .  .  ,    . 

ltH;2-)S 

Taking  tbe  modubis  of  elasticity  at  17,270,000  tbe  extension 
due  to   a    stress  of   10,G08  11).   a}){)liod  bv   direct  tension  is 

10608  1  ,      ,  '  •  .     , 

V^  >-rr<i.w\~  I.-  >.o  or  verv  nearly  the  same  quantity.  And 
1/, 2/ 0,000      102()  .  .  1  . 

tbe  extension  aboye  deduceil  irom  Mr.  Barlow's  measurements 

witb  tbis  loadof  578G  lb.  is  "OOOGSo.or  — — ,  %vbicb  is  o-reater 

'        lo80  *= 

than  that  due  to  tbe  direct  tension  if  the  modulus  be  as  here 

supposed. 

At  all  eyents  Mr.  BarloAv's  coiiclnsion  tbat  tbe  extension 
produced  by  direct  tensile  stress  is  nearly  double  of  tbat  caused 
by  an  equal  calculated  stress  in  tbe  outer  fibres  in  transyerse 
strain,  is  not  supported  by  the  results  of  his  own  experiments. 
On  tbe  contrary,  it  appears  tbat  witb  moderate  loads  tb(^ 
extension  is  yery  nearly  tbe  same  in  both  cases.  But  witb 
extreme  loads  tbis  is  no  longer  true.  Tbe  extension  of  tbe 
lower  filjres  will  then  be  found  considerably  to  exceed  tbat 
which  would  be  caused  by  a  direct  tensile  stress  equal  to  that 
calculated  from  the  load  on  the  supposition  of  the  indefinite 
elasticity  of  the  material,  if  such  a  stress  could  be  applied 
without  causing  rupture. 

It  is,  howeyer,  inconceiyable  tbat  any  such  tensile  stress 
exceeding  tbat  which  is  found  by  direct  experiment  to  pro- 
duce rupture  can  exist  within  the  material.  What,  then,  is  tbe 
true  explanation  of  tbe  facts  disclosed  by  tbe  experiments  ? 

In  what  Mr.  Barlow  terms  "  tbe  existing  theory  of  beams," 
as  well  as  in  the  arguments  upon  which  be  bases  bis  own 
theory,  it  is  assumed  that  up  to  tbe  jioint  of  ruptun^  tbe 
elasticity  of  the  material  is  unlimited  ;  in  other  words,  tbat  tbe 
tensile  or  comjiressiye  stress  always  yaries  witb  the  strain. 

NoAv  it  is  well  known  that  tbis  is  not  the  case.  It  was 
found  by  Hodgkinson  that  with  cast  iron,  although  between 
a  limit  of  about  5  tons  tensile  to  15  tons  comprcssiye  stress 
the  stress  yaried  very  nearl}^  with  the  strain,  when  these 
stresses  were  exceeded  tbe  proportion  of  stress  to  strain 
diminished  with  increasing  ra[)idity.  Eyen  within  these  limits 
the  strict  proj)ortion  which  existed  for  either  tensile  or  com- 
pressive strain  of  very  small  amount  Ayas  not  absolutely  main- 
tained, but  with  increasing  stress  the  proportion  of  stress  to 
strain  gradually,  though  at  first  only  very  slightly,  diminished. 
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And  although  experiments  prove  that  rupture  does  not 
actually  take  place  until  the  tensile  strain  is  such  as  would 
correspond,  if  the  elasticity  continued  unimpaired,  to  a  tensile 
stress  of  at  least  GO  or  70  thousand  pounds,  the  actual  stress 
producinoj  rupture,  and  which  cannot  therefore  have  heen 
exceeded,  is  not  more  than  a  third  of  that  amount.  The 
experiments  of  Hodgkinson  show  a  tensile  strength  for  various 
sam])les  of  cast  iron  varying  from  13,404  to  21,907  lb.  Mr. 
Barlow's  "  experiments  on  tensile  strain "  give  a  stress  of 
15,747  to  22,035  lb.  These  experiments  unfortunately  do  not 
show  the  amount  of  strain. 

The  annexed  diagram  (fig.  5)  will  then  represent  approxi- 
mately the  tensile  strain  and  stress  in  units  for  strain  of  one 
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inch  for  one  thousandth  part  of  elongation,  and  in  units  for 
stress  of  TVQth  of  an  inch  for  every  thousand  pounds.  This 
assumes  the  modulus  of  elasticity  to  be  20,000,000,  which  is 
about  that  indicated  by  the  deflexions  of  a  bar  5  feet  long 
with  moderate  loads  in  the  experiments  of  Mr.  Barlow. 

The  excess  of  strain  beyond  its  normal  proportion  to  the 
stress  may  be  termed  the  overstrain. 

An  unfailing  indication  that  overstrain  has  taken  })lace 
and  that  the  stress  has  not  maintained  its  proportion  to  the 
strain,  is  given  when  on  the  external  forces  causing  the  strain 
being  removed  the  original  condition  is  only  partially  restored 
and  part  of  the  strain  remains  as  a  permanent  set.  In  the 
experiments  of  Mr.  Barlow,  already  described,  after  the  load 
of  14,746  lb.  was  removed,  the  distance  between  the  lowest 
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points  nieasuretl,  wliich  h;ul  been  increased  88  units  by  the 
load,  was  reduced  on  its  removal  only  78  units.  iSiniilarly  a 
load  of  1 0,000  lb.  caused  an  extension  of  102  units,  and  its 
removal  a  contraction  of  only  S\)  units. 

Xow  it  is  manifest  that  when  a  beam  is  transversely  strained 
the  amount  of  strain  in  any  part  of  a  given  section  will  vary 
directly  as  the  distance  from  the  neutral  axis.  The  stress, 
tensile  or  compressive,  will,  however,  not  necessarily  vary  in 
the  same  proportion,  but  will  be  that  due  to  the  strain,  being 
nearly  proportionate  to  it  until  the  maximum  stress — that 
whicli  will  ultimately  cause  rupture — is  approached,  but 
increasing  no  further  than  the  breaking  stress  and  maintaining 
practically  the  same  amount  until  actual  rupture  commences. 

And  if  the  point  A,  in  the  last  diagram,  represent  the 
position  of  the  neutral  axis  of  a  beam  undergoing  transverse 
strain,  and  the  distance  below  it  AB  on  a  vertical  line  repre- 
sent the  depth  below  it  of  any  part  of  the  section,  if  a  horizontal 
line  BC  represent  the  tensile  strain  at  that  depth,  then  BD 

will  likewise  represent,  on  a  scale    -^^  of  that  used  in  measuring 

the  strain,  the  tensile  stress  at  the  same  de2)th. 

It  follows  then  that,  when  the  liinitof 
elasticity  has  not  been  exceeded,  if  the 
line  C  I)  (fig.  6) ,  being  the  lower  side  of 
any  section  A  B  C  D  of  a  rectangular 
beam,  subjected  to  transverse  strain 
only"*,  be  taken  to  represent  the  stress 
per  inch  at  that  line,  then  the  same  line 
measured  in  units  E  times  the  length  of 
those  in  which  it  measures  the  stress  will 
represent  the  longitudinal  elongation 
per  unit  of  length  of  the  filaments  of  the 
beam,  or  the  strain  at  that  line.  Join 
AD   B C  :    then  G,  the  intersection  of 

those  lines,  is  the  centre  of  gravity  of  the  section,  and  also 
under  the  same  condition  the  position  of  the  neutral  axis. 
And  the  length  of  any  horizontal  lines  ah  or  cd  between  those 
lines  will  re})resent  in  similar  units  the  stress  per  inch  either 
compressive  or  tensile,  as  well  as  the  contraction  or  elongation 
at  such  line. 

Moreover,  the  areas  of  the  triangles  AGB,  CGD,  multiplied 

*  That  is  to  say,  the  sum  of  the  longitudinal  stresses  at  that  section 
reckoned  positive  or  negative  according  as  they  are  tensile  or  compressive 
amounting  to  zero.  Should  the  beam  in  addition  to  the  transverse  strain 
be  subjected  also  to  longitudinal  strain,  the  conditions  will  be  altered  and 
the  position  of  the  neutral  axis  changed. 
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by  the  .stress  jxt  indi  ut  AB  or  C  D  will  represent  respectively 
the  total  compressive  and  tensile  stresses  on  the  section,  and 
the  sum  of  these  multiplied  by  one  third  of  the  depth  of  the 
section  will  be  the  moment  of  horizontal  stress  at  that  section. 
But  if  the  limits  of  elasticity  have  been  exceeded  at  CJ  D, 
when  C  D  is  a.ssnmed  to  represent  the  stress  per  inch  at  that 
line,  it  will  no  longer  represent  the  amount  of  elonoation  or 
the  strain  in   units  E  times  th(^  length  of  those  in  which  it 
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measures  the  stress,  but  the  line  representing  the  strain  in 
such  units  will  be  longer  than  CD.  Let  this  be  represented 
by  EF  (fig.  7).  Let  H  now  be  the  position  of  the  neutral 
axis.  Draw  EK,  FI,  straight  lines  through  H,  to  meet  AB 
produced  in  K  and  L  Then  as  before,  any  horizontal  lines 
ik  or  ^^/' drawn  between  these  lines  will  represent  the  con- 
traction or  elongation  at  such  lines.  And  if  points  cd  be 
taken  upon  all  such  lines  ej\  e(|uidistant  from  the  vertical  line 
through  the  centre  of  the  section,  so  that  the  length  of  cd 
may  represent  the  stress  due  to  the  elongation  ef^  and  lines 
drawn  through  all  such  points  from  C  aud  D  to  H,  then  the 
area  of  the  figure  enclosed  by  these  lines  and  the  base  C  D 
multiplied  by  the  stress  per  inch  at  C  D  will  be  the  total 
amount  of  tensile  stress. 

If  the  limit  of  elasticity  has  been  also  passed  for  compressive 
strain,  the  same  operation  must  be  repeated  at  all  lines  \k. 
But  otherwise  the  area  of  the  triangle  I  H  K  multiplied  by  the 
stress  per  inch  at  C  D  will  be  the  total  amount  of  compressive 
stress.  And  the  sum  of  these  areas  each  multiplied  by  the 
stress  per  inch  at  C  D,  and  by  the  distance  of  their  respective 
centres  of  gravity  from  H,  will  be  the  moment  of  horizontal 
stress  about  the  neutral  axis. 

Inasmuch  as  the  total  amounts  of  tensile  and  compressive 
stress  must  be  equal  to  each  other,  it  is  manifest  that  H 
and  G  will  not  under  the.se  circumstances  coincide,  but  that 
as  the  strain  increases  after  the  limit  of  elasticity  has  been 
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IKissetl  the  neutral  :ixi.swill  be(lisj)lace(l  to  a  small  extent  from 
the  centre  of  gravity  ot"  the  section. 

In  the  case  of  cast  iron  it  has  been  found,  as  already  stated, 
that  even  with  A'ery  moderate  strains  the  ratio  of  stress  to 
strain  varies  to  some  extent  from  its  initial  value  E.  But 
this  variation  does  not  become  considerable  for  either 
tensile  or  comjiressive  stress  until  it  approaches  that  which 
ultimately  produces  rupture*.  And  no  very  considerable 
error  will  result  from  assuminfi;  that  the  compressive  stress 
varies  directly  with  the  strain  in  anv  bar  of  rectan<Tular  section 
sul)jected  to  transverse  strain,  and  that  the  tensile  stress  also 
varies  directly  with  the  strain  until  it  reaches  the  amount 
which  ultimately  produces  ru])ture  and  then  remains  constant 
until  the  strain  likewise  reaches  the  point  of  rupture. 

These  assumptions  will  simj)lify  the  figures,  the  areas  of 
which  measure  the  total  tensile  or  compressive  stress,  and 
these   will  then    become  respectively  the   pentagonal  figure 
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(.'  L  H  ^I  D  and  the  triangle  I  H  K,  the  dimensions  of  which 
may  be  readily  computed. 

Make  HO'(fig.  8)=^  depth  and  OX  and  OP  each  =k_ 
width  of  the  beam. 

Then  if  N  P  be  taken  to  represent  the  maximum  tensile 
stress,  S,  or  a  little  less  than  the  tensile  breaking-stre>s,  pro- 
duce this  line  to  Rand  S  (equidistant  from  0),  and  assume 
R  S  to  represent  on  a  scale  E  times  as  great  the  elongation  of 
the  fibres  at  a  depth  below  the  neutral  axis  equal  to  half  the 
depth  of  the  beam. 

Draw  straight  lines  through  H  R,  H  S,  intersecting  verticals 
through  N  and  P  in  L  and  M,  and  produce  them  in  both 

•  It  appears  from  the  experiments  of  Mr.  Hodgkinson  that  the  break- 
ing compressive  stress  of  cast  iron  is  generally  from  100,000  to  l-'50,000  lb. 
-Phil.  Trans.  (18.57)  p.  866. 
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directions.  Then  tiruw  I  K  and  1']  F  ])iirallel  to  US,  inter- 
secting tlie  vertical  lines  tlu'()Ut;li  N  and  P  at  A  and  B, 
C  and  D,  at  a  distance  from  each  other  equal  to  the  depth  of 
the  beam,  in  such  manner  that  the  area  of  the  triangle  I  H  K 
may  equal  that  of  the  pentagon  C  L  H  M  D.  Then  A  B  C  D 
will  represent  the  section  of  the  beam  ;  H  will  be  the  position 
of  the  neutral  axis,  which  will  be  slightly  elevated  above  the 
centre  of  gravity,  G,  of  the  section;  IK  will  represent  the 
com])ressive  strain  or  stress  at  the  u})per  side  of  the  beam ; 
any  horizontal  lines  i  k,  I  m,  intersecting  the  lines  of  strain  or 
stress  IM,  KL,  will  represent  the  strain  or  stress  at  such  line, 
any  line  ?/" intersecting  the  lines  L  E,  M  F,  will  represent  the 
strain,  and  the  portion  of  it  cd  between  LC  and  MD  the 
stress,  at  such  line,  and  E  F  and  C  D  respectively  the  strain 
and  stress  at  the  lower  side  of  the  beam. 

And  the  areas  (J  L  H  M  D  and  I  H  K  will  be  the  areas  of 
maximum  tensile  stress  and  of  an  equal  compressive  stress 
respectively,  and  the  sum  of  these  areas  each  multiplied  by 
the  maximum  tensile  stress  and  by  the  distance  of  its  centre  of 
gravity  from  H  will  be  the  total  moment  of  horizontal  stress. 

Let  AB  =  /',  AC  =  d,  e  =  elongation  per  unit  of  length  at  a 
depth  below  the  neutral  axis  equal  to  half  the  depth  of  the 
beam,  HQ,the  height  of  neutral  axis  above  the  lower  side,  =A, 
MD  =  c,  and  h  —  c=g. 

Then  ^  _  A 

liS  ~  Ee' 
Let  this  =  0-,  ,  HO  .  NP      da 

IK  =  ^^Mr^)  ^  and  the  A  I  H  K  =  the  pentagon  C  L  H  M  D, 

Solving  this  equation  with  respect  to  It,  we  obtain 
]i  =  d-\-g—  s/  2dg 

which  is  the  height  of  the  neutral  axis  above  the  lower  side 
of  the  section  ; 

.*.  d  —  h  =  dl  ^<T—-\,  and  c=h—g  =  d(l  —  -^(j). 

And  the  moment  of  IHK  about  H  is 

1  hjd-hy  _  IxP  (2^a-a)\ 
'6        g         ~   a  2a         ' 
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rhe  moment  of  LHM  is 

1  ,  .      bd'  <r'' 

and  the  moment  of  LCDM  is 
Therefore  the  total  moment  of  stress  is 

=  S-|'(3-2v/<r) (1) 

Now  if  Si  be  the  maximmn  stress  which  would  have  existed 

in  consequence  of  the  loading  at  the  lower  side  of  the  section 

if  the  elasticity  had  been  perfect,  the  total  moment  of  stress 

bcP 
will  be  represented  by  Si  -^  ; 

.-.  S(3-2s/o-)  =  Si. 
Let  -^  =r,  then 

And  the  strain  at  half  the  depth  of  section  below  the  neutral 
axis  is 

^-l=l&' (^) 

the  maximum  tensile  strain  at  C  D  represented  by  EF  is 


(3) 


1 

^^~    d    ~  E  o-  ~E     (S-r)^    '  ' 

the  maximum  compressive  strain  at  AB  is 

_2e{d-h)  _  S  2x/q--o-_S  1  +  r  .. 

^'~         d         ~E         o-         ~E3-r'      •     •      ^^ 

and  the  maximum  compressive  stress  is 

Si±^ (5) 

o  —  r 

The  amount  of  displacement  of  the  neutral  axis  from  the 
Phil.  Mag.  S.  5.  Vol.  33.  No.  204.  Mar/  1892.  2  F 
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centre  of  <;ravity  is 

The  foregoinrr  equations  are  sufficient  to  determine  the  con- 
ditions under  which  the  facts  relating  to  transverse  strength 
may  be  reconciled  with  those  of  tensile  strength  without 
recourse  to  the  suj)position  of  any  kind  of  resistance  other 
than  the  known  resistances  to  extension  and  compression. 

The  truth  of  the  theory  and  its  adequacy  to  account  for  the 
facts  shown  by  experiment  may  be  tested  by  comparing  the 
amounts  of  deflexion  calculated  to  exist  according  to  the 
theory  with  those  experimentally  determined. 

For  this  purpose  it  is  necessary  to  find  the  curve  assumed 
by  a  beam,  and  its  consequent  deflexion,  under  the  supposed 
condition  of  overstrain. 

Now  it  is  evident  that  the  area  C  L  H  M  D  of  maximum 
tensile  stress  is  the  same  as  that  of  an  equal  stress  would  be 
if  the  stress  continued  to  vary  with  the  strain  down  to  the 
lower  side  of  the  section,  and  every  horizontal  dimension  of 
the  beam  between  L  C  and  M  D  were  reduced  in  the  propor- 
tion which  the  actual  stress  at  any  horizontal  line  bears  to 
that  which  would  then  exist  at  that  line,  that  is  as  cd  to  ef. 

Make  tv=  — A,  and  draw  lines  from  L  and  M  through  all 

^/ 
such  points  t,  v,  to  meet  the  base  in  T  and  V.  Then  tlie 
actual  strength  of  the  section  A  C  D  B  is  the  same  as  would 
be  that  of  the  section  A  L  T  V  M  B  if  the  stress  continued  to 
increase  with  the  strain -to  its  utmost  limit.  And  its  de- 
flexion under  any  given  load  must  likewise  be  the  same. 

The  centre  of  gravity  of  the  section  A  L  T  V  ]\I  B  is  the 
point  H,  which  has  been  already  determined  to  be  the  neutral 
axis  of  the  section  A  0  D  B  as  subjected  to  overstrain.  And 
the  neutral  axis  of  A  L  T  V  M  B  will  coincide  with  its  centre 
of  gravity. 

The  moment  of  inertia  of  this  section  about  that  point  is 
readily  found  to  be 

=  ^^a{3-2^<f}  =  V-(3-ry, (7) 

(where  I  is  the  moment  of  inertia  of  the  section  A  C  D  B 
about  its  centre  of  gravity),  which  is  therefore  the  moment 
of  inertia  of  the  reduced  section  at  the  centre  of  the  length  of 
the  beam. 
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The  radius  of"  curvature  at  the  same  jioint  is  Jeterinined  by 
the  equation 

1  _  w/  _      w/ 

K~4EIi      Eir(3-7-f' ^^ 

where  W  is  the  central  load,  and  /  the  length  of  the  beam. 

And  the  deflexion  of  the  origmal  beam,  on  the  supposition 
of  stress  and  strain  varyino-  together,  would  be 

1  48Si 


(9) 

and  the  elongation  of  the  fibres  at  a  depth  -  below  the  neutral 
axis 


es  at  a 
24V 


(10) 


(11) 


v{;6~r)H' 

and  the  elongation  at  the  lower  side  of  the  section 
_  6S,rf  4-|-(r-l)2 
^1-     /2        ri^d-rf    •       •      •      • 

The  amount  of  elongation  varies  directly  with  the  deflexion 

being  -r^  so  long  as  the  limit  of  elasticity  is  not  exceeded. 

But  when  this  is  the  case,  as  indicated  by  an  excess  of  actual 
deflexion  over  the  normal  amount,  an  increase  of  elongation 
will  be  occasioned  in  a  larger  ratio  than  the  increase  in  the 
deflexion,  owing  to  the  excess  of  curvature  being  confined  to 
the  portion  of  the  beam  which  is  overstrained,  that  is  to  say, 
to  the  central  part,  and  being  greatest  in  the  centre  of  the 
length.  The  distance  from  the  centre  of  the  beam  to  which 
this  overstrain  will  extend  will  be  as  far  as  the  point  at  which 
the  maximum  tensile  stress  S  is  the  same  as  the  calculated 
maximum  tensile  stress ;  that  is  to  say,  since  the  moment  of 
stress  varies  as  the  distance  from  the  point  of  support,  at  a 

distance  ^r  -,  =3-''^. 
oi  ::       Zr 

*  The  overstrain  actually  continues  to  some  extent  to  a  greater  dis- 
tance, as  the  stress  does  not  in  fact  maintain  a  strict  proportion  to  the 
strain  until  it  attains  its  maximum,  as  has  been  assumed  for  convenience 
of  calculation.  The  exact  solution  of  the  problem  would  require  S  to  be 
treated  as  a  variable,  wliich  would  introduce  too  great  complexity.  The 
error  occasioned  by  the  treatment  of  the  question  which  has  been  adopted 
is  not  coiLsiderable,  but  causes  the  calculated  deflexions,  especially  for  the 
intermediate  loads,  to  be  somewhat  less  than  the  true  amounts. 

2  F  2 
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At  any  point  in  the  beam  between  this  and  the  centre,  and 

at  a  distance  x  from  tlio  point  of  supj)ort,  tlie  maximum  stress 

which  would  exist  on  the  supposition  of  perfect  elasticity  will 

be  reduced  in  the  proportion  of  2.v  to  /.     In  the  equation  for 

Ii,  therefore,  to  obtain  the  moment  of  inertia  of  the  reduced 

2)\v 
section  at  that  jioint,  —j^  nmst  be  substituted  for  r,  and 

T  _  lrx{8l—2ra;y  . 

'""        W        ' ^  ^ 

and  at  this  point,  if  x,  y  be  the  ordinates  of  the  curve  of 
deflexion,  the  origin  being  the  point  of  support. 

Ell       pr   dh,       Wx 

.  FT  '?y__wp__ 

••  -^     d.v'~  r(dl-2rxf 
Integrating  between  x  and  — ,  and  noting  that  at  the  centre 

dx  ~  2r'{dl-2rx)       27^{d-r)  ' 
and  when  x=  -^, 

EItan«=-';,.':!^     V (13) 

Integrating  again  between  the  same  limits,  y  being  equal 
to  —  S  at  the  centre, 

E%  +  S)=--^^.^hl^3-^-^;;,^3-^^  +  j^^     (14) 

and  when  •«  =  ^,j  I/=!/i} 

E%i  +  S)=-4^h.h3--^  +  ^^,^.     .      (15) 

Again,  at  any  point  between  '^  =  ^  and  the  point  of  support, 
the  moment  of  inertia  is  unaffected  by  overstrain,  and 

^^d7^  =  -Y" 
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Integrating  between  x  and 

therefore,  adding  (13), 

^  d^  ^^ _ YLH  _  w/y-i) 

(^0.-  4         16r2        4>(8-r)  " 

Integrating  again  between  the  same  limits, 

ii/     i/i-'-    22         9tV        l(j/--  ^  32r3         4?-X3-r)    "^  8/'3(8-/-)  ' 
therefore,  adding  (15), 

yj(       .x_  Wo;^      ViP       ^YPa;  _'WP{r-l)x      3W/^f/— 1) 


and  when  x  =  0,  r/  =  0, 


-4^^.1.3-^.;     .     .     (16) 


Ei8=5;^,+ss^-?fh.i. 


48/.3   '     8r\S-r)  4r3        "  3-?' 

E6c/3   USr^  "^  8/'=^(3-r)       4/-3         3-rJ'    '^   ^ 

where  8^  is  the  normal  deflexion  on  the  supposition  of  perfect 
elasticity,  and  8  the  increased  deflexion  consequent  upon  over- 
strain. 

Equations  (14)  and  (1(5)  are  the  equations  to  the  curve  for 
the  portions  of  the  beam  between  the  centre  and  the  distance 

-^  from  the  point  of  support,  and  between  that  and  the  point 

of  support  respectively,  the  value  of  the  constant  8  in  both 
being  determined  by  (17). 

Before  proceeding  further,  it  will  be  well  to  recapitulate  the 
leading  features  of  the  theory  above  developed,  which  may  be 
termed  the  theory  of  overstrain. 

In  any  beam  or  bar  of  rectangular  section  subjected  to 
transverse  strain,  the  form  of  the  areas  of  equal  resistance, 
shown  in  fig.  6,  and  the  coincidence  of  the  neutral  axis  with 
the  centre  of  gravity,  presuppose  a  condition  of  perfect  elas- 
ticity ;  that  is,  that  the  resistance  to  the  extension  or  com- 
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pression    of  the    fibres   varies   directly  with  tlie   amount  of 
extension  or  conij)re?sion. 

When  this  condition  does  not  continue  to  the  point  of  rup- 
ture, but,  as  in  the  case  of  cast  iron,  the  limit  of  elasticity- 
has  been  passed  for  tensile,  but  not  for  compressive,  strain 
before  ruj)ture  takes  place,  the  maxinmin  tensile  stress  is  that 
which  will  produce  riij)ture  by  direct  tensile  strain.  But  this 
n)axinuun  stress  will  exist,  after  the  limit  of  elasticity  is 
passed,  not  only  at  the  lower  margin,  but  for  some  distance 
within  the  substance  of  the  beam.  The  form  of  the  areas  of 
equal  maximum  stress  will  be  that  shown  in  fig.  7,  and  the 
position  of  the  neutral  axis  will  be  raised  above  the  centre  of 
gravity  of  the  section. 

The  same   considerations   will  lead    to  the 
conclusion  that  when  the  limit  of  elasticity  is 
passed  before  rupture  for  compressive,  but  not 
for  tensile  strain,  the  form  of  these  areas  will 
be  that  shown  in  fig.  9,  and  the  position  of 
the  neutral   axis   will  be  depressed.       When 
it   is  passed    for    both   tensile    and    compres- 
sive   strain,    the  form   will    be   one    of   the    two    shown    in 
fig.  10  ;  and  the  position  of  the 
neutral   axis    will   be   raised    or 
depressed  according  as  the  limit 
of   elasticity   is   first   passed   for 
tensile  or  compressive  strain,  or 
as  the  maximum  compressive  or  ^. 

tensile  stress  is  the  greater.  '^ 

In  each  case  the  maximum  tensile  stress  is  supposed  to  be 
measured  by  the  base  of  the  section,  and  to  be  the  unit  of 
stress  for  both  of  the  areas. 

The  same  principles  will  apply  to  beams  of  any  other 
section.  In  all  cases  the  effect  will  be  the  same  as  if  the 
dimensions  of  the  section  \\  ere  reduced  for  some  distance  on 
each  side  of  the  centre  of  the  beam,  and  the  stress  continued 
to  increase  proportionally  to  the  strain  without  limit  up  to  the 
])oint  of  rupture. 

The  results  of  four  experiments  made  by  Mr.  Barlow  on  the 
deflexion  of  bars  or  girders  of  rectangular  section  under 
various  loads  increased  bv  deo-rees  to  the  breakiniJ:  weioht  are 
recorded  in  his  })aper  of  1855.  In  the  following  Tables  the 
figures  of  the  first  and  third  columns  are  the  loads  and  corre- 
sponding defiexious  given  by  Mr.  Barlow  as  the  results  of  his 
first  two  ex])eriments,  the  other  quantities  being  calculated 
from  them.  The  irregularity  of  the  deflexions  observed  to 
be  produced  by  the  smaller  loads  renders  it  difficult  to  deter- 
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mine  with  certainty  the  modulus  of  ehistieity  of  the  metal 
employed  ;  but  as  in  the  first  experiment  four  measurements, 
and  in  the  second  three,  are  given  for  loads  not  exceeding 
712  lb.,  the  average  result  of  these  may  probably  be  taken  as 
nearly  correct ;  and  the  modulus  has  been  calculated  from  the 
mean  deflexion  for  every  pound  of  load  up  to  712  pounds,  up 
to  which  amount  it  may  fairly  be  assumed  that  stress  and 

strain  are  directly  proportionate,  by  the  formula  E=    ^3. 

In  the  other  two  experiments  no  observations  are  recorded 
for  loads  between  -10  and  712  lb.,  and  those  given  for  these 
loads  do  not  appear  sufficiently  reliable  to  found  any  satis- 
factory conclusions  upon  them. 

W/ 
The  moment  of  transverse  stress  in  colunni  2  is  — — 

4 

The   normal  deflexion   in   column   4  is   that  which  would 

exist  under  each  load  if  the   limits    of   elasticity  were   not 

\VP 
exceeded,  and  is  calculated  by  the  formula  S,=  . ,,,  ,-:  or  if 

82  be  the  deflexion  already  ascertained  for  any  given  load  Wg, 

W 

8^=  TT7^^2-     The  amounts  so  calculated  var^^  little  from  the 

>'  2 
observed  deflexions  until   the   amount  of  tensile  stress  ap- 
proaches that  which  would  cause  rupture  by  direct  strain, 
after  which  the  latter  become  considerably  in  excess. 

The  tensile  stress  per  inch  on  the  lower  fibres  is  — ^7-^  so 
^  2b(P 

long  as  the  stress  varies  directly  with  the  strain,  but  can  never 
exceed  the  breaking  stress.  Mr.  Barlow's  experiments  on  the 
direct  tensile  strength  of  cast  iron,  made,  as  may  be  presumed, 
upon  samples  of  iron  similar  in  quality  to  those  employed  in 
his  experiments  on  transverse  strain,  give  18,876  lb.  as  the 
mean  breaking  stress  in  eight  trials.  It  must,  however,  bo 
observed  that  these  experiments  give  various  values  from 
15,747  to  22,035  lb. ;  and  that  while  the  strength  of  a  bar 
longitudinally  strained  is  that  of  its  weakest  part,  the  tensile 
strength  of  the  part  of  a  bar  transversely  strained  is  precisely 
that  at  the  centre  of  its  length,  and  may  generally  be  sup- 
posed to  be  more  than  the  amount  which,  for  the  above 
reason,  is  obtained  by  experiments  on  direct  longitudinal 
strain.  If  those  experiments  are  rejected  in  which  a  distinct 
flaw  was  found  to  exist  in  the  metal  at  the  point  of  rupture, 
it  will  be  found  that  the  average  stress  actually  supported 
without  rupture  in  three  of  the  experiments  was  21,400  lb. ; 
and  it  may  fairly  be  assumed  that  the  t^jnsile  strength  at  the 
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centre  of  the  bars  submitted  to  transverse  strain  may  have 
been  equal  to  the  greatest  tensile  stress  supported  without 
rupture  in  any  of  the  bars  subjected  to  direct  strain,  which 
was  21,745  lb. 

When  the  maximum  tensile  stress  is  first  nearly  approached 
the  tensile  stress  at  the  lower  fibres  will  be  somewhat  less  than 
that  given  by  the  equation,  but  may  be  assumed  to  be  deter- 
mined by  it  until  it  is  equal  to  a  maximum  somewhat  below 
the  breaking  stress,  and  afterwards  to  remain  constant  at  the 
same  amount.  If  it  had  continued  to  vary  with  the  load  its 
amount  would  be  that  given  in  cohnnn  5,  and  the  actual 
maximum  tensile  stress  may  be  taken  to  be  that  in  column  6. 

Column  7  gives  the  ratio  r  of  the  two  last  values  when  the 
former  exceeds  the  latter,  and  the  quantities  in  the  remaining 
columns  are  calculated  by  the  equations  above  deduced  from 
the  theory  of  overstrain. 

The  annexed  diagram  (fig.  11)  exhibits  in  a  more  striking 
form  than  the  Table  the  relative  proportion  of  the  calculated 
deflexions  to  those  measured  and  of  both  to  the  normal  de- 
flexion. The  lengths  of  deflexion  in  the  diagram  are  three 
times  the  actual  amount. 


It  will  be  seen  that  in  every  instance  except  one,  where 
there  is  obviously  an  error  in  the  measured  deflexion,  the  cal- 
culated amounts  of  deflexion  are  less  than  those  observed.     It 
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would  appear  from  this  that  the  niaxiinum  tensile  stress  might 
have  been  taken  to  be  somewhat  less.  But  it  must  be  remem- 
bered that  for  convenience  of  calculation  the  stress  has  been 
assumed  to  vary  with  the  strain  until  the  former  has  reached 
its  maximum  amount,  whereas  in  fact  the  overstrain  com- 
mences considerably  sooner.  The  result  is  that  the  calculated 
deriexion  must  be  somewhat  deficient,  esj)ecially  for  the  loads 
about  one  half  the  breaking  weight.  Making  allowance  for 
this  circumstance,  the  calculations  accord  very  fairly  with  the 
facts  as  observed. 

Mr.  Barlow^  relied  much  for  the  confirmation  of  his  theory 
upon  the  fact  that  the  excess  of  strength  exhibited  by  solid 
beams  does  not  appear  to  the  same  extent  in  flanged  girders, 
or  in  beams  of  a  form  which  he  had  made  for  the  purpose  of 
experiment  in  which  an  uj)per  and  lower  flange  were  connected 
only  at  intervals,  the  eliective  section  being  therefore  that 
shown  in  fig.  12,  the  space  acdh  being  vacant 
between  the  solid  portions  A «&  B  and  c  C  D  c?. 
But  this  will  evidently  be  the  same  on  the 
theory  of  overstrain  here  proposed. 

In  such  a  beam  before  the  point  of  rupture 
is  reached,  unless  the  intermediate  space  is  a 
very  small  fraction  of  the  total  de})th,  the  whole 
of  the  lower  part  of  the  section  will  be  included 
in  the  area  of  maximum  stress,  and  if  d^=md 
be  the  depth  of  the  upper  and  lower  solid 
portions,  and  the  other  terms  and  dimensions 


75^/2. 


as  in   the  former  case,  then  as  before  I K  = 


hd-h 


and  (fig.  13) 


/  k  ■=-  h 


d  —  A  —  di 


and  the  area  of  compressive  stress  li^K  l)eing  of  necessity 
equal  to  the  area  of  tensile  stress  c  C  Drf, 
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{d-hY  _{d-h-d,f  ^.^^^ 


,  d\       d , 


9 

2' 


^"^  h  =  d{l-''^), (19) 

the  moment  of  tensile  stress 

^hd,  [li--^  )  =  ^hd'{in-m'-  "^^y 
and  the  moment  of  compressive  stress 

o\       g  g  /  b\  cr/ 

Therefore  the  total  moment  of  stress  is 

S?!^V6(m-m=^)+^') (20) 

If  we  can  find  the  value  of  <t  the  above  equation  will  de- 
termine the  breaking  weight  for  a  beam  of  this  description, 

the  moment  of  stress  beintj  — ;— . 

o    4 

Now  what  appears  to  determine  rupture  is  the  maximum 
tensile  strain.  The  amount  of  elongation  with  the  maximum 
load  su])ported  was  found  in  the  examination  of  Mr.  Barlow's 
first  two  experiments  with  solid  beams  to  be  respectively 
•003777  and  '004078.  For  his  third  and  fourth  experiments 
the  modulus  of  elasticity  could  not  be  satisfactorily  determined, 
but  assuming  it  to  have  been  the  mean  of  those  found  in  the 
other  two,  or  20,236,000,  the  maximum  elongation  in  these 
cases  was  "004185  and  '004228.  Eemarking  how  nearly  all 
these  values  approximate  to  each  other,  we  may  take  the 
amount  of  elongation  which  will  cause  rupture  at  about  '004. 

In  the  case  we  are  now  considering  the  maximum  elonga- 
tion is 

2M       S2  — 0-  —  m  ,-,,. 

^^=^=E— ^— '     •     •     •     •    (^^> 
whence 

9 —in 

(22) 


With  the  value  of  a  so  obtained  the  moment  of  stress  will  be 
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given  by  equation  (20),  ami  the  breaking  weight  may  thence 
be  calculated. 

Mr.  Barlow  made  experiments  on  six  patterns  of  beams  of 
this  description,  four  being  tested  of  each  pattern.  In  the 
Table  on  p.  42(3  are  given  the  mean  dimensions  for  each 
pattern,  the  breaking  weights  found  by  experiment,  and 
those  calculated  as  above. 

Except  in  two  instances  (those  of  patterns  5  and  (j,  the 
second  of  which  should  on  any  theory  be  considerably  stronger 
than  the  first,  the  breaking  weights  according  to  Mr.  Barlow's 
formula  being  4935  and  5533  lb.  respectively)  the  agreement 
between  the  calculated  breaking  weights  and  those  found  by 
experiment  is  very  remarkable  ;  and  it  must  be  remembered 
that  these  values  are  not  obtained  from  an  empirical  formula 
with  arbitrary  constants. 

For  a  bar  of  square  section  diagonally  strained  the  height 

of  the  neutral  axis  above  the  lowest  point  is  determined  by  a 

cubic  equation 

(/       '^  c^ 

1  ;  h-  ,  =  ~~, (23) 

where  c  =  n—a.  1       oa 

0  S 

But  as  7=1—  :p^,tlie  value  of  h  mav  readilv  be  found  by 
h  he^  -  "^  -^ 

approximation  when  e^  is  given.     Taking  this  as  before  at 

•004  for  the  maximum  elongation  at  breaking  point,  and  S 

and  E  as  before,  we  find  /i  =  •5412(7, 

And  calculating  the  moment  of  stress  on  the  same  prin- 
ciples as  in  the  former  examples,  we  obtain  2894  lb.  for  the 
breaking  weight  of  a  bar  2^835  inch  in  depth  and  60  inches 
between  the  supports. 

Four  such  bars  were  tested  by  Mr.  Barlow,  and  the  weights 
with  which  they  broke  varied  from  2708  to  3268  Ib.'^ 

The  case  of  flanged  girders  would  be  of  more  importance  if 
any  reliance  could  be  placed  for  practical  purposes  upon  the 
element  of  strength  in  question.  But  as  a  test  of  the  theory, 
the  correspondence  of  the  results  deduced  from  it  with  the 
facts  evinced  by  the  three  descriptions  of  beams  already 
noticed  is  amply  sufficient. 

It  may  therefore  be  regarded  as  proved  that  the  transverse 
strength  exhibited  by  cast-iron  bars  or  beams  can  be  accounted 
for  by  tensile  and  compressive  resistance  without  requiring 
either  to  exceed  those  found  to  exist  by  experiment  on  direct 

*  Experiments  on  similar,  but  smaller  bars,  showed  in  proportion  con- 
siderably greater  strength,  and  the  same  result  appears  in  comparing 
experiments  with  square  bars  square!}*  strained,  and  also  with  round  bars. 
In  fact  it  would  seem  as  if  the  tensile  strength  of  an  iron  cas^ting  must  be 
^rreater  near  the  surface  than  in  the  interior,  as  was  found  by  Mr. 
Hodffkinson  to  be  the  case  in  regard  to  its  compressive  strength. 
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strain,  ami  wirliout  the  necessity  tor  any  other  resistance  to 
flexure. 

And  considerino;  that  if  we  re<rard  an  ideal  vertical  section 
throncrh  the  centre  of  the  beam,  the  whole  of  the  resistances 
must  be  represented  liy  the  molecular  forces  between  the 
particles  on  the  op])Osite  sides  of  that  section,  it  is  obvious 
that  these  are  practically  none  l)ut  ordinary  tensile  and  com- 
pressive stresses  ^. 

It  is,  however,  only  by  considerable  overstrain  at  the  lower 
side  of  the  beam  that  these  forces  can  be  enabled  to  supply 
the  resistance  which  the  facts  prove  to  exist.  And  it  is  well 
known,  as  has  already  been  observed,  that  an  overstrain  is 
always  followed  by  more  or  less  set  after  the  pressures  causing 
it  are  removed.  And  it  is  also  well  known  that  frequent 
alternations  of  strain  and  release  cause  such  a  modification  of 
the  internal  structure,  that  with  the  lesser  strains  the  variations 
between  the  proportions  of  stress  and  strain  are  reduced 
and  the  elasticity  becomes  more  nearly  perfect.  And  with 
the  greater  strains  the  probable  effect  will  be  of  a  similar 
nature. 

The  capacity  of  the  material  for  overstrain  will  be  reduced 
without  any  increase  of  the  tensile  stren<>;th  ;  and  if  the  extreme 
overstrains  were  frequently  repeated,  it  is  more  than  probable 
that  the  beam  would  be  broken  with  a  much  less  load  than  it 
supported  without  breaking  on  its  first  trial.  Such  an 
experiment  may  perhaps  never  have  been  made  as  to  subject 
a  beam  repeatedly  to  anything  near  the  breaking  load.  But 
the  vibrations  to  which  a  beam  is  exposed  w-hen  employed  in 
a  railway-bridge  probably  cause  intermolecular  strains  of  as 
great  an  amount  with  a  similar  change  in  the  internal 
structure,  and  the  failure  of  such  beams  with  loads  no  greater 
than  they  have  frequently  borne  before  is  unfortunately  too 
common  a  circumstance. 

The  obvious  conclusion  is  that  the  excess  of  strength  for 
which  Mr.  Barlow,  and  it  may  be  added  the  present  writer, 
has  been  at  such  pains  to  account,  and  which,  taking  Mr. 
Barlow's  theory  for  granted,  practical  engineers  have  treated 
as  a  real  and  important  element  of  security,  should  not  be 
regarded  by  them  at  all,  but  the  efficient  transverse  strength 
of  a  beam  should  be  computed  from  the  tensile  strength  by 
the  old  method  of  calculation,  and  any  extra  strength  exhibited 
in  the  trial  of  new  castings  disregarded  as  transitory  and 
delusive. 

*  There  is  probably  also  an  infinitesimal  resistance  to  flexure  resulting 
from  the  lateral  displacement  of  the  particles.  This  must,  however,  be 
so  extremely  small  as  to  be  inappreciable  in  comparison  with  the  re- 
jiistances  arising  from  tensile  and  compressive  stress. 
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XLVII.  Flexure  of  long  Pillars  under  their  oion  Weight. 
Bij  Maurice  F.  FitzGeralu*. 

TTIHE  origin  is  taken  at  the  upper  end  of  the  neutral  axis, 
JL  ab.-*cissa3  being  reckoned  positive  vertically  downwards, 
and  ordinates  horizontal.  The  flexure  is  supposed  small,  and 
assumed  to  lie  in  a  vertical  plane.  The  symbols  employed 
are  as  follows  : — 

H  =  total  height  of  pillar  ; 
h  =  height  below  top  of  any  point  in  it  ; 

S  =  total  shear  on  a  section  normal  to  neutral  axis  ; 

M  =  bending- moment  ; 

w  =  weight  of  pillar  per  unit  of  length  ; 

E  and  I,  as  usual,  stand  for  the  coefficient  of  flexural  elas 
ticity,  and  moment  of  inertia  of  cross  section,  respectively. 

Taking  a  plane,  A  B  (fig.  1), 
normal  to  the  neutral  axis,  the 
shear  on  this  plane  is  the  com- 
ponent along  it  of  the  weight 
of  the  upper  part  of  the  pillar 
(whose  top  is  supposed  free); 
for  small  bending  we  have  there- 
fore 

S  =  7/'/i  Ji  nearly. 

By  well-known  theorems,  -jr  =  S  and  M=  —  EI  -7^,  which 
give  by  substitution. 

By  writing  fj  =x  and  m=   prf-j  this  takes  the  form 


H 


El 


A  __ 


dy 

mx  ~> 

ax 


dy 


in  which,  putting  ^  =u,  we  get 


dhi^ 
da? 


=  — mxii. 


a  differential  equation  which  enters  into  other  questions. 
The  value  of  .lY  =  ^]  runs  from  0  at  top  to  1  at  foot  of 

pillar ;   m  has,  except  for  pieces  ot  fine  wire  a  few  feet  in 
length,  or  for  very  unusually  tall  and  large  columns,  only  a 
small  fractional  value  in  practice. 
*  Communicated  by  the  Pliysical  Society :  read  February  26,  1892. 
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Integrating  the  equation  -rh  =  —nut-—  in  series,  we  get 


where 

U  =  .r|l- 


y=AU  +  BY, 


4''"2.3.5.6.7     2.3.5.6.8.9.10 


+  .. 


V  is  another  series,  having  a^  as  a  factor,  and  A  and  B  are 
arbitrary  constants. 

Calling  the  first  derived  function,  with  respect  to  x,  of  U, 
U '  and  so  on,  the  condition  of  a  pillar  free  at  top,  and  fixed 
initially  vertically  to  a  rigid  base  is  expressed  by 


dy^  _ 


dx 


=  AU'  +  BV  =0  when  x=\,  i.  e.  at  foot, 


and 


^  =AU''  +  BV"  =  0  when  .t-=0,  /.  e.  at  top. 


since  there  is  no  bending-moment  at  top. 

As  V  contains  .r-'  as  a  factor,  the  second  of  these  gives  B  =  0, 
and  the  first  then  requires  U'  =  0  when  .r=l.  It  will  be 
found,  on  inspecting  the  curves  plotted  in  fig.  2,  that  a  value 

Fig.  2. 

d?y  dy 
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of  w?  =  7"85  nearly  is  that  required.  For  dimensions  in  feet, 
and  for  steel  in  which  E  =  about  12,000  tons  per  square  inch, 
this  gives,  on  putting  in  the  numerical  values,  and  putting 
L  =  ratio  of  length  to  diameter, 

8-1  X  10^ 
H  (in  feet)  = j-^ —  for  steel  tubes, 

H  being  here  independent  of  the  thickness,  supposed  small  ; 

and 

4  X  10" 
H  =  — p2 —  ^^^  round  steel  rods, 

as  the  limiting  height  of  pillar  which  can  stand  without  bend- 
ing under  its  own  weight.  Thus  for  L  =  100,  the  maximum 
height  is  about  800  feet,  giving  a  tube  8  feet  diameter. 
For  wires,  L  may  be  much  greater ;  for  instance,  the  limit  at 
which  bending  due  to  its  own  weight,  of  wire  originally 
straight  and  vertical,  size  No.  28  B.W.G,,  must  occur  is 
about  1'8  feet. 

All  columns,  in  practice,  naturally  fall  far  within  the  limits 
here  given.  In  connexion,  however,  with  the  inherent  flexi- 
bility of  very  large  masses  under  their  own  weight,  even  when 
direct  crushing  is  prevented  (say  by  external  fluid  pressure), 
it  may  be  remarked  that  for  L  =  4,  H  =  47  miles,  approxi- 
mately ;  so  that  a  solid  steel  column  12  miles  diameter  would 
bend,  even  if  prevented  from  bulging,  if  it  were  50  miles  high. 

The  only  case  of  interest,  besides  that  of  a  column  fixed  at 
its  base  and  free  at  the  top,  above  treated,  seems  to  be  that  of 
a  heavy  upright  column,  held  at  top  and  bottom  by  external 
bending-moments  so  that  the  neutral  axis  is  vertical  at  both 
ends,  but  otherwise  free. 

In  this  case,  denoting  by  suffixes  the  values  at  each  end, 
we  have 

AW  +  BVo'  =0,  AU/  +  BV/  =0, 

AUo"  +  BVo''  =  MjH'^    AUi"  +  BV/'  =  M.H^ 

Vq'  and  Uq"  are  both  zero  identically;  Uo'  =  l,  and  Vq"  =  2, 
which  give  A  =  0  ;  2B  =  MiH^;  and,  on  substitution  in  the 
second  and  last  of  the  above  equations,  we  get 

BV/  =  0  and  MiVi"  =  2M2, 

where,  in  V/',  the  value  of  79i  which  makes  Vi'=0  is  to  be 
inserted.  The  result  shows  that  there  is,  in  this  case,  a 
definite  ratio  between  the  external  bending-moments. 

Precisely  similar  results,  as  to  producing  bending,  would 
take  place  in  a  bar  accelerated  by  a  force  applied  at  its  back 
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end,  nocrloctiiior  loiicritmlinal  souiitl-waves  ;  as  also  to  a  litinid 
filament  retarded,  if  it  possessed  uniform  stiftness  in  virtue  of 
any  internal  motion. 
IJelfast,  February  1,  1892. 


Since  the  above  was  in  print  Prof.  A.  G.  Greenhill,  F.R.S., 
has  sent  to  the  writer  a  paper,  published  in  the  Proc.  Camb. 
Phil.  Soc.  vol.  iv.  1881,  written  by  him  for  Prof.  Asa  Gray, 
on  the  greatest  height  of  poles,  masts,  and  trees,  consistent 
with  stability.  The  differential  equation  involved  is,  in  Prof. 
Greenhill's  paper,  solved  by  the  aid  of  Bessel's  functions,  and 
the  investigation  is  extended  to  the  cases  of  a  solid  cane,  and 
a  paraboloid  of  revolution,  the  general  form  of  the  solution 
for  certain  other  solids  of  revolution  being  given.  The 
results  for  a  wire  (allowing  for  a  slight  difference  in  the  value 
assumed  for  E)  given  by  Prof.  Greenhill  are  the  same  as 
those  above.  The  function  U'  tabulated  in  the  curve  fig.  2 
appears,  from  Prof.  Greenhill's  paper,  to  be  connected  with 
J^(«.^'")  by  the  relation 

Belfast,  March  16,  1892. 

XL  VIII.  Note  on  the  Change  of  Heat  Conductivity  on  passing 
isothermally  from  Solid  to  Liquid.     By  C.  Barus.* 

IN  an  earlier  paper  f  I  gave  an  account  of  the  volume 
expansion  and  of  the  change  of  thermal  capacity  of 
thymol,  observed  quite  through  the  temperature  interval 
6  =  0°  G.  to  ^  =  50°  (melting-point),  both  for  the  solid  and  the 
liquid  state.  I  have  since  considerably  extended  these  ob- 
servations. If  p  be  density  and  c  be  specific  heat,  I  found  for 
liquid  thymol  (0°-50°C.), 

l//j  =  1-0113/(1 -(•0007600  +  261)^) 
and  c  = -4475(1 +  -00238^);  and  for  sohd  thymol  (0°-50°C.), 

l//j  =  - 9631 /(I-  (-0002456  +  2  6)6), 
and  c  =  -3114  (1 +  -00302^). 

With  these  data  in  hand  I  was  able  to  attack  the  corre- 
sponding problem  in  thermal  conductivity.  I  made  use  of  a 
somewhat  modified  form  of  H.  F.  Weber's  J  method,  since  it 
is  well  adapted  for  measuring  small  conductivities  and  meets 
other  requirements   of  the  present  problem.      If  A  be   the 

*  Communicated  by  the  Author. 

t   Cf.  Proceedings  American  Acad.  xxvi.  p.  313  (1892). 

:   Wied.  Ann.  x.  pp.  103,304,  472  (1880). 
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thickness  of  the  plate  of  thymol,  and  if  k  be  its  absolute  heat 
conductivity  (cf/cs),  I  found  for  the  solid  in  two  series  of 
experiments  relative  to  A  =  "192  centim.,  ^:=  358/10^  at  12°  ; 
in  six  series  of  exj)eriments  for  A  =  *153  centim.,  /:  =  306/10^ 
at  12°  ;  and  finally,  in  ei^lit  series  of  experiments  for  A  =  "107 
centim.,  X:  =  354/10*^  at  11°.  Variation  of  A  was  introduced 
as  a  check  on  the  method.  Hence  the  mean  value  of  the 
absolute  heat  conductivity  of  solid  thymol  is  at  12°, 
/;=  359/10*',  from  which  the  corresponding  datum  for  ther- 
mometric  conductivity,  k,  may  be  deduced  by  aid  of  the 
above  results  for  thermal  capacity  and  density.  Thus 
/c=1077/10^ 

In  the  case  of  liquid  thymol  at  the  same  temperature, 
although  I  made  a  very  large  number  of  experiments,  I  only 
succeeded  in  obtaining  six  independent  series  faultlessly. 
These  were  made  relative  to  A  =  '107  centim.,  and  showed 
A:'  =  313/10''  at  13°  and  k'  =  G91/W'  at  13°,  as  mean  values. 

The  data  show  that  if  the  increase  of  thermal  conductivity 
of  thymol,  observed  on  passing  at  13°  from  liquid  to  solid  be 
referred  to  solid  thymol,  the  increment  of  absolute  conductivity 
({k—k')/k)  is  13  per  cent.,  while  the  increment  of  thermo- 
metric  conductivity  is  nearly  36  per  cent.  If  the  increments 
be  referred  to  the  conductivity  of  liquid  thymol  at  13'',  they 
will  necessarily  be  more  striking,  being  15  per  cent,  and  5G 
per  cent,  respectively. 

Now  in  the  analytical  theory  of  heat,  it  is  the  thermometric 
conductivity  which  enters  into  the  considerations  of  thermal 
flow,  and  the  marked  effect  which  changes  from  solid  to  liquid 
must  necessarily  produce  is  therefore  obvious. 

The  comparison  of  the  undercooled  liquid  with  the  solid 
may  be  deemed  objectionable  on  the  ground  of  possible 
polymerism.  To  say  nothing,  however,  of  the  enormous 
complications  of  method  introduced,  little  would  be  gained 
from  an  application  of  pressure.  For  in  my  work  on  the 
continuity  of  solid  and  liquid  *  I  showed  that  the  passage  from 
liquid  to  solid  and  back  again,  isothermally,  by  pressure,  is 
perhaps  always  accompanied  by  hysteresis.  Thymol  is  simply 
a  convenient  body  in  which  the  volume  lag  is  pronounced, 
and  is  observable  at  ordinary  temperatures  and  pressures, 
whereas  in  other  substances  the  same  phenomenon  is  exhibited 
at  higher  temperatures  and  pressures.  Indeed  it  seems  idle 
to  ascribe  to  the  molten  liquid  a  more  intimate  relation  to  the 
solid  than  the  undercooled  liquid,  unless  it  be  clearly  specified 
which  this  relation  is. 

*  American  Journal,  xlii.  p.  12o,  1891  ;  rf.  p.  140. 
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XLIX.    Choking  Coils. 
By  Professor  John  Perry,  D.Sc,  F.R.S* 

^r^HERE  is  eddy-current  loss  of  power  in  all  the  conducting 
X  masses  of  a  choking  coil.  Hence  a  choking  coil  is 
really  a  transformer  with  one  primary  coil  and  many  secon- 
daries, and  much  magnetic  leakage.  In  a  transformer  with 
many  coils,  whether  or  not  they  have  magnetic  leakage,  it 
may  be  shown  that  any  given  group  of  secondaries  of  given 
numbers  of  turns  and  resistances  may  be  replaced  by  one 
seconilary  without  affecting  the  currents  in  the  other  coils; 
and  we  mav  take  a  chokincj  coil  to  be  a  transformer  with  a 
primary  coil  of  N  turns  and  resistance  R  ohms,  with  C 
amperes  flowing  at  any  instant,  the  potential  difference  at  its 
terminals  being  V,  and  a  secondary  coil  closed  on  itself  of  n 
turns,  resistance  r  ohms,  and  current  c  amperes. 

If  we  assume  that  the  induction  per  square  centimetre  /9  is 
the  same  ever}"\vhere,  and  if  it  follows  the  law 

/3  in  C.G.S.  units  =  ^a.  sin  (ikt  +  e^), 

the  average  power  in  watts,  wasted  in  eddy  currents  in  the 
iron  per  cubic  centimetre  is 

if  the  specific  resistance  of  the  iron  is  taken  to  be  lO"*  C.G.S. 
units.  It  is  less  at  higher  temperatures,  being  inversely 
proportional  to  the  specific  electric  resistance  of  the  iron. 
The  iron  is  supposed  to  be  of  wire  of  radius  r  centimetres. 
Even  when  we  leave  the  eddy-current  loss  in  the  copper 
out  of  account,  it  is  to  be  remembered  that  the  induction  is 
not  uniform  in  the  section  of  a  wire,  nor  is  the  average 
induction  in  each  wire  the  same  for  all  the  wires,  and  there- 
fore the  real  loss  of  power  in  the  iron  by  eddy  currents  is 
always  greater  than  the  result  of  appl}ang  this  formula. 

I  am  going  to  assume  that  one  secondary  coil  with  no 
magnetic  leakage  may  be  substituted  for  all  the  eddy-current 
circuits,  and  this  is  the  same  as  assuming  the  truth  of  the 
above  rule.  I  ignore  magnetic  leakage  because  this  is  only  a 
preliminary  note,  and  such  experiments  as  have  hitherto  been 
made  do  not  enable  me  to  take  account  of  it,  for  there  are  no 
experimental  measurements  as  yet  of  the  want  of  uniformity 
of  the  induction. 

The  equations  of  the  two  circuits  are 

V=RC  +  N^I     and     0  =  rc  +  n^I, 
♦  Communicated  by  the  Physical  Society  :  read  March  11,  1892. 
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if  1  is  the  total  induction  (lO^C.G.S.  units  being  taken  as 
the  unit  of  induction).     If 

A  =  NC  +  nc     and     cj  =  W/Ii-'  +  n''/r'' 

(the  term  n^/?^  being  really  negligible),  the  fundamental 
equation  for  calculating  1  is 

A  +  Y^I  =  NV/R (1) 

Given  the  law  connecting  A  and  I  and  the  resistances  and  V, 
I  may  be  calculated,  and  consequently  C  and  c.  Now  in 
ordinary  practical  transformer  calculations  A  may  be  neglected 
in  the  equation,  even  with  the  most  complex  law  of  mag- 
netization; and  it  is  this  that  causes  calculations  of  the 
induction  and  secondary  currents  and  voltages  in  the  most 
complex  cases,  and  even  the  primary  current,  unless  when 
there  is  a  small  load  on  the  transformer,  to  be  exceedingly 
easy  even  when  the  coils  are  curiously  connected  with  con- 
densers and  choking  coils,  and  when  there  is  much  magnetic 
leakage.  But  in  our  present  case,  it  is  A  itself  which  is 
wanted,  and  another  method  of  working  nmst  be  adopted. 
In  fact,  the  value  of  C  does  depend  very  much  upon  the  law 
of  magnetization. 

However  complicated  the  niMgnetic  law  may  be,  it  can  be 
expressed  in  the  shape  : — 
If  I  =  %A..(T.  sin  iv, 

then 

A  =  ^ A^{  sin  [ix  +/.)  —  b.  sin  3  ix  +  m .  sin  5ix  —  &c}, 

X  being  any  quantity  which  increases  continually.  To  be 
strictly  accurate,  even  as  well  as  odd  harmonics  of  ix  exist  in 
A,  and  one  of  my  students,  Mr.  Fowler,  has  worked  them 
out  for  some  of  Prof.  Ewing's  curves  ;  but  the  above  formula 
has  been  found  by  Mr.  Field  to  be  sufficiently  accurate.  Of 
course,  instead  of  ix  we  may  have  {ix-\-e>)  in  the  above  general 
expression. 

When  there  is  no  hysteresis, /—O.  When  there  is  con- 
stant permeability  (no  hysteresis  and  no  saturation),  not  only 
is/^=0,  but  6^=0,  771^=0  &c.,  and  o-.=  cr,. 

If  fx  the  magnetic  permeability  of  the  iron  is  constant  and 
the  magnetic  circuit  is  altogether  of  iron,  as  it  always  ought 
to  be  both  in  transformers  and  in  choking  coils,  o",  stands  for 
47ra/AlO~^/\,  where  a  is  the  area  of  cross  section  of  the  iron 
in  square  centimetres,  and  X  is  the  average  length  of  the 
induction  solenoids  in  centimetres, 

Equation  (1)  becomes  in  the  most  general  case 

NV/R  =  :SA,-{  cos/. sin  {jki  +  ^ .)  +  (sin/^  +  qika>i  cos  {iU  +  e^ 
—  A.  sin  ?*{j.kt  +  e^  +  m.  sin  h{iki  -\-e.)\\ 
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and  hence,  if  V  or  I  is  given  as  a  periodic  function  of  the  time, 
the  other  can  be  found  and  A  and  therefore  c  or  C 

If  V  is  a  simple  sine  function  of  the  time,  I  is  so  also,  with 
very  great,  but  not  perfect  accuracy.  Assuming  that  I  is 
a  simple  sine  function,  the  neglected  terms  in  V  can  now  be 
calculated.  The  only  problem,  however,  of  importance  is 
the  calculation  of  C  assuming  that  V  follows  the  law  V  = 
Vo  sin  kt. 

We  may  take  q  =  W/R.     Hence 

very  nearly,  and  if  e  =  n-(Tk/i',  being  called  the  eddy-current 
effect,  /  being  the  hysteresis  term, 

C  =  Vofci  +  26  sin/+  e-)'  sin  |  kt-dO°  +  tin-^ftsLnf+  -^^  |  - 

b  cosSkt  —  tncos  5kt\-i-l^^(rk (2) 

We  see  that  the  effect  of  eddy  currents  without  hysteresis 
is  to  increase  the  amplitude  of  the  important  term  in  C,  and 
to  produce  a  lead  of  90^— cot" ^e,  whereas  the  effect  of  hys- 
teresis without  eddy  currents  is  to  keep  the  amplitude 
unaltered  and  to  produce  a  lead  /.  If  /  is  put  equal  to  0^ 
that  is  if  we  assume  no  hysteresis,  we  obtain  results  which 
seem  to  be  in  accordance  with  such  experimental  observations 
as  have  yet  been  made. 

The  effective  current  C  (if  V  is  the  effective  voltage),  with 
constant  permeability,  is  C  =  Y/W(rk.  W^ith  hysteresis  (or 
with  no  hysteresis  but  some  saturation  of  the  iron),  but  no 
eddy  currents,  C  =  l"02  V/NV/;,  taking  6  as  '2. 

With  eddy  currents  and  hysteresis, 

0  =  V  V1-U4  +  2e  sin/  +  e^Wak. 

The  average  power  given  to  the  choking  coil  or  average 
value  of  V  C  is 

YU{e+  sin/)/(l  +  ^2^2esin/), 

neglecting  the  small  terms  due  to  b  and  m,  and  this  may  be 
done  in  all  cases  where  there  is  not  much  saturation. 

Probably  there  are  always  traces  of  the  terms  in  3kt  and 
the  higher  harmonics  in  both  V  and  I,  but  they  must  certainly 
exist  in  either  V  or  I  even  when  there  is  not  much  saturation. 

It  almost  seems  that  in  a  choking  coil  we  have  found 
what  has  long  been  looked  for,  a  method  of  increasing 
frequency  by  mere  magnetic  means.  A  condenser  shunting 
a  non-inductive   part  of  the   circuit  would  receive  currents 
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in  which  the  higher  harmonics  would  be  greatly  magnified 
in  importance. 

To  show  the  magnitude  of  the  terms  in  (2)  I  will  take 
a  well-known  1500-wntt  transformer,  unloaded,  as  a  choking 
coil.  Here  ^  =  7837.  The  total  average  powerwasted  inheating 
the  iron  being  40  watts,  1  assume  that  this  is  altogether  due 
to  eddy  currents.  Power  wasted  in  eddy  currents  being 
n^VoV^/'N^  we  have  n^lr=  2'1 17,  when  Vq  =  2828.  An  eddy- 
current  coil  which  would  replace  all  the  eddy-current  circuits 
is  a  coil  of  2  turns  whose  resistance  is  about  I'ii  ohms,  short- 
circuited  on  itself. 

^=0-38,  if  ^  =  600. 
It  is  obvious  that  e  is  proportional  to  k  and  to  the  square  of 
the  radius  of  the  iron  wire. 

Assuming  constant  permeability  and  no  eddy  currents, 
C  =  -074sin(i«-90°). 

With  some  saturation  but  no  hysteresis, 
C  = -079  sin  (/;^-G9°'2)- -0148  cos  3^i  - '0037  cos  5kt, 
if  6=0-2,  w=-05. 

These  values  of  h  and  m  are  usuall}^  employed  by  me  for 
such  magnetizations  as  are  common  in  transformers.  When 
I  assume  the  existence  of  hysteresis,  I  take /about  20  degrees. 

L.  Tlie  Recognition  of  Changes  of  Curvature  hy  Means  of 
a  Flexible  Lath.  By  Spencer  Umfreville  Pickering, 
F.R.S.* 

IF  when  a  number  of  experiments  are  plotted  out  they  form 
a  figure  exhibiting  any  sudden  changes  of  curvature,  it 
will  very  rarely  happen  that  the  position  of  these  changes  can 
be  located,  or  even  that  their  existence  can  be  recognized,  by 
mere  inspection.  To  search  for  them  by  deducing  various 
equations  mathematically,  involves  an  expenditure  of  time 
which  is  quite  prohibitory,  at  any  rate  in  the  case  of  a  figure 
with  many  breaks  in  it ;  and  it  is  therefore  highly  desirable 
that  some  more  expeditious  method,  such  as  the  graphic 
method  which  I  have  adopted  in  my  work  on  Sulphuric  Acid 
(Chem.  Soc.  Trans.  1890,  pp.  64,  331),  should  be  shown  to  be 
reliable.  I  trust  that  the  following  examination  of  various 
cases  will  show  : — (1)  that  this  method  leads  to  the  same  con- 
clusions as  does  the  mathematical  method,  wliich,  as  Mr. 
Lupton  says,  has  been  found  to  express  physical  facts  '*  in  the 
great  majority  of  cases  in  Physics  and  Chemistry  "" — that  of 
fitting  on  parabolas  of  the  form 

y  =  a-\-hx-\- . . .  zx'^  ; 
*  Communicated  by  the  Author. 
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(2)  that  the  e^•idence  as  to  the  existence  and  position  of  the 
breaks  obtained  by  this  method  is  certainly  not  dependent  on 
the  taste  of  the  draughtsman  ;  and  (8)  that  the  spHtting-up  of 
the  figure  into  different  sections  is  due  to  the  special  nature  of 
the  figure,  and  not  to  the  fact  that  any  figure,  whatever  may 
be  its  nature,  will  split  up  into  sections  of  any  defined 
character  provided  the  sections  taken  are  sufficiently  small. 

Mr.  Hayes  has  recently  shown  (Phil.  Mag.  vol.  xxxii.  p.  99) 
that  the  mathematical  basis  of  the  graphic  method  is  sound  ; 
that  continuity  is  the  essential  feature  of  a  curve  formed  by  a 
lath  when  bent  by  forces  applied  near  its  extremities  ;  and 
that  the  curve  is  of  a  high  degree  of  generality,  and  superior 
in  this  respect  to  the  parabolic  equations  ordinarily  employed. 
The  practical  results,  moreover,  which  have  so  far  been 
obtained  by  the  method  argue  strongly  in  favour  of  its 
validity  :  various  properties  of  the  same  solutions,  though 
forming  figures  of  totally  different  general  appearance,  all 
indicate  consistently  changes  at  the  same  strengths  ;  these 
strengths  correspond,  moreover,  to  solutions  of  definite  com- 
position ;  and  one  of  the  hydrates  thus  indicated  has  been 
subsequently  isolated  in  the  solid  condition. 

Experimental  and  Graphic  Errors. 

The  known  magnitude  of  the  experimental  error  is  the 
chief  criterion  by  which  the  legitimacy  of  any  particular 
representation  of  a  series  of  points  can  be  determined  ;  and 
no  representation  should  be  accepted  if  it  attributes  to  those 
points  an  apparent  error,  either  greatly  in  excess  of,  or  greatly 
inferior  to,  the  known  experimental  error.  If,  moreover,  as 
occasionally  happens,  two  different  drawings  show  the  same 
value  for  the  apparent  errors  of  the  points  which  they  are 
supposed  to  represent,  we  are  bound  to  accept  the  simplest  of 
the  two,  unless  any  independent  evidence  in  favour  of  the 
other  be  forthcoming. 

The  experimental  error  may  generally  be  determined  satis- 
factorily by  a  repetition  of  the  individual  determinations.  In 
the  present  case  various  series  of  freezing-point  determinations 
were  taken  as  instances  for  investigation  ;  each  series  was 
performed  in  duplicate,  fresh  solutions  being  made  for  the 
duplicates,  and  if  any  exceptionally  large  difference  appeared 
in  the  results,  further  repetitions  were  made.  The  solutions 
used  in  the  repetitions  were  all  of  the  same  strength*,  and 
the  arithmetical  mean  of  the  various  observations  gave  the 
mean  result  at  this  strength  ;  each  of  these  mean  results  gives 

*  Slight  errors  in  composition  doubtless  exist,  but  the  total  error  may, 
for  convenience  sake,  be  regarded  as  being  entirely  due  to  the  readings  of 
the  thermometer. 
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one  "  point "  for  diagrammatic  purposes.  The  mean  error  of 
each  of  these  points  was  determined  in  the  usual  way  by  the 
equation  

V        n{n-\)     ' 

in  whicli  a,  y9,  &c.  are  the  differences  between  the  individual 
observations  and  the  arithmetical  mean  of  them,  and  n  the 
number  of  those  observations. 

To  determine  the  relative  acceptability  of  any  drawing  as  a 
representation  of  series  of  experiments,  several  considerations 
must  be  taken  into  account : — 

(1)  The  actual  magnitude  of  the  average  apparent  error  of 
the  points  as  compared  with  the  drawing. 

(2)  The  number  of  points  represented  by  it  as  showing  an 
exceptionally  large  and  improbable  error. 

(3)  The  grouping  together  of  errors  with  like  signs. 

(4)  The  equivalence  of  the  sum  of  the  minus  errors  to  that 
of  the  phis  errors. 

As  far  as  I  know,  no  method  has  been  proposed  for  taking 
proper  account  of  any  of  these  points  except  the  first,  still  less 
for  combining  them  so  as  to  get  a  single  value  to  represent  the 
general  acceptability  of  the  drawing ;  and  although  the  method 
which  I  have  adopted  in  the  following  pages  might  be  improved 
in  abler  mathematical  hands,  I  think  that  it  will  be  found  to 
approximate  closely  to  a  mathematically  correct  method,  and 
it  is  at  any  rate  convenient,  and  seems  to  lead  to  results  which 
are  fair  from  all  points  of  view.  I  may  mention  that  it  was 
not  till  after  I  had  adopted  this  method  under  the  impression 
that,  though  fair,  it  was  entirely  arbitrary,  that  1  found  that 
it  could  be  justified  mathematically. 

1.  The  Average  Error. — There  is  no  difficulty  about  this  ; 
I  represent  it  by  e^.  It  is  generally  the  form  of  error  which 
is  alone  considered  ;  but  I  think  that  it  is  of  less  importance 
than  the  others,  for  it  is  possible  to  make  a  palpably  unjusti- 
fiable drawing  which  yet  attributes  no  more  than  the  average 
experimental  error  to  the  points. 

2.  Judging  from  experimental  results,  the  number  of  points 
which  may  reasonably  be  expected  to  show  an  error  greater 
than  twice  the  average  experimental  error  is,  in  a  case  where 
each  point  is  the  mean  of  several  determinations,  between 
1  and  2  in  every  ten,  or  a  proportionately  smaller  number 
showing  greater  errors.  On  this  princi[)le  the  excessive 
errors  may  be  estimated  by 

s  —  m2e 
Ane 
in  which  s  is  the  arithmetical  sum  of  those  errors  which  exceed 
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twice  the  average  experimental  error  e,  m  the  number  of 
points  exhibiting  this  excessive  error,  and  n  the  total  number 
of  points  in  the  drawing.  If  ^2  is  less  than  unity,  unity 
should  be  substituted  for  it. 

Referring  to  this  error,  Mr.  Hayes  has  recently  written 
to  me  as  follows  : — "  I  have  been  looking  into  the  values 
for  your  fg  error,  and  find  reason  to  think  them  ])erfectly 
fair,  or,  if  they  are  unfair  at  all,  it  is  in  giving  too  modest 
an  estimate  of  this  error.  The  ideal  values  of  e.j  I  find 
to  be  about  i,  and  any  value  for  it  greater  than,  say, 
2  would  be  highly  improbable.  With  a  limited  number 
of  points,  the  fact  that  e^  was  less  than  ^  (or  1)  would  prove 
nothing.  I  am  inclined  to  think  something  involving  the 
ratio  of  the  found  sum,  s,  to  the  theoretical  sum,  /,  would  be 
more  definite.  Your  numbers  are  hardly  large  enough  for 
big  values  of  s,  since  they  vary  approximately  as  s  only.     I 

should  suggest  (  — )   as  a  suitable  expression  for  62,  calling 

it  only  1  if  it  were  less  than,  say,  about  3  or  4." 

3.  The  probability  of  a  drawing  will  generally  vary  in  some 

inverse  ratio  with  the  number  of  errors  with  like  signs  which 

it  represents  as  occurring  consecutively.     A  group  of  6  errors 

with  similar  signs  is  evidently  less  probable  than  two  separate 

groups  in  different  parts  of  the  drawing  with  three  each,  so 

that  we  cannot  get  any  estimate  of  the  relative  probability  of 

different  drawings  by  comparing  the  sum  of  the  numbers  of 

errors  with  like  signs  occurring  in  groui)s  ;  nor  will,  I  think, 

the  sum  of  the  squares  of  these  numbers  lead  to  a  just  estimate, 

for  it  appears  to  me  that  a  group  of  6  like  errors  is  more  than 

twice  as  improbable  as  two  groups  of  3  each.     1  have  therefore 

taken  the  sum  of  the  cubes,  and  as  the  actual  number  thus 

obtained  will  be  dependent  on  the  total  number  of  experiments 

dealt  with,  I  have  divided  this  sum  by  5  times  the  number  of 

experiments — 

mi^  +  m2'  +  .  .. 

ez  = ^ 

on 

In  determining  m-i,  m^,  &c.  the  intervention  of  a  nil  error  is 
counted  as  a  change  of  sign ;  and,  as  in  the  previous  case,  the 
value  of  ez  is  never  allowed  to  fall  below  unity.  It  will  =  1 
if,  say,  in  twenty  points  we  get  ten  groups  of  2  similar  signs, 
four  groups  of  3,  or  one  group  of  4  with  one  group  of  3  and 
one  group  of  2. 

I  was  led  to  select  5  as  the  coefficient  of  n  by  determining 
what  coefficient  was  required  to  make  ez  =  \  in  the  case  of 
numerous  series  of  imaginary  errors  constructed  by  drawing 
lots  for  the  signs  and  casting  dice  for  the  magnitude.  For  such 
a  purpose  the  faces  of  the  dice  must  be  marked  so  as  to  corre- 


440  Mr.  S.  U.  Pickering  on  tlie  Recognition  of 

spond  with  the  values  given  by  a  probabilitv-curve,  namely, 
2,  6-7,  12,  17-1,  23-8,  and  38-9,  average  16'7  ;  and  it  must 
be  remembered  that  all  numbers  below  a  certain  value,  de- 
pending on  the  scale  used,  will  count  as  0  in  the  practical 
examination  of  results.  It  was  found  in  this  way  that  the 
average  value  of  the  coefficient  of  n,  when  the  total  number 
of  points  examined  was  9  to  18,  was  a  little  over  4,  so  that 
the  5  which  I  have  taken  leaves  some  margin  beyond  the 
average  value.  The  nature  of  the  e^  error  is  obviously  such 
that  it  may  lead  to  wrong  conclusions  in  some  cases:  judging 
from  the  results  with  dice,  I  should  say  that  with  the  co- 
efficient 5  we  might  expect  ^3  to  be  rather  greater  than  unity 
in  14  cases  out  of  50,  but  that  in  only  2  cases  out  of  50  would 
it  reach  the  value  2. 

4.  The  equivalence  or  otherwise  of  the  sum  of  the  opposite 
errors  need  not,  I  think,  be  taken  into  consideration.  With 
the  mathematical  method  here  adopted  we  ought  to  get  an  exact 
equivalence  ;  and  if  in  using  the  graphic  method  we  make  a 
drawing  in  which  there  is  a  great  want  of  equality,  that  draw- 
ing must  be  rejected,  and  a  better  one  made.  At  the  same 
time  I  do  not  think  that  strict  equality  should  be  sought,  for, 
unless  the  number  of  points  available  is  very  large  (some 
hundreds) ,  the  equal  balancing  of  the  majority  of  the  errors 
of  different  signs  may  be  upset  by  an  accidentally  large  error 
in  one  or  two  of  them.  In  this  respect  I  think  that  the 
graphic  method  is  superior  to  the  mathematical  one  ;  for 
making  the  sum  of  the  errors  of  opposite  signs  equal  may 
be  a  distinct  source  of  inaccuracy.  Thus,  if  eighteen  out  of 
twenty  points  lie  evenly  about  a  straight  line,  we  ought  gene- 
rally to  accept  a  straight  line  as  a  representation  of  them  ; 
the  mathematical  method  would,  however,  lead  to  the  adoption 
of  a  curve  in  nearly  every  case  of  this  description.  Similarly, 
a  curve  deduced  mathematically  from  a  given  number  of 
experimental  points  will,  when  produced,  nearly  always  de- 
viate much  farther  from  the  points  beyond  those  utilised,  than 
will  a  curve  drawn  with  the  lath. 

The  totral  error,  E,  of  a  drawing  or  formula  is  taken  to  be 
the  product  of  ^„  62,  and  e^  ;  and  in  any  good  representation 
this  product  will  differ  very  little  from  gj,  and,  consequently, 
very  little  from  the  ascertained  experimental  error. 

Opinions  will  no  doubt  differ  as  to  the  relative  importance 
of  the  three  errors  ;  but  whatever  be  the  demerits  of  the 
method  adopted,  it  will,  I  think,  be  found  to  be  fair,  and  it 
will  also  be  found  that  we  shall  generally  arrive  at  the  same 
qualitative,  if  not  quantitative  '^,  estimate  of  the  relative  merits 

*  The  e,,  e.,,  and  e,  errors  will  naturally  have  different  relative  values 
accordingr  to  the  different  peculiai-ities  of  the  %ure8  under  investigation. 
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of  various  drawings,  whether  we  consider  any  one  of  the  three 
errors  separately,  or  the  combined  results  of  all  of  them. 
By  taking  account  of  the  extent  to  which  e^  is  less  than  the 
experimental  error,  and  of  the  extent  to  which  ^2  ^^^  ^3  ^^^e 
less  than  unity,  it  would  obviously  be  possible  to  estimate  the 
improbability  of  a  drawing  which  follows  the  experiments  too 
closely,  as  well  as  that  of  one  which  does  not  follow  them 
closely  enough,  such  as  is  here  alone  considered. 

Examination  of  Case  I. 
The  first  series  of  results  examined  consisted  of  the  freezing- 
points  of  solutions  of  propyl  alcohol  in  water  from  0  to  32  per 
cent,  in  strength.  They  are  given  in  the  first  part  of  Table  I.* 
The  average  experimental  error  is  •0215°.  The  figure  which  I 
consider  they  form  is  represented  by  A  B,  fig.  1  (p.  445).  Such 
a  drawing  represents  an  average  apparent  error  of  "0275°  in 
the  experimental  points  (column  iii.  Table  II.),  and,  as  the  e^ 
and  ^3  errors  are  less  than  unity,  the  total  error  of  the  draw- 
ing is  '0275  also,  or  1*28  times  the  ascertained  experimental 
error,  an  agreement  as  close  as  could  be  expected  when  deal- 
ing with  a  comparatively  small  number  of  points  f-  When 
drawn  as  four  curves  of  equal  length,  we  get  a  change  of 
curvature  at  the  same  place  as  in  the  two-curve  drawings 
and,  consequently,  a  slight  diminution  in  the  total  error — 
to  1*07  times  the  experimental  error  (column  v.), — but  so 
slight  that  it  would  afford  us  no  justification  for  accepting 
such  a  drawing  in  preference  to  the  much  simpler  two-curve 
one,  this  latter  being  also  in  harmony  with  the  experimental 
error}. 

♦  It  was  subsequently  ascertained  that  the  propyl  alcohol  here  used  was 
not  quite  pure,  but  this  will  not  affect  the  results  for  the  present  purposes. 
Series  of  determinations  have  been  made  with  a  purer  specimen,  and  the- 
nature  of  the  fiorures  and  the  position  of  the  breaks  were  found  to  be  the 
same,  though  the  magnitude  of  the  depression  was  slightly  ditferent. 

t  Any  drawing  must,  in  the  case  of  the  present  results,  pass  through 
the  zero  point,  the  freezing-point  of  pure  water,  for  all  the  other  points 
are  determined  by  comparison  with  this.  Also,  any  two  consecutive 
curves  must  always  be  drawn  so  as  to  meet,  since  the  property  must  be  a 
continuous  function  of  the  strength.  It  has  not  been  thought  necessary 
to  give  the  readings  of  the  curves  here,  or  the  values  given  by  the  equai- 
tions  in  Table  III.,  but  only  the  diflferences  between  them  and  the 
experimental  points. 

X  Since  writing  the  above  I  have  done  a  good  deal  more  work  on  the 
subject,  and  consider  that  a  closer  agreement  between  the  apparent  error 
of  a  drawing  and  the  experimental  error  than  is  found  in  this  and  in  some 
of  the  other  cases  here  considered  may  be  expected.  But  to  obtain  such 
an  agreement  the  experimental  error  must  be  determined  by  some  means 
more  certain  than  that  of  the  comparison  of  duplicates.  The  results  of 
an  examination  of  about  ten  series  of  results  are  now  appearing  in  the 
Ber.  d.  deutach.  ehem.  Gesel. 
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A  three-curve  drawing,  in  which  a  change  of  curvature  comes 
at  the  same  point,  would  of  course  show  an  error  intermediate 
between  the  errors  of  the  two-curve  and  four-curve  drawings  ; 
whereas,  with  a  three-curve  drawing  in  which  the  breaks  do 
not  come  at  this  point,  as  in  the  case  where  the  three  curves 
taken  are  of  equal  length,  we  get  a  far  greater  error,  namely, 
36  times  the  experimental  error  (column  iv.) ;  and  a  drawing 
of  as  many  as  even  five  curves  of  equal  length  (column  VI.) 
gives  an  error  eight  times  greater  than  it  should  be. 

As  far  as  a  two-curve  drawing,  therefore,  the  figure  may  be 
simplified  either  with  no  appreciable  increase,  or  with  an  actual 
diminution  in  the  apparent  error  ;  but  further  simplification 
is  impossible,  for  an  attempt  to  draw  it  as  one  curve  gives  a 
result  of  which  the  total  error  is  many  thousand  times  greater 
than  it  ought  to  be  (column  ii.).  The  two-curve  drawing  is, 
therefore,  the  simplest,  and  the  only  legitimate  representation 
of  the  experimental  values. 

The  next  point  examined  was  whether  the  two  curves  in 
which  the  figure  must  be  drawn  might  be  made  to  meet  at  any 
point  other  than  16  per  cent.  Columns  viii.  to  xiii.  give  the 
results  obtained,  and  show  that  shifting  the  meeting-point  to 
even  the  next  experimental  point  on  either  side  of  16  percent, 
increases  the  total  error  to  from  270  to  20  fold  in  the  various 
cases,  and  that  the  farther  it  is  shifted  the  more  is  the  error 
increased. 

In  all  the  drawings  here  mentioned,  the  four  forces  appHed 
to  the  ends  of  the  lath  were  such  that  the  direction  of  the  curva- 
ture was  the  same  throughout  {v/'de  supra,  p.  141);  and  it  was 
evident  that  the  use  of  a  wavy  curve  would  in  some  cases 
produce  better  concordance.  I  therefore  examined  such 
cases  by  the  application  of  such  curves,  and  give  the  results 
in  columns  vii.,  xiv.,  xv.,  and  xvi. ;  these  results,  though 
considerably  better  than  those  given  by  the  other  curves,  still 
exhibit  errors  far  too  great  to  permit  of  the  drawings  being 
considered  acceptable. 

For  the  mathematical  examination,  the  method  which  I 
have  employed  is  the  more  usual  one  described  by  Mr.  Lup- 
ton  (Phil.  Mag.  xxxi.  p.  418),  but  not  applied  in  the  way  in 
which  be  applied  it,  for  that  method  of  application  neces- 
sitates the  employment  of  several  experimental  points  beyond 
those  which  are  actually  under  investigation.  I  have  also 
introduced  one  more  term  into  the  equations  than  he  did. 

If  there  be  n  experimental  points,  and  the  values  at  pi,  ps, 
&c.  percentages  are  t/i,  y^,  &c.,  then  the  values  for  the  con- 
stants of  a  parabolic  equation  of  the  form  y  —  a-\-hx-'r  cx"^  +  da? 
may  be  found  from 
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;m  +b'Ex  +ctx'-  +  dtx^  =  ti/, 
atx  -\-h^jr^  +  ctx^  +  d S.r*  =  txt/, 
a  Sj-2  +  b  Ix^  +  c  'Ex*  +  d  'Ex'  =  txhj, 
a  Ex^  +  b  Ex*  +  c  Ex'  +  d  Ex^  =  Ex' J/  *. 

In  order  to  simplify  the  calculations  the  experimental 
results  were  reduced  so  as  to  apply  exactly  to  whole  numbers, 
the  rate  of  chani^e  being  determined  by  means  of  the  general 
curve.  The  maximum  correction  which  had  to  be  applied  in 
any  case  was  less  than  "05°,  and  any  error  in  applying  this 
must  have  been  quite  inajipreciable.  The  reduced  values  are 
given  in  the  lower  part  of  Table  I. 

The  results  of  the  examination  are  given  in  Table  III. 
When  represented  by  two  equations  meeting  at  16  per  cent, 
we  get,  as  with  the  graphic  method,  a  total  error  which  is 
practically  identical  with  the  ascertained  experimental  error 
— '9b  as  compared  with  1"0  (column  iii.);  whereas  an  attempt 
to  represent  the  points  by  a  single  equation  produces  a  result 
with  a  total  error  633  times  greater  than  the  experimental 
error.  Columns  iv.  to  ix.  show,  moreover,  that  any  attempt 
to  alter  the  position  of  the  change  of  curvature  to  either  side 
of  16  per  cent.,  induces  a  large  increase  in  the  total  error, 
and  makes  this  error  far  too  big  for  the  drawing  to  be  con- 
sidered acceptable  :  also  the  farther  it  is  shifted  the  larger 
does  the  error  become.     The  last  three  columns  in  the  table 

*  It  may  be  convenient  to  quote  the  following  equations :  — 
1+2+3  ...  +  «  =  "-i!^\ 

l«  +  2*+3\   .+»*=  »("  +  l)(2n+l)(3n'+37^-l)^ 

15+2'+3\      |„s_»>+m2«'+2n-l)^ 

p.  26.  06       ,^g_<»+l)(2w+l)(8M^+6»3— 3n+l). 

T-  T      •  ■  --T  ^2 

_  Mr.  Hayes  has  suggested  a  method  by  which,  when  the  values  of  x 
differ  by  unity,  the  calculation  of  the  constants  may  often  be  considerably 
simplified.     If  the  number  of  points  is  odd,  we  may  take  the  middle 
point  as  origin,  which  gives  -2,  -1,  +1,  +2,  &c.  as 'the  values  fory  of 
the  other  points,  and  the  normal  equations  then  become 
na  +2c2x2  =  2y, 
2b2x^+2d2z'  =  2xy, 
2a2x2+2c2.r*  =  2zY 
2i2x*+2rf2x«  =  2T'j/. 
The  method  can  also  be  applied  with  slight  modifications  in  cases 
where  the  number  of  points  is  even,  or  where  the  constant  difference 
between  successive  values  of  x  ia  not  unitv. 
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show  the  results  of  an  attempt  to  bridge  over  the  change  of 
curvature  at  16  per  cent,  by  a  single  equation  :  any  four 
points  could  be  represented  with  absolute  exactness  by  an 
equation  such  as  is  here  used,  and  yet  we  cannot  get  an 
equation  to  represent  seven  of  the  points  in  this  part  of  the 
figure — three  on  either  side  of  16  per  cent. — without  an  error 
twenty-one  times  greater  than  is  legitimate,  and  even  six  or 
five  points  cannot  be  thus  represented  without  this  error  being 
five  times  greater  than  it  should  be.  This  would  seem  to  be 
quite  conclusive  that  there  is  a  change  of  curvature  here  which 
cannot  be  smoothed  over  by  any  simple  equation  of  this  sort. 

I  have  also  examined  mathematically  the  portion  from  16 
to  32  per  cent,  tnken  separately,  to  ascertain  the  result  of 
representing  it  by  two  curves  instead  of  one,  and  find  that 
such  a  representation,  and  also  representations  in  which  any 
six  or  eight  of  the  nine  points  are  taken,  give  practicaUy  the 
same  total  error  as  a  representation  of  all  the  nine  by  one 
equation — namely,  from  "021°  to  *025° ;  so  that  any  splitting 
up  of  this  portion  of  the  figure  is  unjustifiable. 

Thus  it  will  be  seen  that  the  mathematical  examination 
leads  to  precisely  the  same  conclusion  as  does  the  graphic  ;  and 
for  two  different  methods  to  lead  to  the  same  conclusion  as  to 
the  existence  and  position  of  the  breaks  must  be  a  strong 
argument  in  favour  of  the  reality  of  these  breaks,  even  if  it 
can  be  urged  that  neither  of  the  forms  of  curves  used  in  the 
two  methods  is  a  really  suitable  one. 

It  may  be  noticed  that  the  errors  given  by  the  one  method 
are  sometimes  larger  and  sometimes  smaller  than  those  given 
by  the  other,  though  their  general  tenour  is  always  the  same. 
This  must  inevitably  be  the  case  ;  for  the  bent-lath  curve  is 
not  a  parabola,  and,  in  addition  to  this,  there  are  different 
sources  of  inaccuracy  in  the  two  methods.  In  the  graphic 
method  we  have  various  errors  introduced  by  imperfect  plot- 
ting, reading,  and  drawing ;  while  in  the  mathematical  method 
the  curve  deduced  necessarily  makes  the  sums  of  the  positive 
and  negative  errors  exactl}^  equal,  which,  as  I  have  statad 
above,  does  not  necessarily  give  us  the  truest  representation. 

It  is  perhaps  not  altogether  unnecessary  to  correct  an 
erroneous  opinion  sometimes  held,  that  a  change  of  curvature 
in  a  series  of  freezing-point  determinations  implies  that  a 
different  substance  or  hydrate  crystallizes  from  the  solution. 
This  is,  of  course,  not  the  case  :  the  solvent,  water  in  the 
present  instance,  is  the  crystalKzing  substance  throughout ; 
and  the  temperature  at  which  ice  can  be  separated  from  the 
liquid  is  as  much  a  continuous  property  of  the  solution  as  is 
any  other  property  :  the  breaks  in  the  freezing-point  curves 
are  precisely  similar  to  those  in  the  density  &c.  curves. 
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Case  II. 
This  is  an  instance  of  a  break  of  a  very  uncertain  character, 
at  any  rate  as  to  its  position.  The  experimental  results  are 
given  in  Table  IV.  :  they  consist  of  determinations  of  the 
depression  of  the  freezing-points  of  acetic  acid  by  propyl 
alcoliol.  The  average  mean  experimental  error  is  0°'042  ; 
but  at  three  points  it  attains  exceptionally  large  dimensions, 
and  when  these  three  points  are  omitted  we  get  0°'029  as 
the  mean  error  :  when  determined  by  a  graphic  method  which 
I  have  described  in  the  Ber.  d.  deutsch.  chein.  Gesel.  xxiv. 
p.  3832,  and  xxv.  p.  1100,  0°"027  was  obtained  as  the  mean 
error;  and  I  have  taken  the  mean  of  these  three  numbers, 
namely  0°'033,  as  the  most  probable  value  for  it. 


Fig.  1.— Per  cent,  of  Propyl  Alcoliol  (for  AB  and  C  D). 
8  16  24 


2-5  5-  7b 

Mols.  Sugar  to  100  H,0  (for  E  F). 


10 


On  examination  of  the  figure  it  appeared  to  consist  of  a 
cune  followed  by  a  straight  line,  the  break  being  at  about 
Phil.  Mag.  S.  5.  Vol.  33.  No.  204.  Mag  1892.         2  H 
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14*4  per  cent.  (C  D,  fig.  1) ;  and  sucli  a  drawing  gives  an 
average  apj)arent  error,  and  also  a  total  error,  of  0°'028,  or 
•85  times  the  experimental  error  (column  iii.  Table  V.).  In- 
creasing the  number  of  curves  used  to  represent  the  figure 
produces  scarcely  any  appreciable  diminution  of  the  apparent 
error  till  as  many  as  five  curves  are  used  (columns  iv.,  v., 
and  VI.) ;  but  an  attempt  to  represent  it  by  one  curve  only 
(column  II.)  gives  an  average  api)areut  error  of  0"096,  and 
a  total  error  two  hundred  times  greater  than  the  experi- 
mental error  (column  ii.).  The  two-curve  drawing  is,  there- 
fore, the  only  acceptable  representation. 

The  curves  here  mentioned  were  non-wavy  curves,  except 
in  the  case  of  the  one-curve  drawing,  and  a  difficulty  arises  in 
the  present  case  in  respect  to  this:  for  in  attempting  to  extend 
either  portion  of  the  figure  beyond  the  break  we  get  far  better 
concordance  by  using  wavy  curves,  and,  therefore,  we  ought 
to  use  them.  But  we  cannot  compare  these  results  with 
those  obtained  with  a  drawing  locating  the  break  at  .14"4  per 
cent.,  unless  in  this  drawing  also  we  use  wavy  curves.  But 
the  substitution  of  a  wavy  curve  for  the  straight  line  in  the 
second  part  of  the  figure  is  evidently  (to  my  mind)  unjusti- 
fiable, for  it  follows  the  points  more  closely  than  the  experi- 
mental error  in  this  region  justifies.  For  the  sake  of  com- 
parison with  the  results  obtained  by  parabohc  equations  with 
four  constants,  it  is  also  necessary  to  use  wavy  curves.  The 
only  thing  to  be  done,  therefore,  is  to  use  them  throughout, 
bearing  in  mind  that  they  give  errors  which  are  too  small  ; 
the  use  of  such  curves,  moreover,  masks  the  precision  of  the 
break  to  a  very  large  extent ;  for  the  first  portion  of  the 
figure  cannot  be  extended  at  all  beyond  .1.4'4  per  cent,  by  a 
non-wavy  curve  without  a  considerable  increase  of  error, 
although  as  far  as  this  point  such  a  curve  gives  just  as  good 
results  as  a  wavy  one. 

The  results  given  in  columns  vii.  to  xv.  show  that  there  is 
an  increase  of  error  on  attempting  to  make  the  break  occur  at 
any  point  other  than  about  14  per  cent.,  although  the  increase 
is  but  small  in  the  cases  where  it  is  moved  to  16  or  18  per  cent. 

Table  VI.  contains  the  results  of  the  mathematical  ex- 
amination. Both  as  to  the  good  results  obtained  by  two 
equations  (which  are  comparable  with  those  in  column  Xi. 
Table  II.)  ;  the  impossibility  of  using  only  one  equation;  and 
the  increase  in  the  error  when  the  position  of  change  is 
shifted  to  either  side  of  14'4  per  cent. — very  small  at  first 
but  increasing  with  the  distance  to  which  it  is  shifted — the 
general  tenotir  of  the  results  is  the  same  as  that  of  those 
obtained  by  the   gi'aphic  method — a  break  at  about  14  per 


Changes  of  Curvature  by  Means  of  a  Flexible  Lath.     447 

cent.,  with  a  possible  error  of  several  units  per  cent.,  which 
error  would,  however,  be  considerably  diminished  if  we  were 
not  usiniT  equations  and  curves  of  a  complexity  greater  than 
the  resuUs  seem  to  justify. 

In  the  case  of  a  feebly  marked  break  of  this  sort,  a  single 
equation  will,  naturally,  bridge  it  over  for  a  considerable 
distance ;  but  the  results  in  columns  x.  and  xr.  show  that  a 
single  curve  of  the  same  length  as  those  which  I  consider  re- 
present the  results  cannot  be  applied  to  this  part  of  the 
figure  without  increasing  the  apparent  error,  and  even  if  there 
were  no  increase  in  sueh  a  case,  it  must  be  remembered  that 
this  representation  could  not  be  accepted,  for  it  woukl  necessi- 
tate the  use  of  three  equations  to  represent  the  whole  of  the 
figure,  whereas  two  are  sufficient,  and  give  results  in  good 
accord  with  the  experimental  error. 

It  may  be  mentioned  that  the  position  of  this  break  (14*4 
per  cent.)  corresponds  to  an  exact  molecular  proportion, 
C3HJJO2 :  6C2II4O2  requiring  14'3  per  cent.  This  is  the  only 
break  amongst  those  investigated  in  the  present  communi- 
cation in  which  the  proportion  of  dissolved  substance  is 
sufficiently  large  to  admit  of  any  statement  as  to  the  indica- 
tion of  definite  molecular  proportions. 

Case  III. 

The  freezing-points  of  aqueous  solutions  of  cane-sugar  w  ere 
the  subject  of  investigation  in  this  case,  and  the  experimental 
values  have  already  been  published  in  the  Berlchte  der  deutsch. 
chem.  Gesel.  (xxiv.  p.  3333),  together  with  some  details  of  an 
examination  both  by  the  graphic  and  mathematical  methods. 
The  two  methods  were  found  to  agree  most  fully  in  showing  that 
one  parabolic  or  bent-lath  curve  cannot  represent  the  results, 
but  that  two  such  curves,  meeting  at  2  to  2'5  molecules  to 
IOOH2O  (see  E  F,  fig.  1),  would  do  so.  The  experimental 
error  was  found  to  be  0'023^,  and  the  apparent  errors  of  the 
representation  were  as  follows  : — 


Graphic  Method.  Math.  Method. 
•058°  -054° 

Drawn  as  1  curve     ^  E 39-15°  9-5° 

i-or    1700  413 


urapnic 

\t::::::. 

(_  Rel.  ern 


(e -0250°  -0193 

2  curves     }^ .q^^qo  .^257 

meeting  at  to  mols.  |  ^^^  ^^,^^^     ^.^  1.1 

2H2 
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In  Table  VII.  I  have  given  the  results  obtained  by  the 
Graphic  method  when  sections  of  different  length,  starting 
from  the  lower  end,  are  drawn  as  one  curve.  Thus  when  only 
-^^  of  th(?  whole  figure  are  drawn  in  one  section  (column 
VIII.)  the  average  error  is  only  very  slightly  too  small  ;  it 
becomes  practically  identical  with  the  experimental  error 
when  Y^  of  the  figure  are  taken  (column  vil.),  and  the  length 
of  the  section  taken  may  be  increased  to  -j^,  \^,  and  even 
1^  of  the  whole  (columns  vi.,  v.,  and  li.)  without  any 
appreciable  increase  in  this  error  ;  whereas  as  soon  as  a  par- 
ticular point  is  passed,  an  increase  in  the  length  of  the  section 
taken  involves  a  rapid  increase  in  the  apparent  error,  so  that 
the  remaining  -j^^  of  the  figure  cannot  be  included  in  the 
drav/ing  without  giving  an  average  a])})arent  error  2*6  times 
greater  than  it  should  be.  The  average  error,  Ci,  has  alone, 
as  will  be  seen,  been  considered  in  this  case,  and  the  numbers 
would  have  been  far  more  striking  if  the  total  errors  had  been 
taken ■^j  but,  even  without  taking  these,  the  results  afford  a 
striking  illustration  that  the  breaking  up  of  a  figure  into 
se})arate  sections,  when  examined  by  the  lath,  is  by  no  means 
analogous  to  the  splitting  up  of  a  figure  into  separate  sections 
of  any  unsuitable  form,  which  necessarily  shows  a  gradually 
decreasing  concordance  with  the  experimental  points  as  the 
lengths  of  the  separate  sections  are  increased  :  here  we  find 
practically  no  decrease  till  a  certain  length  is  reached,  and 
then  there  is  a  rapid  decrease.  The  break  in  the  case  of  these 
results  is,  moreover,  one  which  I  should  by  no  means  term  very 
well  marked. 

Case  IV. 

This  is  an  instance  of  a  break  between  two  curves  of  wdiich 
the  curvature  (in  the  form  of  plotting  used)  is  in  the  same 
direction.  The  experimental  results  (Table  VIII.)  refer  to  the 
depression  of  the  freezing-point  of  benzene  b}^  ethyl  alcohol. 
Two  entirely  different  samples  of  alcohol  (one  of  which  was 
prepared  in  Prof,  van  t'Hoff's  laboratory)  were  used,  the 
determination  with  this  latter  sample  being  marked  by  an 
asterisk  in  the  table.  The  two  series  agree  very  closely 
together,  although  the  solutions  in  the  case  of  one  of  them 
were  not  made  up   with  very   great  exactness.     The  mean 

*  For  the  two-curve  drawing,  with  a  break  at  2  mols.,  the  total  error 
is  V21  times  the  experimental  error;  for  the  one-curve  drawing 
(column  III.)  it  is  425  times,  and  for  a  one-curve  drawing  from  1  mole- 
cule downwards  (column  iv.)  it  is  4-3  times  the  experimental  error. 
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Fig.  2. 

0  2  4  6  8 
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exjierimental  error  determined  by  the  graphic  method  was 
0"0021°;  and  a  two-curve  drawing,  such  as  that  shown  in 
fig.  2,  AB,  gives  a  mean  a])])arent  error,  and  also  total  error, 
of  almost  exactly  this  amount,  namely,  'OO^O  (eolunm  x..  Table 
Vlll.),  but  an  attemi)t  to  represent  the  results  as  a  single 
curve  increases  the  apparent  error  to  5  times,  and  the  totiil 
error  to  219  times  the  known  ex})erimental  error. 

The  examination  by  the  mathematical  method  shows  that 
two  parabolas  will  re])resent  the  results  with  nearly  as  close 
an  agreement  with  the  experimental  error  (1'5  times  this 
error*)  as  two  bent-lath  curves  do,  but  that  a  single  para- 
bola is  even  more  inapplicable  than  a  single  bent-lath  curve, 
the  total  api)arent  error  according  to  it  being  no  less  than 
3380  times  greater  than  the  experimental  error. 

Some  little  doubt  was  entertained  at  first  as  to  the  exact 
position  of  tlie  break  in  this  case,  chiefly  owing  to  the  difficulty 
of  getting  a  lath  of  a  flexibility,  and  sectional  paper  of  a  size 
and  accuracy,  suited  to  the  curvature  of  the  figure  and  to  the 
experimental  error,  so  the  values  were  manij)ulated  in  a 
variety  of  ways,  and  the  results  form  a  striking  illustration  of 
how  independent  the  recognition  of  a  true  break  is  of  the 
nature  of  the  ordinates  and  absciss?e  selected  for  the  plotting, 
for  all  the  figures  illustrated  in  fig.  2  concur  in  placing  a 
break  at  the  same  })oint,  0"8°,  in  sjtite  of  the  great  dissimi- 
larity of  their  general  form.     The  various  plottings  are  : — 

AB.  Depression  against  molecular  composition. 
Depression  against  percentage   composition  gives    a    very 

similar  figure. 

AC.  Depression  minus  the  readings  of  a  selected  parabola 
against  molecular  composition.  (A  depression  of  8° 
becomes  0°  according  to  this  plotting.) 

DE.  Depression  against  the    reciprocal   of  the  molecular 

composition,!. 
F  G.  Depression  against  the  logarithm  of  the  molecular 

composition. 
H  I.  Half  the  square  of  the  depression  against  the  molecular 

composition. 
J  K.  Dei)ression  against  the  square  root  of  the  molecular 

composition. 

The  numbers  given  at  the  top  of  the  figure  refer  to  A  B  and 
A  C  onlv.     In  the  case  of  H I  only  should  there,  I  think,  be 

*  The  excess  in  this  case  may  be  due  to  some  small  error,  of  which 
there  are  indications,  but  which  I  cannot  locate,  in  the  equation  for 
the  second  portion  of  the  result. 
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any  doubt  as  to  the  position  of  the  break  ;  by  using  a  non-wavy 
curve  tor  tlie  tir^t  portion  of  the  figure  in  this  case  the  break 
might  be  made  to  occur  at  the  experimental  point  next  above 
that  shown  for  its  i)Osition  in  the  figure. 

The  particular  figure  which  was  selected  for  the  graphic 
and  mathematical  examination  is,  it  will  be  noticed,  the  one 
which  exhibits  the  greatest  seeming  regularity,  and  which 
would  appear  most  favourable  for  representation  by  a  single 
curve. 

The  instances  here  detailed  will,  I  trust,  be  sufficient  to 
show  the  very  strong  nature  of  the  evidence  as  to  the  reality 
of  these  changes  of  cui'vature  :  that  the  recoonition  of  them 
is  certainly  not  a  mere  matter  of  taste  on  the  part  of  the 
draughtsman,  even  in  the  case  of  feebly  marked  breaks,  and 
that  the  deduction  of  parabolas  from  the  experimental  results 
themselves  tends  to  precisely  the  same  conclusions  as  the  much 
more  expeditious  method  of  examining  the  results  with  a 
flexible  lath.  At  the  same  time  I  trust  that  the  present 
communication  will  show  that  the  application  of  the  graphic 
n^ethod  requires  a  great  amount  of  care  and  a  close  attention 
to  experimental  and  other  considerations,  and  it  is  to  be 
feared  that  the  hurried  use  of  it  by  those  who  have  not  taken 
the  trouble  to  master  the  necessary  details,  or  to  acquire  the 
requisite  amount  of  skill,  may  bring  it  into  undeserved 
disrepute. 

It  must  be  remembered,  of  course,  that  a  bent-lath  curve 
is  not  necessarily  suited  to  every  curviliuear  figure,  any  more 
than  is  a  section  of  a  parabola  ;  but  as  far  as  my  experience 
goes  the  application  of  a  bent  lath  to  a  curvilinear  figure 
differing  materially  from  a  bent-lath  curve  (such  as  a  large 
portion  of  an  hyperbola)  would  not  lead  to  wrong  conclusions, 
but  simply  to  no  conclusions  at  all.  In  such  a  case  we  find 
that  the  error  of  the  drawing  increases  regularly  Avith  the 
length  of  the  figure  drawn  in  one  section,  and  that  any  supposed 
breaks  to  which  we  may  have  been  erroueously  led  by  the 
examination  will  be  found  to  be  false  when  the  method  of 
plotting  is  altered  so  as  to  obtain  a  figure  of  a  dilicreut 
character. 

October  1891. 
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Table  I. — Depression  of  the  Freezing-Point  of  Water  by 
Propyl  Alcohol. 

Experimental  Results. 


Per  cent. 

Depression. 

Mean 
error. 

Per  cent. 

DepreBsion. 

Mean 
error. 
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28 
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14 
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16 
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32 
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Table  III. — Depression  of  tlie  Freezing-Point  of  Watei 

Mathemat 

(Average  Experime 


I. 

When  represented  by 

When  represented 

II. 

III. 

IV. 

V. 

VI. 

2  Equa- 

p- 
Per  cent. 
Alcohol. 

1  Equa- 
tion. 

tions 
meeting  at 
16  per  cent. 

10 

per  cent. 

12 

per  cent. 

14 

per  cen 

o 

c 

o 

O 

o 

2 

-  ^069 

-•001 

4 

-  •0.'>3 

+  •022 

6 

-   ^002 

-014 

8 

-  ^022 

-•019 

10 

+  ^143 

+  •043 

-•042 

12 

4-  -164 

0 

+■029 

-■097 

14 

+  -214 

H-^Oll 

+•134 

+  •159 

-109 

16 

+  ^186 

/-•0121 
{-•OOo/ 

+  •160 

+  ■249 

+  •190 

18 

-  ^144 

+  •015 

-•121 

-•036 

+  •027 

20 

-  -303 

-•021 

-■240 

-•201 

-•088 

22 

—  "222 

+  •023 

-•132 

-•159 

-•048 

24 

-  -136 

-020 

-•038 

-•125 

-•051 

26 

4-  -061 

+  •024 

+  ■145 

+  026 

+  046 

28 

+  -106 

-•040 

+  •148 

+•048 

+•017 

30 

+  •178 

+•036 

+  •148 

+  •143 

+■079 

32 

-   ^052 

---on 

-•192 

-003 

-061 

Sum 1 

+  1052 

+•174 

+•764 

+  •625 

+•359 

— 1053 

-•173 

—•765 

—  •620 

—  •3^7 

e,  

•1316 
38-3 
2-70 
13-608 
633* 

•0204 

1 

1 
•0204 
0^95  * 

•128 
40 
1-95 
999 

499t 

•113 

36 

1-8 

7^32 

407t 

•072 

e^ 

15  3 

c,  

125 

E ::::.:...: 

137 

Bel.  error    ... 

69 1 

*  Compared  -with  the  experimental  error  as  unity. 

f  Compared  -with  the  total  error  (E)  of  the  same  portion  of 


Constants  of  the  Equations,  a;=2p.     The  starti 


p- 

a. 

b. 

c. 

d. 

0to32 

•48111 

•053856 

-•0029464 

0  „  16 

•586112 

•014257 

-•0000237 

16  „  32 

55959 

126382 

-•164645 

+  •008376 

10  „  32 

31991 

•8448 

•01410 

-  •003697 

12  „  32 

39275 

1  •06653 

-•053527 

•00022.53 

14  „  32 

4-6728 

12209 

-•10647 

•003253 
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Equations  meeting  at 

When  represented  bj  one  Equation  from. 

VII. 

VIII. 

IX. 

X. 

XI. 

XII. 

18 

20 

22 

10  to  22 

12  to  22 

12  to  20 

r  cent. 

per  cent. 

per  cent. 

per  cent. 

per  cent. 

per  cent. 

0 

o 

o 

-oil 

+  •035 

-017 

h-029 

+  057 

0 

-021 

-002 

-•033 

-■0(i9 

-071 

-058 

1-018 

-00(5 

+  051 

+  ■038 

-013 

-•056 

+  0.30 

-•088 

+  009 

+  •011 

I--035 

-■018 

+  067 

-001 

-043 

-•043 

h-082 

+  •030 

+  •072 

+•116 

+■072 

+  •059 

-072 

-•088 

-163 

-•036 

-025 

-037 

+  115 

-•148 

-•0()2 

-019 

+  ■009 

+■201 

+  •033 

+  007 

h-175 

+  •243 

+  •421 

+  •187 

+•088 

1 
+•079 

-•175 

-•241 

-•419 

-•187 

-•087 

-•080 

■039 

•048 

•075 

•053 

•029 

•032 

47 

8^0 

19 

9^1 

225 

1-95 

1 

4-45 

14 

1 

1 

1 

•183 

1-710 

1-997 

•482 

•065 

•062 

lit 

95 1 

lilt 

21 1 

6-0 1 

4-5 1 

5  when  it  is  drawn  as  two  curves  meeting  at  16  per  cent.  (col.  III.) 
t  of  the  Equation  is  taken  as  its  origin. 


p- 

a. 

b. 

c. 
•001909 

d. 
■0013.52 

OtolS 

•6085 

0  „  20 

•64752 

•011618 

-(J()2373 

0  „  22 

•56452 

•0199.39 

-■0(JO236 

10  „  22 

3^'27'91 

•53400 

•13975 

-■01.5614 

12  „  22 

40338 

•53333 

•20087 

-■028856 

12  „  20 

40362 

•5440 

•18379 

-024864 
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Table  IV. — Depression  of  the  Freezing- Point  of  Acetic  Acid 
by  Propyl  Alcohol. 

Experimental  Results. 


Per  cent. 

Depression. 

Mean 

Per  cent. 

Mean 

Alcohol. 

error. 

Alcohol. 

Depression. 

error. 

2001 

{\^-^ 

•005 

16114       ■ 

^^■'•''^l   9-757 
9-763  f    '''•^' 
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-007 
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{;stji-B22 

-009 
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11-155]^^^^'^ 
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f  2-525-1         3 
,  2-541  f  ^  "^'^'^ 
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r  13  8401  10.7Q/. 
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r  3-723  1 

5-97i 

{  3()15  1 3-660 
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f  4-3.56  \..„^o 
\  4-260/*"^"^ 
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•109 
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^  14-722  j 
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8066 
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•046 
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I  5-506]^'^^^ 
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[6-111] 

10-067 

\  6-103  I  6095 

-015 

r  17-624^ 
17-622 

[6062  J 

28-149       ■ 

[-7-473- 

J  rj^?  ( 7-352 

[7-256. 

17-863  )►  17-863 

•107 

18-130  1 

12-100 

-046 

^18-076J 

19-230" 

14043 

r  8-395 - 

1  8-3(i5  f  ^  ^^ 
[8-513. 

•035 

30-198 

j^:2in  19-202 

.19-231, 

-030 

2 

1-259 

14 

8-415 

3 

1-861 

16 

9-681 

4 

2-494 

18 

11-067 

5 

3-126 

22 

12-322 

6 

3-675 

20 

13-692 

7 

4-289 

24 

14-948 

8 

4-886 

26 

16-304 

9 

5-492 

28 

17^764 

10 

6-055 

30 

19-069 

12 

7-293 

Changes  of  Curvature  hy  Means  of  a  Flexible  Lath.       457 


§ 

c 
•1 

B. 

■6 
Is. 

■6  __ 

r* 

C 

3 

05  to  to  to  to  to  H-  1—  ^  H-  H- 
C:0CC;4.t0C00O4».t0CO00-^CnCn*.t0l0 

•-^  —  hI-  —  -^i-^d'-di-^ddddoddod 

OJ-4.C4-cnx— 4-Cc:~53500^tOC:wO 
O0iDO;O0>-C5:r>*^O5C>-J-^w5^*'O&CCO5^ 

£,3 

M 

J                            Apparent  error  according  to  a  drawing  as 

1  + 

cidb 

1  1  1  +  1 +  +  +  +  +  +       1  1  1  1  1  1 

cc  to  d  d  d  d  -^  to  to  1-^  i-i'  o  o  d  d  d  d  d  do 
ccicscoto-aCMCOwO          to4-oo~awQD 

1—' 
c 

li    i 

1  + 

ti  CO 
to  to 

1    1  +-f    +  1  ++  1  +  1  +    +  1      -4- 

ddd^^oddddddddoddodco 

w    CT   df    o 

2  ►^^•^ 

1— 1 

1  -t- 
ci  to 

Oi  to 

^Sto!5kODiocw5ioioto^^ox6iioto~^ 

1— ( 

ii'l 

1  + 

to  to 

+ 1 ++ 1 1 1 ++ 1 +     +      +11+ 

dddddddddddododdddco 

CO  wt  to  4»  ^  to  Ci  to  to  —  CO       to       H-  CJi  to  to 

-tog." 

•< 

1  + 

1 + 1 1    ++     + 1    ++      +1 

cdddd^ddooddcddocddo 

rf-  10  LO  w        1—  LO               Ci  to         1—  to               to  to 

05 

15I2 

^  to  5- 

«-< 

1   + 
to  »A 

++++ 1 1 1 ++ 1     111+.... 

►ii^di^idddddddcdddd:    :    :    :o 
CO  C^  O  ~-  OT  to  C;i  4-  C  to       c;i  c;  >—  to 

0    05 

>■ 

» 

3 

n> 

0 
■-: 

2 

~s 
a 

3 

B 
CO 

3" 

0 

3 

s 
s 

2. 

5" 

OS! 

5|"^i 

1  + 
'it 

1     i  ++  1  +   1  ++   1          1         

©►-^ddddddddodo:    :    :    :    :    :o 
->  o  to  ^  to  to  wT  :;!  oo  CO      CO 

3>a 

l-H 

Si'^i 

1  + 

1    1  ++  1  +  1  ++  1  + 

d  d  d  d  do  dd -^d  d:    :::::::  o 

4-  CS  to  QC  to  ^  wi  Ci  o  to  to 

§  0 

3  13 

1— 1 

5i"ii 

1  + 

+  1  ++  1  +  1  ++  1 1 

ddddddddd>-^:    :    :    :    :    :    :    :    d 
»*-  c;  to  -.  lo  to  CO  3i  ^1  o                                  1- 

5   ti 

irt-  a> 
•     -J 

f^ 

3i""i 

1  + 

to  to 

1 1 ++ 1 + 1 ++ 1 ++ 1      +1       + 

t^  g  t?  ^  ^  g  S  5  ^  3  £  2  2  °  £  gi  ®  2  °  ° 

^1 

J— 1 

ii"i 

1  + 

H-  1— ■ 
05'- 

.  .  .  ++ 1  +  1  I  1      1  1  +  1 

: : :    d ddddddoddddo 

3  ►O 

J— 1 

5fl 

1    + 

.    .     1      +1  +  1  +  +  +  1    1  + 

: :    dodddddddddd Co 
QD       ~.  CO  to  —  >—  .—  to  C;i  ^  to 

§  5S 

t— 1 

is"".* 

1    + 

+  1. ++  1  +  i +++  1.  1  +  1 

3  >T3 

< 

Sg^Ss 

1    + 

to  to 

^  4- 

+ 1 1 ++++ 1     1 + 1 1 ++ 

H-cv  ccioioc;"--      H-^^i(^H-  — 

w 


458  Mr.  S.  U.  Pickering  on  the  Ilecognition  of 

Table  VI. — Depression  of  the  Freezing-Point  of  Acetic  Aci 

Mathematics 

Mean  Experiments 


I. 

p- 

Per  cent. 
Alcohol. 

When  represented  by 

When  represented 

II. 

1  Equa- 
tion. 

III. 

2  Equa- 
tions nieet- 
a  little  be- 
yond 14. 

IV. 

8 
per  cent. 

V.                YI. 

10                 12 
per  cent.      per  cen 

! 

2 

3 

4 

5 

6 

7 

8 

9 
10 
12 
14 
16 
18 
20 
22 
24 
26 
28 
30 

Sum ] 

-•015 
-•002 
-•023 
-  •04(> 
+  •011 
+  001 
+  •008 
+  •005 
+  •045 
+  •016 
+  •111 
+  •076 
-•061 
-•042 
-•110 
-•029 
-009 
-•040 
-t-115 

+  •3^8 

o 
-•003 
+  013 
-•007 
-•032 
+•022 
+•007 
+  •006 
-•007 
+  021 
-•039 
+  •015 
+  •035 
-•047 
+  •010 
-•037 
+  •042 
+•036 
-•058 
+  •022 

+  •230 
-•230 

•024 
1 
1 

•024 
0-73* 

O 

-•047 
-077 
-•053 
-084 
+  040 
+  •053 
-•029 
+  041 
+  •009 
+  •098 
+  •092 
-031 
-•007 

+  •333 
-•3-28 

•051 
20 
2-2 

•292 
lO^lt 

o 

+  •007 
-046 
+  055 
+  042 
-•057 
-003 
-044 
+  •045 
+  -046 
-050 
+  •012 

+  ■207 
-•200 

•037 
1 
1 

•037 
lit 

o 

-■023 
+  051 
+  030 
-071 
-010 
-041 
+  056 
+•0.59 
-044 
-•004 

+  •19(5 

<^i  

e, 

-•377 

•040 
2^35 

-•193 

•039 
1 

c,  

8^3 
1-494 
45* 

1 

E 

Eel.  error    ... 

•039 
12t 

*  Compared  with  the  experimental  error  as  unity. 

t  Compared  with  the  total  error  (E)  of  the  same  portion  of  the 


Constants  of  the 


p- 

a. 

b. 

c. 

d. 

0to30 
0  „  14 

16  „  30 
8  „  30 

10  „  30 

g-fiw 

48394 
6^0617 

12.545 
r2696 
1^2995 
"  M376 
1^16514 

-•011216 

-•014712 

•00352 

•025677 

•020853 

•0008564 

•0007683 

•CM)03054 

-•0010504 

-0007175 
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Propyl  Alcoliol :    Apparent  Error  when  examined  by  the 
thod."' 

•or  =  0-033°. 


Equations  meeting  at 

By  one  Equation  from 

VII. 

Vlil. 

IX. 

X. 

XI. 

IG 

18 

2 

6  to  20 

7  to  22 

per  cent. 

per  cent. 

per  cent. 

per  cent. 

per  cent. 

O 

o 

O 

-001 

+  -00(> 

-005 

+  015 

+  022 

+  ■012 

-•(;06 

—  -002 

-Oil 

-032 

-•030 

-037 

+  020 

+  •017 

+  015 

+•102 

o 

+  •004 

-002 

-001 

+  035 

-•004 

+•003 

-009 

-•002 

-■004 

-on 

-•010 

-023 

-012 

-040 

-025 

+  020 

+  007 

+  ■021 

-024 

+  ■005 

-032 

-037 

-■018 

-■072 

-■035 

+  039 

+  •057 

+  ■073 

+■034 

+  062 

-020 

+  ■042 

+  045 

+  030 

+  ■042 

-047 

-070 

-  ^063 

-061 

-■012 

+  002 

+  009 
+  016 

+  •101 

+•161 

+  •166 

+•203 

+•136 

-•099 

-160 

-•168 

'        -^203 

-•134 

■017 

•025 

•024 

■024 

■027 

1 

1 

1 

rs 

1 

1 

1 

1 

16 

1 

•017 

•025 

•024 

•050 

■027 

It 

l-3t 

l-3t 

2^4t 

l-2t 

ire  when  drawn  as  two  curves  meeting  at  about  14  per  cent.  (col.  III.), 
nations,  x~2p. 


p. 

a. 

h. 

c. 

d. 

12  to  30 

7-2697 

M693 

•028498 

-0014221 

0  „  16 

r2751 

-•018fJ61 

■0012061 

0  .,  18 

r2886 

-025409 

•0020310 

0  „  20 

12742 

-019249 

•0014920 

6  „  20 

37774 

10815 

j      •023S62 

-■00056.*J0 

7  „  22 

428.54 

11792 

•000805 

■0012653 
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Table  VII. — Depression  of  tlie  Freezing-Point  of  Water  by 
Cane-Siigar. 

Examined  by  the  Graphic  Method. 

Experimental  error  =  0'023°. 


I. 

11. 

III. 

IV. 

As  one  curve  from 

V. 

VI. 

VII. 

Vllt. 

Mols. 

Ab2 

Sugar  to 

curves 

0  mol. 

1  mol. 

3  mols. 

4  mols. 

5  mols. 

6  mol.s. 

lUU  11,0. 

meeting 

at  2  mols. 

o 

o 

0 

o 

0 

o 

o 

•19 

0 

-•01 

•;3(; 

0 

-•03 

•57 

+  •0 

-•06 

•83 

+  •010 

-•05 

104 

-015 

-■09 

-•025 

1-19 

+  015 

-05 

0 

1-35 

-•015 

-09 

-040 

1-50 

-•030 

-■10 

-  050 

1-70 

-•035 

-•09 

-  ^065 

i-8r> 

+  035 

-•03 

+  •005 

1-99 

-•005 

-■05 

-'030 

2-3U 

-•010 

-01 

-■010 

2-40 

+•005 

0 

+  •010 

2-63 

+  •025 

+•05 

+■035 

2-88 

+■010 

+  •05 

+■0.30 

313 

-+-•010 

+•07 

+•0.55 

+  015 

3-40 

-•020 

+  ■06 

+  •015 

-015 

3-67 

-015 

+•08 

+  •015 

0 

4  00 

+  ■015 

+•10 

+  •065 

+  035 

+  ■015 

4-34 

-045 

+  03 

-•005 

-•035 

-■050 

4-67 

+•010 

+  •08 

+■025 

+  030 

+•015 

50.5 

0 

+  ■05 

+  015 

+  005 

+•005 

+•020 

5-40 

-•045 

-•02 

-025 

-035 

-035 

-•015 

5-86 

+-0fi0 

+•05 

+  ■0(15 

-•050 

+■060 

+  ■085 

6-37 

-030 

—11 

-■040 

-•045 

-040 

-•035 

-•035 

6-93 

0 

-•10 

-•005 

0 

•0 

-■005 

+  015 

7-53 

-•005 

-•12 

-•020 

-030 

-•010 

-025 

-■010 

810 

+  •095 

-03 

+•080 

+  ■080 

+  •095 

+  070 

+  •080 

8-72 

-•0(15 

-14 

-060 

-060 

-  ■ono 

-•080 

-•080 

9  56 

-050 

+■01 

+•010 

+  010 

-•025 

-•030 

0 

Sum   ...  • 

+  •290 

+  ■91 

+•405 

+  ■225 

+  •190 

+  •175 

+•095 

-■385 

-•84 

-•375 

-■220 

-■220 

-•195 

-•125 

e,    

•0225 
1 

•058 
2-6 

•030 
115 

•030 
0-96 

■034 
0-98 

•wi 

106 

•037 
•090 

^i    

Eel.  error* 

*  Eelative  value  of  fj  (not  the  total  error)  compared  with  that  of  the  same 
portion  of  tlie  figure  when  drawn  as  two  curves  meeting  at  2  mols.  (col.  II.). 
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Addendum. 

A  very  important  additional  aroument  in  favour  of  the  real 
existence  of  changos  of  curvature  has  been  obtained  by  ascer- 
taininn-  that  a  set  of  resuUs,  which  can  be  represented  perfectly 
by  two  parabolas  showing  a  break,  cannot  be  represented  by 
a  single  parabola,  even  if  this  has  as  many  constants  in  it  as 
the  two  together  had.  The  results  with  propyl  alcohol  in 
water  (case  I.)  were  taken  for  this  investigation,  and  the 
calculations  were  sini])lified  a  little  by  representing  the  first 
half  of  them  by  a  parabola  with  two  instead  of  three  constants 
(and  the  origin).  The  equation  deduced  for  this  parabola 
was  ?/  =  "58662 . 1' +  "01404  .r-,  and  the  values  given  by  it  were 
almost  exactly  identical  with  those  given  by  the  three-con- 
stant equations  in  Table  II.  column  III.,  indeed  the  sura  of  the 
differences  was  "002°  less  ;  so  that  the  whole  results  may  be 
represented  by  this  equation  together  with  that  [)reviously 
deduced  for  the  second  portion  of  the  figure  (the  two  contain- 
ing together  six  constants  and  the  origin)  with  a  total  apparent 
error  '95  times  the  experimental  error.  A  single  equation 
with  six  constants  and  the  origin  was  then  deduced  from  the 
experimental  results*  :  the  values  obtained  were 

?/  =  "554549 .1-  + -06433690;'^ --02340953  ^3 +  "004282  7  19  a-* 

-•000320612037.t'^  + "000008079213  x^ 

and   the  differences  between  the  values  for  y  given  by  this 
equation  and  the  experimental  values  were  as  follows :  — 

;j  =  2x.  Diff.  : 


^  =  2.r.  Diff. 

2  .  .  .  --002 

4  .  .  .  +"031. 

6  .  .  .  -"014 

8  .  .  .  -"069 

10  .  .  .  +"015 

12  .  .  .  -"004 

14  .  .  .  +"068 


18  .  .  .  --091 

20  .  .  .  -"136 

22  .  .  .  -"001 

24  .  .  .  +"047 

•2Q  .  .  .  +"104 

28  .  .  .  -"038 

30  .  .  .  -"051 


16     .     .     .      +"121  I         32     .     .     .       +"018 

The  sum  of  the  errors  is  +"404°  and  —"406°,  the  mean,  Ci, 
being  "0506°,  or  two  and  a  half  times  greater  than  the  expe- 
rimental error  ;   the  eo  error  is  10,  and  the  ^3  error  is,  as  might 

*  The  deduction  of  this  equation,  in  wbich  lon<r  division  and  multipli- 
cation had  to  bi'  euiployed,  t)ccuj)ied  ten  days,  altliough  the  values  I'or  y 
were  the  whole  numbers  from  1  to  10.  'J'his  may  fiive  some  conception 
of  the  desirability  of  obtaining  some  other  metliod  of  examining  results. 
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bo  ;iiitioi[>ato(l,  1  :  thus  the  total  error  is  -ylXJ^,  or  23-5  times 
•ireater  than  the  experimental  error,  and  2-4"5  times  greater 
than  the  total  error  of  the  two-curve  drawino;  with  the  same 
number  of  constants,  representing  the  existence  of  a  break 
instead  of  continuity.  This  by  itself  would  be  an  almost 
conclusive  argument  in  favour  of  the  real  existence  of  this 
break. 


I  may  take  this  opportunity  of  saying  a  few  words  in 
answer  to  the  additional  remarks  which  Prof,  lliicker  has 
published  on  the  densities  of  Sulphuric  Acid  {.^upra,  p.  204). 

(1)  Prof.  RUcker's  statements  as  to  my  opinion  respecting 
an  equation  of  the  form  ^=a  +  6.zr ..  .^^-^  may  perhaps  lead 
casual  readers  to  the  very  erroneous  conclusion  that  I  used 
such  an  equation  in  my  work  on  Sulphuric  Acid,  or  that  I  re- 
garded it  as  a  probable  ex[)ression  of  experimental  results. 
The  bent-lath  curve  may  perhaps  be  mathematically  even 
more  complex  than  Prof.  Kiicker^s  curve  (though  I  doubt 
whether  Prof.  Riicker  can  obtain  such  a  simple  dctinition  of 
his  curve  as  that  which  can  be  given  of  the  bent-lath  curve 
"  the  radius  of  curvature  varies  inversely  as  the  distance  from 
some  fixed  straight  line"),  but  these  curves  which  I  used 
weiv,  as  was  shown  by  the  diti'erentiation,  practically  very 
simple,  being  equivalent  to  the  parabolas  i/  =  a  +  lKV  +  cx^. 
Prof.  Riicker  argues  that  if  I  subdivided  the  figures  into 
these  simple  curves,  1  might  have  subdivided  them  still 
further  into  straight  lines.  I  am  certainly  surprised  that 
such  an  argument  should  be  used  by  one  who  studied  the 
question  as  closely  as  Prof.  Riicker  has  done.  The  only  legiti- 
mate representation  of  a  series  of  results  is  evidently  that 
which,  cceteris  paribus,  represents  fewest  breaks  ;  the  parabola 
is  just  as  probable  a  representation  of  physical  properties  as  a 
straight  line  (perhaps  more  so),  and  as  the  curvilinear  nature 
of  the  figure,  in  the  present  case,  would  evidently  necessitate 
the  use  of  more  straight  lines  than  of  [)arabolas  for  drawings 
representing  ajijjarent  errors  of  equal  magnitude,  the  recti- 
linear representation  is  obviously  unjustifiable. 

(2)  &  (3)  Prof.  Riicker  misunderstands  me  if  he  thinks 
that  I  advocated  my  representation  us  being  superior  to  his 
as  to  the  number  of  constants  involved,  or  that  I  objected  to 
his  having  obtained  his  equation  by  first  making  an  approxi- 
mation, and  subsequently  improving  it.  My  ol)jections  to  it 
were  based  solely  on  the  grounds  that  it  was  an  artificial  and 
highly  improbable  representation  of  physical  facts,  and  this, 
ap|)arently,  he  does  not  refute. 

(4)   It  is  scarcely  worth  while  to  waste  words  in  discussing 

2L2 


464  Mr.  S.  U.  Pickering  on  the  Recognition  of 

whether  the  modification  introduced  by  Prof.  Riicker's  fourth 
term  bears  a  sufficiently  small  proportion  to  the  unmodified 
part  to  be  correctly  de5i<j;nated  as  a  "  hump  "  or  not ;  but  the 
illustration  of  converting  a  circle  into  an  ellipse,  whicli  he 
quotes  in  justification  of  the  excrescence  which  he  placed  on 
his  a])proximate  curve,  appears  to  me  to  be  a  singularly 
unfortunate  one,  for  the  ellipse  is  pn.r  excellence  the  simplest 
and  most  natural  modification  of  a  circle,  and,  as  such,  con- 
tinually presents  itself  in  natural  phenomena.  Even  if  this 
were  not  the  case,  the  alteration  of  one  constant  in  an  equation 
(from  1  to  1  — .t'^)  is  hardly  comparable  with  the  introduction 
of  an  entirely  new  arbitrary  function  with  two  arbitrary 
constants. 

As  Prof.  Riicker  so  strenuously  defends  the  legitimacy  of 
his  synthesizing  his  equation,  I  fail  to  see  why  he  should 
object  to  my  analyzing  it  back  again  into  its  original  com- 
ponents, and  thus  obtaining  suggestions  of  two  of  the  breaks 
by  the  very  means  which  was  supposed  to  obliterate  them  : 
still  less  do  I  appreciate  his  clinching  argument  against 
the  validity  of  these  suggestions  by  showing  that  analysis  in 
another  direction  is  possible,  which,  wliile  it  fails  in  suggest- 
ing one  of  these  two  breaks,  brings  into  prominence  another 
one,  the  only  one  which  I  had  thought  his  equation  had 
really  obliterated. 

Nor  do  I  see  why  because  I  informed  Prof.  Lodge,  in  1889, 
that  I  had  not  then  used  empirical  equations  for  detecting 
discontinuities,  and  did  not  place  much  faith  in  such  a 
method,  I  should,  now  that  a  critic  uses  empirical  equations 
against  me,  refrain  from  examining  what  evidence  they  atford 
for  or  against  these  discontinuities.  I  am  merely  meeting  my 
opponent  on  his  own  ground  by  doing  so. 

(5)  Prof.  Riicker  still  considers  that  his  equation  was  ex- 
tended sufficiently  far  beyond  the  first  and  fourth  of  the 
breaks  in  question  to  justify  him  in  saying  that  it  bridged 
them  over ;  if,  however,  instead  of  taking  the  average  length 
of  the  sections  of  which  the  wliole  figure  was  composed,  he 
had  tak(Mi  the  actual  lengths  of  those  sections  over  which  the 
enils  of  his  curve  ])rqjected,  he  would  have  found  that  the  one 
end  projected  over  rather  less  than  i  of  the  next  section,  the 
other  over  rather  less  than  ^  ;  distances  which,  I  think,  are 
very  insufficient,  especially  as  in  the  former  case  the  sign  of 
the  difference  between  the  observed  and  calculated  values  for 
the  last  included  point  is  the  same  as  that  for  the  neighbour- 
ing j)oints  beyond  it,  to  whicli  his  curve  is  evidently  inapplic- 
able, showing  that  the  divergence  has  already  begun  before 
this  last  included  point  has  been  reached. 
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I  scarcely  tliink  that  Prof.  Riickor  is  justified  in  stating 
that  1  have  put  forward  anything  which  can  legitimately  be 
termed  a  "  new  solution  '^  of"  these  results — a  one-break 
representation  instead  of  a  four-break  one — or  that  "  in  the 
heat  of  argument  "  I  have  abandoned  discontinuities  on 
which  I  previously  insisted.  The  simple  fact  is  that  I  now 
find  that  a  more  complicated  bent-lath  curve  or  parabola  will 
fit  over  the  one  particular  break  as  to  the  existence  of  which 
I,  from  the  first,  expressed  my  doubts,  but  that  even  now  I 
consider  that  there  are  objections  against  the  use  of  such  a 
curve,  and,  I  may  mention,  I  have  found  mure  objections 
since  I  stated  this  in  my  ])revious  paper.  It  is  true  that,  for 
the  sake  of  comparison  with  Prof.  Hiicker's  results,  I  extended 
the  curves  a  short  way  beyond  the  two  other  breaks  at  the 
two  ends,  but  this  was  efi'ected,  as  I  pointed  out  in  the  foot- 
note on  p.  141,  only  at  the  cost  of  increasing  the  apparent 
error  to  the  extent  of  about  one  quarter  as  much  again  as  that 
of  my  original  drawing,  and  also  of  that  of  the  exjjerimental 
error. 

The  present  state  of  the  case  may,  I  believe,  be  sunnnarized 
as  follows  : — The  chief  argument  in  favour  of  the  interpre- 
tation which  I  gave  of  my  experiments  was  the  concordance 
of  the  results  obtained  from  various  sources.  Prof.  Riicker's 
criticism  starts  by  ignoring  this  argument,  or,  at  any  rate, 
does  not  attempt  to  explain  how  such  a  concordance  was 
obtained,  and  deals  only  with  a  portion  of  one  set  of  results. 
Prof.  Riicker  admits  that  these  results  show  in  places,  either 
bi-eaks,  or  something  very  like  breaks,  and  he  therefore  con- 
fines his  attention  to  a  portion  where  all  the  changes  are 
"  minor  "  ones.  He  admits  that  the  bridoing  over  of  these 
supposed  breaks  by  a  single  equation  does  not  necessarily 
disprove  that  they  really  are  breaks,  and  all  that  he  does  is  to 
construct  such  an  equation,  but  an  equation  in  favour  of 
which  as  an  expression  of  physical  facts  nothing  can  be 
urged.  If  the  terms  in  this  equation  have  no  physical 
meaning  then,  I  venture  to  think,  it  cannot  be  accepted  as 
an  expression  of  physical  facts  ;  whereas,  if  they  have  a 
physical  meaning,  then  it  is  legitimate  to  analyze  the 
equation,  and  by  so  doing  we  obtain,  as  I  showed,  additional 
proof,  instead  of  disproof,  of  the  very  changes  which  I  con- 
sidered existed. 

I  quite  agree  with  Prof.  Iliicker  that  further  discussion,  at 
any  rate  on  these  restricted  lines,  is  useless.  A  mathematical 
investigation  must  be  obviously  confined  to  some  special 
instances,  and  these  instances  must  be  worked  up  to  a  hitrher 
pitch  of  perfection  than  was  possible  in  a  work  of  which  the 
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object  was  to  prove  a  strong  prima  facie  case  by  the  accumu- 
lation of  numerous  instances  from  independent  sources.  I 
am  at  present  engaged  in  obtaining  results  which,  I  trust, 
may  be  more  suitable  for  matlunnatictil  criticism,  and  those 
mentioned  in  the  foregoing  paper  may  be  taken  as  prelimi- 
nary samples.  I  have  also  investigated  a  large  number  of 
instances  in  which  the  results  are  much  less  complicated  than 
in  the  case  of  sulphuric  acid,  and  I  have  thus  accumulated  a 
mass  of  evidence  showing  that  changes  similar  to  those 
already  found  do  occur  at  simple  molecular  proportions.  The 
accumulation  of  such  evidence,  however,  is  a  work  of  time, 
'  but  I  hope  in  the  end  to  succeed  in  dislodging  Prof.  liiicker 
from  his  jiresent  neutral  position  of  neither  afhnning  nor 
denying  my  conclusions. 
February  1892. 


LI.  On  a  J)ecisive  Test-case  disproving  the  Maxwell-Boltzmann 
Doctrine  regarding  Distribution  of  Kinetic  Knergii.  JSg 
Lord  Kelvin  *. 

THE  doctrine  referred  to  is  that  stated  by  Maxwell  in  his 
paper  "  On  the  Average  Distribution  of  Energy  in  a 
System  of  Material  Points"  (' Camb.  Phil.  Soc.  Trans.,' 
May  6,  1878,  republished  in  vol.  2  of  Maxwell's  '  Scientific 
Papers')  in  the  following  words  : — 

"  In  the  ultimate  state  of  the  system,  the  average  kinetic 
energv  of  two  given  portions  of  the  system  must  be  in  the 
ratio  of  the  number  of  degrees  of  freedom  of  those  portions,'" 

Let  the  system  consist  of  three  bodies.  A,  B,  C,  all  movable 
only  in  one  straight  line,  K  H  L  : 

B  being  a  simple  vibrator  controlled  by  a  spring  so  stiff 
that  when,  at  any  time,  it  has  very  nearly  the  whole  energy 
of  the  system,  its  extreme  excursions  on  each  side  of  its 
position  of  equilibrium  are  small : 

C  and  A,  equal  masses  : 

C,  unacted  on  by  force  except  when  it  strikes  L,  a  fixed 
barrier,  and  when  it  strikes  or  is  struck  by  B  : 

A,  unacted  on  by  force  except  when  it  strikes  or  is  struck 
bv  B,  and  wheu  it  is  at  less  than  a  certain  distance,  H  K, 
from  a  fixed  repellent  barrier,  K,  repelling  with  a  force,  F, 
varying  according  to  any  law,  or  constant,  when  A  is  between 
K  and  H,  but  becoming  infinitely  great  when  (if  at  any  time) 
A  reaches  K,  and  goes  infinitesimally  beyond  it. 

*  Communicated  by  the  Author:  from  au  advance-proof  of  the  Proc. 
Roy.  Sdc.  for  April  1'8,  1692. 
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Suppose  now  A,  B,  C  to  be  all  movincr  to  and  fro.  The 
collisions  between  B  and  the  equal  bodies  A  and  C  on  its  two 
sides  must  equalize,  and  keep  equal,  the 
average  kinetic  energy  of  A,  immediately 
before  and  after  these  collisions,  to  the  ave- 
rage kinetic  energy  of  C.  Hence,  when  the 
times  of  A  being  in  the  space  between  H 
and  K  are  included  in  the  average,  the 
average  of  the  sum  of  the  potential  and  kinetic 
energies  of  A.  is  equal  to  the  average  kinetic 
energy  of  C.  But  the  potential  energy  of  A 
at  every  point  in  the  space  H  K  is  positive, 
because,  according  to  our  supposition,  the 
velocity  of  A  is  diminished  during  every  time 
of  its  motion  from  H  towards  K,  and  in- 
creased to  the  same  value  again  during  motion 
from  K  to  H.  Hence,  the  average  kinetic 
energy  of  A  is  less  than  the  average  kinetic 
energy  of  C  I 

This  is  a  test-case  of  a  perfectly  represen- 
tative kind  for  the  theory  of  temperature,  and 
it  effectually  disposes  of  the  assumption  that 
the  temperatui-e  of  a  solid  or  liquid  is  equal 
to  its  average  kinetic  energy  per  atom,  which 
Maxwell  pointed  out  as  a  consequence  of  the 
supposed  theorem,  and  which,  believed  to  be 
thus  estabhshed,  has  been  largely  taught,  and 
fiilhiciously  used,  as  a  fundamental  propo- 
sition in  thermodynamics. 

It  is  in  truth  only  for  an  apj)roximately 
"  perfect "  gas,  that  is  to  say^  an  assemblage 
of  molecules  in  which  each  molecule  moves  for 
comparatively  long  times  in  lines  very  ap- 
proximately straight,  and  experiences  changes 
of  velocity  and  direction  in  comparatively 
very  short  times  of  collision,  and  it  is  only 
for  the  kinetic  energy  of  the  translatory 
motions  of  the  molecules  of  the  "  perfect  gas," 
that  the  temperature  is  equal  to  the  average  kinetic  energy 
per  molecule,  as  first  assumed  by  Waterston,  and  afterwards 
by  Joule,  and  first  proved  by  Maxwell. 


oC 


[     4G8     ] 

LTI.   On  the  Theory  of  Surface  Forces.— III.  Effect  of  Slight 
Contaminations.     By  Lord  Rayleigh,  Sec.R.S.* 

OBSERVATION  t  Imving  suggested  that  the  lowering 
of  surface-tension  of  water  due  to  a  film  of  oil  falls  off' 
more  rajjidly  when  the  film  is  attenuated  than  the  thickness  of 
the  film  itself  can  he  supposed  to  do,  I  was  led  to  examine  the 
qi\estion  theoretically;  and  the  result  shows  that,  according  to 
the  principles  of  Young  and  Laplace,  the  lowering  of  tension 
due  to  a  very  thin  film  should  be  in  proportion,  not  to  the 
thickness,  Init  to  the  square  of  the  thickness  of  the  film.  In 
the  calculations  which  follow  the  fluids  are  supposed  to  be 
iiK'()nij)i-essiblo,  a  layer  of  density  p  and  thickness  a  being 
inter})osed  between  fluids  of  densities  p2  and  p,  (fig.  1).     The 


thickness  a,  as  well  as  the  range  of  the  forces,  is  sup])osed  to 
be  negligible  in  comparison  with  the  radius  of  curvature  R 
of  the  surfaces  of  separation. 

By  II.  (16)$  we  have  for  the  difference  of  pressures  in  the 
inner  and  outer  liquids, 

P,-2>,  =  -2K{p^-p,^)-rYdp 

J(i) 

=  2K(P2^-pr)-(p-/.O.V(p,pO-(P2-p).V(p2,p),   (1) 

where  V(p,  p,),  V(p2,  p)  denote  the  potentials  at  the  surfaces 
of  separation. 

*  Communicated  by  the  Author. 

t  See,  for  example,  Miss  Pockels  on  Surface  Tension, '  Nature/  vol.  xliii. 
p.  4:i7  (1891). 

t  Phil.  Mag.  Feb.  1892. 


and 
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Again,  by  II.  (17), 

%}  —00 

=  27r(p2  +  pi)rf  (0^^-277  (p2-/3)JV(0^^ 

N{p„p)=2'jT{p,-¥p,)r  ^{^)dl;+2iT{p-p,)\'^  ir(X)cl^ 
Jo  Jo 

"  E  {^^'^^-^^^  Jo"  ^<^^)^^^-  (^-^^^  J"  ^(?)^^0  • 
Consider  now 

{p-Pl)'^{p,Pl)  +  iP2-p)'^(iP-2,p),     ...       (2) 

and  collect  separately  the  part  independent  of  R,  and   that 
proportional  to  Il~^     For  the  first  we  have 

27r(p/-^r)|>(r)  c/r,      ....     (3) 

the  same  as  if  «  =  0. 

For  the  second,  omitting  the  factor  —  27r/R,  we  get 

{p-pi) \}p^-pi)\^^  t(?)^^r- (^2-p) r v^c?) r^/r j 

K  =  27rrf(OtZr, 
po-/>i  =  K(p;-^-pi2)+2T/R,    ....     (5) 

-27r(p-p,)(p2-p)[V(nr'^r.  .     .     .     (C) 


+ 
or 


Now 

so  that 
where 
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The  tension  of  the  composite  surface  is  thus  given  bv  (G). 

Ifa  =  0,  we  fall  back  upon  the   case  of  a  sin)pre  sudden 
transition  from  p.2  to  /3j,  and  we  get  as  before 

Again,  if  a^co  , 


This  corresponds  to  the  formation  of  two  inde[)endently  acting 
tensions  between  the  two  pairs  of  liquids. 

To  pass  from  these  verifications  to  circumstances  of  novelty, 
let  us  now  suppose  that  a  is  small  compared  with  the  range  of 
the  forces.  "When  ^  is  small,  ■^[^)  may  be  identified  with 
•\|r(0),  and  we  have 

.        ^        -        gT.:.-7^(p-pO(p2-p)•^(0).«^    .        .        .        (9) 

showing  that  in  the  limit  8T  is  proportional  to  the  square  of 
the  thickness  a. 

According  to  Young's  supposition  I.  [Vd)*  of  a  constant 
attraction  within  the  range  a, 

so  that  ■v^(0)  =  ;g^a^  ;  and  more  generally  whether   a  be  great 
or  small, 


i; 


t(nr^/?=«^(iW-i<'«^+TV«')-  •  •  (10) 


The  general  formula  (G)  may  be  a})plied  also  to  the  case  of 
a  thin  lamina  by  su})posing  that  p.2  =  pi  =  p^.     Thus 


'-poY^ya) 


T  =  2'rr(p-poyj^ylra)^d^  ....     (11) 

gives  the  tension  of  a  lamina  of  densit}-  p  and  thickness  a 
surrounded  by  fluid  of  density  pof.  Here  again,  if  a.  be  very 
small,  the  integral  reduces  to  ^a^  ''/^(O),  so  that  the  tension  varies 
as  the  square  of  a. 

It  must  l)e  understood  that  the  lamina  is  here  supposed  to 
be  of  uniform  constitution,  and  that  thus  the  result  is  probably 
ina})])licable  to  soap-lilms. 

*  Phil.  Mag.  Oct.  ]800. 

t  In  ^Faxwell's  solution  of  this  problem,  Art.  "  Capillary  Action," 
Enc.  Brit.,  the  tension  of  tlie  lamina  is  given  at  double  the  above  value. 
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The  law  that  the  effect  of  a  fihn  when  A-ery  thin  is  propor- 
tional to  the  square  of  the  thickness  is  of  considerable  interest. 
It  is  here  deduced  upon  the  basis  of  Laplace's  more  special 
hypothesis  that  the  specific  ditferences  between  various  bodies 
in  relation  to  capillary  properties  may  be  represented  by  a 
simple  coefficient  in  the  ex})ression  for  the  law  of  force.  But 
it  is  not  difficult  to  see  that  the  conclusion  is  really  indepen- 
dent of  this  restriction,  and  that  it  holds  good  even  thouoh 
the  law  of  force  for  every  pair  of  bodies  is  entirel}'  arbitrary. 


LIII.  Some  Properties  of  Dried  Hi/drogen  Sulphide  Gas. 
JB>/  11.  E.  Hughes,  B.Sc'.,  F.C.S.,  Jesus  College,  Oxford*. 

IT  was  shown  simultaneously  by  Thorpe  that  dry  hydrogen 
sulphide  mixed  with  carbon-disulphide  vapour  is  without 
action  on  titanium  sesqiiioxide  (J.  C.  S.  1885,  p.  492),  and  by 
Veley  [ibid.  p.  484)  that  the  same  gas  when  dry  is  without 
action  on  quicklime.  In  both  cases  the  formation  of  a  minute 
trace  of  water  as  a  consequence  of  the  reactions  should  cause 
them  to  proceed  to  their  ultimate  limit.  A  few  months  ago 
Mr.  Yeley  suggested  a  similar  investigation  upon  the  condi- 
tions of  reactions  of  hydrogen  sulphide  upon  metallic  oxides, 
other  than  those  mentioned  above. 

Magnesia  was  selected  as  the  first  oxide,  and  the  experi- 
ment was  so  arranged  as  to  determine  whether  the  weioht  of 
the  oxide  was  in  any  respect  altered  by  the  passage  of  the 
hydrogen-suli)hide  gas  over  it. 

By  means  of  a  T-tube  connected  up  with  a  hydrogen-sul- 
phide generator  on  the  one  limb,  and  a  hydrogen  generator 
on  the  other,  a  flow  of  either  gas  could  be  obtained  at  will, 
and  at  an  easily  regulated  rate. 

The  gas  first  passed  through  a  wash-bottle,  which  at  the 
same  time  served  to  determine  the  rate  of  flow  of  the  (j-as 
which  flow  was  such  that  on  an  average  about  2  bubbles  per 
second  passed  through. 

The  gas  was  dried  by  three  U- tubes  containing  calcium 
chloride,  and  finally  by  a  straight  tube  of  pentoxide  of  phos- 
phorus, containing  at  each  end  a  loose  plug  of  cotton-wool. 
The  ex|)erimental  vessel  containing  the  oxide  was  a  U-tube 
fitted  with  glass  stoppers  pierced,  so  that  by  simply  revolving 
these  stojjpers  the  U-tube  was  sealed.  The  outgoing  gas  was 
then  passed  into  a  lime-tower  ;  it  was  noticed  that  unless  this 
lime  was  thoroughly  slaked,  the  absorption  of  the  gas  was  but 

*  Communicated  by  Mr.  V.  II.  Velev,  M.A.,  University  Museum. 
Oxford. 
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partial.  The  experimental  tube  was  contained  in  a  Avater- 
bath  in  which  was  placed  a  thermometer,  so  that  the  action  at 
different  temperatures  might  he  investigated.  It  was  noticed 
that  where  the  dried  hydrogen-sulphide  gas  came  in  contact 
with  the  filaments  of  cotton-wool  covered  with  the  jjentoxide, 
a  yellow  deposit,  presumably  sulphur,  was  obtnined.  Whether 
this  decomj)osing  action  is  due  to  the  finely  divided  oxide 
superficially  covering  the  filaments,  or  not,  is  an  open  question. 
Moreover,  it  was  observed  that  whilst  the  hydrogen-sulphide 
gas  passed,  the  white  oxide  assumed  a  yellowish  tint,  which 
disappeared  entirely  when  subsequently'  the  hydrogen  passed 
through. 

The  hydrogen  was  first  passed  through  the  a])paratus  for 
about  one  hour  and  a  half  to  displace  the  air  ;  the  tube  was 
then  weighed,  replaced  in  the  water-bath,  and  the  hydrogen 
sulphide  passed  through  for  about  two  hours,  and  the  hydrogen 
sulphide  again  dis])lace(l  by  hydrogen  before  a  second  weighing 
was  made.  The  temperature  of  the  bath  was  read  at  intervals, 
and  the  mean  of  the  readings  taken  as  the  temperature  of 
investigation. 

In  an  experiment  conducted  at  a  temperature  of  about 
15°,  the  weight  of  magnesia  taken  was  0*7597  gram  ;  after 
passing  hydrogen  sulphide,  and  again  displacing  this  by 
hydrogen,  the  weight  was  found  to  be  0"7G00  gram,  or  an 
increase  of  O'OOOo  gram.  Another  experiment,  conducted 
imder  precisely  similar  conditions,  gave  the  following  details. 
Weight  of  oxide  taken  was  0'G3G0  gram,  whicli,  after  the 
passage  of  the  gas,  was  found  to  weigh  0"G368  gram,  showing 
an  increase  of  0'0008  gram  ;  both  of  these  increases  are 
within  the  limits  of  errors  of  experiment  and  may  safely  be 
considered  as  such. 

In  an  experiment  conducted  at  a  mean  temperature  of  40°, 
the  result  was  of  a  similar  character.  Thus,  having  taken 
0'8315  gram  of  the  oxide,  the  increase  in  weight  of  this  was 
0*0011  gram.  Hence  it  may  be  concluded  that,  under  the 
conditions  of  these  experiments,  this  change,  which  is  an 
exothermic  change,  and  therefore  one  which  might  be  expected 
to  take  place,  does  not  take  place. 

An  experiment  was  made  in  which  a  drop  of  Avater  from 
a  jiipette  was  dropped  on  to  the  magnesia,  and  the  tube 
weighed.  On  passing  the  hydrogen  sulphide  through  this 
mixture  a  rapid  change  is  evident,  the  white  oxide  becoming 
of  a  greenish-yellow  colour. 

The  temperature  of  the  l)ath  during  this  experiment  was 
15°.     The  weight  of  the  oxide  and  water  in  the  tube  before 
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the  experiment  wiis  0*7235   o;rain  ;    and   after  the    ^as  had 
passed  was  0*8435  gram,  or  an  increase  of  0'1200  gram. 

Thus  it  is  seen  that  the  ratio  of  the  increase  when  water  is 
present  with  the  magnesia  is  to  the  increase  in  weight  in  the 
absence  of  water  as 

1 900  •     Q  f  ^^  51  temperature  of  15°, 
1200:  11  at  40°. 

The  reason  for  the  addition  of  liquid  water  to  the  oxide, 
instead  of  saturating  the  gas  with  moisture,  is  because 
liichardson  has  shown  (J.  C.  S.  U.  p.  801)  that  in  analogous 
reactions  the  water  as  steam  has  no  influence  on  the  chemical 
change. 

Similar  results  were  obtained  with  monoxide  of  barium, 
although  the  increases  were  slightly  greater  than  in  the  case 
of  magnesia.  Thus  in  an  experiment  made  at  a  temperature 
of  15°  the  weight  of  oxide  of  barium  taken  was  1*74G5  gram, 
which,  after  the  passage  of  the  hydrogen-sulphide  gas,  showed 
an  increase  of  0*0034  gram. 

Another  experiment  was  conducted  at  a  mean  temperature 
of  90°.  The  weight  of  oxide  taken  was  3*3735  grams,  which, 
after  the  passage  of  the  gas  and  subsequent  displacement  by 
hydrogen,  was  found  to  weigh  3*3787  grams,  or  an  increase 
of  0*0052  gram.  Hence  it  ap})ears  from  these  experiments 
that  dried  hydrogen  sulphide  has  no  action  on  dried  monoxide 
of  barium  between  the  temperatures  of  15°  and  90°. 

With  sesquioxide  of  iron  the  change  that  takes  j)lace  is  more 
evident  than  with  any  other  oxide  yet  examined  :  although 
the  results  so  far  obtained  point  to  the  conclusion  that  with 
perfectly  dry  materials  no  change  would  take  place*.  In  one 
experiment  5*8108  grams  of  sesquioxide  of  iron  showed  an 
increase  in  weight,  after  the  passage  of  the  gas,  of  0*0832 
gram.  The  methods  adopted  for  drying  the  oxide  have  not 
been  sufficiently  etfectnal  to  ensure  complete  absence  of 
moisture,  and  the  minute  change  that  does  take  place  is  doubt- 
less initiated  by  a  trace  of  moisture  already  present  f. 

Experiments  of  a  somewhat  different  character  to  the  fore- 
going were    then  undertaken.      Instead  of  determining  the 

*  The  reaction  between  hydrogen  sulphide  and  this  substance  presents 
the  particular  interest  that  it  is  of  daily  application  in  the  purification  of 
coal-gas.  L.  "Wright  [J.  C.  S.  1883,  p.  loOJ  in  his  experiments  upon  this 
point  seems  to  have  used  the  hydrated  oxide  only. 

t  Professor  Odling  tells  me  that  although  dried  hydrogen  sulphide 
does  not  act  on  the  ordinary  oxide  of  iron  under  tlie  conditions  of  these 
e.xperiments,  yet  an  oxide  of  iron  can  be  prepared  which  is  acted  upon  by 
the  gas  :  thus  the  compound  FeaO^CaO,  got  by  fusing  calc-spar  and  oxide 
of  iron  together,  is  such  a  body. 
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difference  of  woight  as  an  indication  of  chemical  change,  the 
differences  of  colour  produced  by  tlie  formation  of  the  sul[)hides 
of  various  metalsj  by  the  action  of  hydrogen  sulpbide  on  com- 
pounds of  these  metals,  were  taken.  The  method  of  experiment 
was  as  follows  : — A  short  strip  of  ordinary  filter-paper  was 
taken  and  moistened  with  lead  acetate,  then  dried  in  a  water- 
bath  and  placed  in  a  straight  glass  tube,  which  took  the  place 
of  the  experimental  U-tube  in  the  previously  described  experi- 
ments, and  accordingly  was  connected  up  with  the  drying 
af)paratus.  Through  this  hydrogen  was  passed  as  before, 
then  the  hydrogen-sulphide  gas  for  about  two  hours.  The 
paper  remained  perfectly  white  and  unaltered  in  the  dry  gas. 

If,  however,  the  paper  was  purj)Osely  only  partially  dried, 
or  if  a  Httle  liquid  water  was  ])laced  in  contact  with  the  dried 
paper,  then  the  H2S  gas  instantly  turned  the  paper  black*. 
If  two  tubes,  one  containing  the  dried-lead-paper  and  the 
other  a  ])artially  dried  lead-paper,  be  placed  side  by  side,  and 
if  the  dried  gas  be  passed  first  through  the  one  tube  and  then 
through  the  other,  the  difference  between  the  action  of  the 
gas  on  the  paper  in  the  two  is  very  striking — the  dried  one 
remaining  quite  white  throughout,  whilst  the  other  is  instantly 
blackened  by  the  gas. 

A  similar  comparative  experiment  was  perforiued  in  tlie 
case  of  paper  moistened  with  a  solution  of  arsenic  tri-cbloride  : 
the  dried  pa{)er  remained  quite  unaltered,  whilst  the  other  was 
instantly  turned  yellow.  With  salts  of  tin,  cadmium,  bismuth, 
antimony,  silver,  copper,  mercury,  and  cobalt,  similar  experi- 
ments were  conducted,  the  results  being  in  all  cases  exactly  the 
same  ;  in  the  case  of  antimony,  cadmium,  and  tin  the  differences 
are  very  striking.  In  all  these  cases,  then,  it  was  shown,  by  a 
comparative  ex[)eriinent  of  the  kind  described,  that  dried 
hydrogen  sulphide  has  no  action  ou  the  dried  soluble  salts  of 
the  metals  before  mentioned,  whereas,  if  moisture  be  present 
and  in  contact  with  the  substance  investigated,  the  change  at 
once  takes  place. 

Further,  it  was  observed  that  the  dried  gas  has  no  action 
whatever  on  dry  blue  litmus-paper,  whereas  moist  litmus-paper 
is  instantly  reddened. 

The  conclusion  arrived  at  from  these  experiments  is  that 
dried  hydrogen  sulphide  has  no  action  on  magnesia,  baryta, 
sesquioxide  of  iron,  or  on  salts  of  silver,  copper,  mercury,  lead, 
bismuth,  cadmium,  arsenic,  antimony,  tin,  and  cobalt ;  nor 
has  it  the  power  of  reddening  blue  litmus-paper,  whereas  in 

*  If,  however,  the  lead-paper  previously  dried  be  moistened  with 
absolule  alcohol,  iusU'ad  of  water,  the  darkening:  produced  by  hydro-ren 
su1])hide  is  very  slight,  although  the  gas  is  more  soluble  in  alcohol  than 
in  water. 
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the  pivsenco  of  liquid  water  a  chemical  channo  Joos  take 
place  in  all  these  cases. 

Finally,  it  may  be  pointed  out  that  the  experiments  of  Mr. 
F.  Wilson,  of  Keble  College,  and  myself  on  the  action  of  dried 
hydrochloric-acid  gas  on  various  carbonates,  together  with  the 
experiments  herein  described,  go  to  show  that  the  compounds 
represented  by  the  formula  H(J1  and  the  formula  HgS  are  not 
(as  is  usually  supposed)  acids,  but  rather  that  they  ai'e  acid 
anhydrides,  not  of  the  same  order  although  of  the  same  class 
as  pentoxide  of  phosphorus  or  sulphuric  anhydride.  Just  as 
in  the  case  of  many  organic  acids  (for  example,  glycoUic  or 
lactic  acids),  we  have  more  than  one  anhydride,  so  also  in  the 
case  of  the  true  sulphuric  acid  we  may  have  the  anhydride 
SO3  and  the  anhydride  H2SO4.  Perkin,  from  a  study  of  the 
magnetic  rotation  of  sulphuric  and  nitric  acids,  concludes 
that  the  formuLie  H.,S04  ^^iJ  HNO3  represent,  not  the  acids, 
but  anhydrides  (J.  "C.  S.  1887,  p.  808,  and  1889,  p.  680). 
The  ])ure  compound  HoSO^,  as  is  well  known,  does  not 
act  on  blue  litnms'^,  and  probably  is  incapable  of  forming 
salts ;  and  it  seems  probable,  from  the  researches  of  Veley 
on  nitric  acid  t,  that  this  acid  also,  when  in  the  pure  state 
and  free  from  nitrous  acid,  is  likewise  incapable  of  form- 
ing salts.  So  that  the  two  criteria  of  true  acids,  namely, 
that  they  should  be  capable  of  turning  blue  litmus  red,  and 
also  be  capable  of  forming  salts,  fails  in  the  cases  of  the  mole- 
cules HCl  X  '"ii^d  H2S,  and  apparently  also  in  the  case  of  the 
molecules  H2SO4  and  HXO3. 

In  conclusion,  I  wish  to  express  my  indebtedness  to  Mr. 
V.  H.  Veley,  M.A.,  for  suggesting  this  investigation  to  mo 
and  for  much  valuable  advice  given  during  its  progress. 

University  Laboratory,  Oxford. 
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Index  of  Spectra.  Appendix  0.  B)j  W.  Makshall  Watts, 
D.Sc,  F.I.C,  Senior  Science  Master  in  the  Giggleswick  Grammar 
School.     Manchester :  Abel  Heywood  &  Sou,  1892. 

''pHE  present  appendix  to  Dr.  Watts's  Index  of  Spectra  contains 
-■-  some  of  the  most  important  measurements  recently  made  in 
connexion  with  spectroscopic  \\ork.  By  far  the  larger  part  of  the 
book  is  occupied  by  the  collected  results  of  various  observers  on  the 
spectrum  of  iron  when  A'olatilized  in  the  electric  arc.  The  numbers 
of  Kayser  and  Kunge,  Eowland,  Thalou,  and  Midler  and  Kempf 

*  Marsh,  'Chera.  News,'  Ixi.  p.  2.  f  Phil.  Trans.  1891,  p.  279. 

t  Julius  Thomsen  concludes  from  thormochemical  considerations  that 
the  formula  of  the  acid  is  H  CIO.  Possibly  the  true  hydrosulphuric 
acid  is  11,80.  ■ 
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are  all  given,  the  table  containing  in  all  a  record  of  about  4600 
lines,  extending  from  the  region  of  the  lithium  (red)  line  to  the 
extreme  ultra-violet.  After  this  follows  a  table  of  the  air-lines  of 
the  solar  spectrum,  with  their  relative  intensities  when  the  sun  is 
on  the  horizon  and  at  medium  altitude.  The  measurements  from 
which  this  table  was  compiled  are  those  of  Becker,  and  the  lines 
number  about  1000.  The  volume  is  completed  by  a  list  of  14 
lines  in  the  spectrum  of  gadolinium  chloride,  the  work  of  Lecoq 
de  l^oisbaudran,  and  74  lines  in  the  spectrum  of  a  vacuum  tube 
containing  hydrogen,  measured  by  Ames  of  the  Johns  Hopkins 
University.  The  latter  measurements  are  rendered  more  interest- 
ing by  their  being  compared  with  the  values  obtained  from  Balmer's 
formula,  in  which  the  oscillation  frequency  is  taken  as  27418-3 
(1  —  4/?)i-),  different  values  of  m  giving  different  lines.  The  agree- 
ment between  the  theoretical  and  actual  frequencies  is  in  many 
cases  very  remarkable.  James  L.  Howaud. 
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ON  THE  INFLUENCK  OF  PRESSURE  ON  THE  VISCOSITY  OF  LIQUIDS. 
BY  R.  COHEN. 

THE  results  of  a  long  experimental  investigation  on  this  subject 
are  stated  by  the  author  as  follows  : — 

I.  The  viscosity  of  water  is  diminished  by  pressure  up  to  tem- 
peratures of  40°,  as  had  already  been  found  by  Euutgen,  Warburg, 
and  Sachs. 

II.  No  minimum  of  viscosity  can  be  observed  up  to  pressures  of 
900  atmospheres,  and  temperatures  of  25°;  the  change  of  viscosity 
is  not  proportional  to  the  pressure,  but  increases  more  slowly. 

III.  In  the  case  of  water  the  viscosity  changes  greatly  with  the 
temperature,  and  in  the  interval  of  temperature  from  0  to  23°  it  is 
greatest  near  0°.  It  has  not  been  decided  whether  the  viscosity  of 
water  increases  with  pressure  for  temperatures  above  40°. 

IV.  With  concentrated  aqueous  solutions  of  NaCl  and  of  NH^Cl 
the  viscosity  of  the  solution  increases  with  the  pressure,  and  the 
percentage  change  is  almost  proportional  to  the  pressure.  The 
influence  of  temperature  is  small. 

V.  The  more  dilute  a  solution  of  XaCl  is  the  more  does  the 
influence  of  the  anomalous  deportment  of  water  preponderate,  both 
as  regards  the  influence  of  temperature,  and  also  the  influence  of  a 
further  increase  of  pressure.  From  a  o-per-cent.  to  a  10-per-cent. 
solution  there  is  for  each  concentration  a  definite  temperature 
between  2°  and  22°-5,  at  which  the  influence  of  a  pressure  of  000 
atmospheres  on  the  viscosity  is  zero. 

YI.  In  oil  of  turpentine  the  change  of  viscosity  with  the  pres- 
sure is  twenty  times  as  great  as  with  a  saturated  solution  of  NaCl, 
and  is  nearly  proportional  to  the  pressure.  The  direction  of  the 
change  is  the  same.  The  influence  of  temperature  is  small,  and  is 
in  the  opposite  direction  to  that  of  a  solution  of  NaCl. — Wiede- 
mann's Annalen,  No.  4,  1892. 
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LVI.  Quaternions  as  a  practical  Instrument  of  Physical 
Research.  By  Alexander  M'Aulay,  M.A.,  Ormoud 
Collegej  Melbourne* . 

IN  writinor  the  history  of  the  Mathematics  of  the  19th 
century  the  historian  will  be  brought  face  to  face  with  a 
phenomenon  hard  to  account  for. 

The  inventor  of  quaternions  was  one  of  the  greatest,  per- 
haps the  greatest,  mathematician  of  this  century.  His  work 
was  yarieJ  and  far  reaching  in  its  effects,  but  his  name  was 
always  associated  in  the  mind  of  the  hearer  with  one  well- 
defined  group  of  his  works — his  quaternion  researches.  Thus 
the  subject  was  brought  forth  in  the  full  light  of  day,  and  has 
by  no  means  passed  into  the  limbo  of  forgotten  things.  Indeed 
the  word  "  Quaternions  "  is  fully  as  familiar  eyen  with  non- 
mathematicians  as  the  phrase  "  Cartesian  Geometry." 

But  in  spite  of  this  he  has  left  scarcely  a  successor.  His 
two  huge  volumes  form  far  more  than  half  the  whole  original 
work  that  has  been  done  in  the  subject.  And  this  notwith- 
standing the  fact  that  he  deliberately  did  not  attem[)t  to  ai)ply 
the  subject  to  Physics,  although  expressing  his  belief  that  in 
other  hands  it  would  prove  a  powerful  instrument  of  research. 

Can  any  cause  be  assigned  for  this  extraordinary  case  of 
arrested  development?  The  answer  that  by  far  the  ma- 
jority of  physicists  would  give  as  to  the  physical  aspect  of 
the  subject  is,  that  the  instrument  is  an  admirable  one  for 

*  Communicated  by  the  Author ;  haviiifr  been  read  before  the  Austra- 
lian Association  for  the  Advancement  of  Science,  January  1892. 
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ex])rossin<;-  tlio  results  obtained  by  the  old-fashioned  and 
artiiicial  nicthods — but  there  their  admiration  would  stop. 
Th(!  stern  work,  say  they,  of  advancement  into  the  unknown 
regions  must  be  made  by  the  clumsier  but  stronger  means. 
^Vhen  the  country  has  been  reduced  to  order  and  civilization, 
let  (juaternions  be  introduced  as  a  luxury  conducing  to  the 
recreation  of  the  exhausted  toilers.  Nevertheless  there  is  a 
small  minority  among  these  workers  that  venture  to  deny  this 
slur  on  the  character  of  their  favourite  im})lement.  They 
assert  that  it  has  only  to  bo  used  to  be  apj)reciated,  and  this 
to  such  an  extent  that  all  other  geometrical  implements  are, 
or  ought  to  be,  cast  aside  in  favour  of  it.  I  confess  myself  to 
be  one  of  the  extremest  partizans  of  this  sect.  When  directly 
1  jtrocced,  however,  to  state  exactly  what  I  Ijclieve  to  be  the 
mission  of  quatcjnions  in  the  domain  of  Physics,  it  will  appear 
that  in  a  short  ])aper  it  is  impossible  to  establish  the  conten- 
tions. The  chief  object  of  the  present  paper  is  to  shake  the 
belief  of  mathematical  physicists.  It  is  too  much  to  hope  to 
overt  1/ I'll  that  belief. 

The  first  question  to  answer  is  the  one  already  j)ut — Can  the 
ajiathv  of  })hvsicists  with  regard  to  ([uaternions  be  accounted 
for  if  it  be  not  that  quaternions  are  unsuitable  for  their  pur- 
poses? 1  confess  that  the  more  I  think  of  this  apathy  the 
more  extraordinary  does  it  appear,  and,  as  already  hinted, 
it  will  j)robably  prove  an  insoluble  ])roblem  to  the  future 
historian  of  Mathematics.  But  reasons  can  be  given,  though 
not  ])erfectly  satisfactory — at  least  to  my  mind — for  this 
almost  criminal  negligence. 

Let  us  state  the  case  against  us.  It  can  be  put  in  very 
few  words  us  follows — JS^ot  much  advance  in  Physics  has  been 
made  In/  the  aid  of  Quaternions.  I  do  not  for  a  moment  ques- 
tion this.  It  is  too  evident  even  for  an  advocate  to  blink. 
]n  all  sincerity,  however,  I  belieA(^  that  this  is  all  that  can  be 
assigned  as  reason  for  believing  that  quaternions  do  not  ])ro- 
vide  means  for  extending  the  bounds  of  the  known  in  the 
domain  of  Physics.  Probably  through  the  minds  of  more 
than  one  who  listen  to  this  is  passing  the  thought — "  But  1 
have  tried  quaternions  and  /have  found  theni  wanting.  I 
came  to  the  subject  unjirejudiced,  but  I  could  j)roduce  nothing 
out  of  it.''''  Perhaps  it  is  to  the  point  to  say  that  the  present 
writer  has  passed  through  this  phase.  He,  too,  found  that 
though  quaternions  were  a  fascinating  study,  they  seemed  to 
fail,  for  some  inscrutable  reason,  to  furnish  the  means  for  any 
real  advance.  Looking  back,  1  think  I  can  see  the  reason,  for 
this. 

Maxwell,  I  fear,  is  responsible  to  a  large  extent  for  the 


practical  hislrument  of  P/iJ/slcal  licsearch.  479 

iliscrodit  into  wliit-li  ([uaternions  liavo  I'lillcii  Jimonn-  pliysicists. 
In  his  'Electricity  and  Ma^iictisin  ^  (^nd  edit.  §  10)  ho 
rcinark.s: — "  1  am  convinced  that  the  introduction  of  tlie  ideas, 
as  (/isfuH/uished/roni  the  operations  and  //tt'^/zcx/s,  of  Quaternions 
will  be  of  great  use  to  us  in  all  parts  of  our  subject."  Now 
though  verv'  many  study  quaternions  in  a  sort  of  dilettante 
way,  very  few  who  have  not  read  iind  been  struck  with  this 
passage  do  so  before  their  mathematical  ideas  and  methods 
are  nearly  or  completely  crystallized.  Workers  natuially 
find  themselves,  when  still  im'Xj)erienced  in  the  use  of  qua- 
ternions, inca[)able  of  clearly  thinking  through  them  and  of 
making  them  do  the  work  of  Cartesian  Geometry,  and  they 
conclude  that  quaternions  do  not  provide  suitable  tn^atmeiit 
for  what  they  have  in  hand.  They  then  grow  rather  disgusted 
with  tlu'se  vexatious  <piaternions,  and  consoling  themselves 
with  the  reflection  that  Maxwell,  before  {)enning  tlu;  above 
extract,  had  had  more  experience  than  themselves,  decide  that 
the  subject  only  requires  a  superficial  study  to  be  rendered  of 
as  great  utility  as  it  is  capable. 

The  fact  is  that  the  subject  requires  a  slight  dcn'elopnient 
before  being  applicable  to  many  im])ortant  jihysical  questions, 
and  these  physicists  do  not  continue  their  interest  or  enthusiasm 
for  the  subject  sufiiciently  long  to  enable  theui  to  furnish  that 
development. 

Quaternions  differ  in  an  important  respect  from  other 
branches  of  mathematics  that  are  studied  by  mathematicians 
at"t<'r  they  have  in  the  course  of  years  of  hard  labour  laid  the 
foundation  of  all  their  future  work.  In  nearly  all  cases  these 
branches  are  very  properly  so  called.  They  each  grow  out  of 
a  definite  spot  of  the  main  tree  of  mathematics,  and  derive 
their  sustenance  from  the  sap  of  the  trunk  as  a  whole.  But 
not  so  with  quaternions.  To  let  these  grow  in  the  brain  of  a 
mathematician,  he  must  start  from  the  seed  as  with  the  rest  of 
his  mathematics  regarded  as  a  whole.  He  caimot  graft  them 
on  his  already  flourishing  tree,  for  they  will  die  there.  They 
are  independent  plants  that  require  separate  sowing  and  the 
consequent  careful  tending. 

These  are  the  explanations  that  can  be  given  of  the  arrest 
in  the  development  of  quaternions  that  followed  on  the  death 
of  Hamilton. 

It  is  now  well  to  describe  what  I  believe  quaternions  can  do, 
and  what  should  not  be  demanded  of  them  in  the  researches 
of  Physics.  It  is  quite  certain  that  the  views  about  to  be 
enunciated  will  be  voted,  to  say  the  least,  extreme,  and  it  will 
not  be  possible  tojustify  them  in  a  short  paper  like  the  present. 
Still  it  seems  proper  to  give  them  in  all  their  nakedness. 

2  K  2 
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I  believe  that  Physics  would  advance  with  both  more  rapid 
and  surer  strides  were  ([uaternions  introduced  to  serious  study 
to  the  almost  com[)lete  exclusion  ot"  ( 'artesian  Geometry,  except 
in  an  insi^niticant  way,  as  a  particular  case  of  the  former. 
All  the  geometrical  processes  occurring  in  })hysical  theories 
and  (jeneral  physical  problems  are  much  sinqjler  and  more 
graceful  in  their  quaternion  than  in  tlieir  Cartesian  garb.  To 
ilhistrate  the  meaning  here  to  be  attached  to  "  theory  "  and 
"  general  problem,"  take  the  case  of  elasticity.  What  is 
meant  by  the  general  theory  of  elasticity  is  well  enough 
known.  What  1  mean  by  a  general  problem  is  illustrated  by 
iSt.  Venant's  torsion  problem  for  any  cylinder.  The  same 
problem  for  a  cylinder  of  particular  form  would  be  called  a 
particular  problem.  For  such  particular  problems  we  require 
of  course  the  theories  specially  constructed  for  the  solution  of 
})articular  problems,  such  as  Fourier's  theories,  compk'x  vari- 
ables, s})herical  and  ellipsoidal  harmonics,  &.C.  It  will  thus 
be  seen  that  I  do  not  propose  to  banish  these  theories,  but 
merely  Cartesian  Geometry. 

To  establish  these  views  it  wouLl  be  necessary  to  make 
good  the  following  two  statements: — 

(1)  Quaternions  are  already  in  such  a  state  of  development 
as  to  justify  t/te  practically  complete  banishment  of  Cartesian 
Geometry  from  physical  (jucsfions  of  a  general  nature. 

(2)  Quaternions  icill  in  Physics  produce  many  new  results 
that  cannot  he  obtained  by  the  rival  and  older  geometrical  method 
at  cdl. 

To  establish  completely  the  first  of  these  statements,  it  would 
be  necessary  to  go  over  the  whole  ground  covered  l)y  general 
physical  questions.  This  would  require  a  treatise  of  no  small 
dimensions. 

It  is  the  second  statement  that  must  be  considered  of  the 
greater  importance.  Unfortunately  this,  too,  cannot  be  jus- 
tilietl  here.  It  has  already  been  conceded  that  the  subject 
requires  a  slight  development,  and  this  of  course  would  neces- 
sitate a  rather  lengthy  introduction.  It  is  only  after  this 
development  that  I  believe  startling  physical  })rogr(>ss  will  be 
made  by  help  of  quaternions. 

To  bear  out  in  part  the  assertions,  however,  a  few  examples 
of  the  application  of  quaternions  to  a  variety  of  physical 
questions  will  be  given.  Some  of  the  results  below  are  of 
interest  in  themselves.  They  have  not  been  chosen  mainly  on 
this  account,  however,  but  to  illustrate  as  wiilely  as  is  possible 
in  a  short  pajier  the  variety  of  the  questions  in  which  the 
subject  may  be  expected  to  prove  useful. 

The  following  are  the  examples  chosen: — (1)   A  theorem  in 
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potentials  illnstratod  l)y  np])lyin<2;  it  to  a  <2;on('ral  olectrieal 
problom.  (2)  Two  examples  in  curvilinear  coordinates,  (o)  A 
quaternion  proof  ot"  a  well-known  theorem  ot"  Jacobi'sof  <>;reat 
utility  in  Physics.  (4)  A  generalization  of  one  of  the  well- 
known  intet^rals  of  fluid  motion.  (5)  The  well-known  par- 
ticular solution  of  the  ditferential  equation  ex[)ressing  the 
conditions  of  e([uilihriuni  of  an  isotro[)ic  elastic  solid  subject 
to  arbitrary  bodily  forces.  ((>)  A  short  criticism  of  Prof. 
Poyntinoj's  theory  of  the  transference  of  energy  through  an 
electric  tield. 

In  the  proofs  below,  so  far  as  quaternion  knowledge  is  con- 
cerned, an  acquaintance  with  Tait's  '  Quaternions,'  3rd  edit., 
only  will  be  assumed.  The  following  two  equations  from 
§§  498,  4011  of  that  treatise  will  be  frequently  required  below. 

^Jpq  =  ^^YTJvv, qds, (1) 

JJU./yc/.=j;\Jv^2<^^ (2) 

In  equation  (1)  ds  is  an  element  of  a  surface,  Ur  the  unit 
normal  at  ^.■?,  dp  a  vector  element  of  the  boundary,  and  q  a 
quaternion  function  of  a  point  in  space.  In  equation  (2)  df 
is  an  element  of  volume,  ds  an  element  of  the  l)ounding  sur- 
face, Uvthe  unit  normal  at  ds  pointing"  away  from  the  region 
bounded.  If  the  surface  in  (1)  contain  lines  of  discontinuity, 
or  the  volume  in  (2)  surfiices  of  discontinuity  in  7,  the  equa- 
tions are  still  true  if  such  lines  and  surfaces  of  discontinuity 
are  included  in  the  boimdary  of  the  region.  In  such  a  case, 
of  course,  the  elements  dp  and  ds  will  each  occur  twice  in  the 
integrals  (1)  and  (2)  respectively,  namely  once  for  each  of 
the  two  regions  bounded  by  the  element. 

I.  Potentials. 

In  the  volume  and  surface  integrals  that  are  now  required 
it  is  necessary  to  pay  attention  to  the  following  convention. 
Let  pa  be  the  vector  coordinate  of  a  certain  point  under  con- 
sideration, and  let  p^  be  the  vector  coordinate  of  the  element 
of  volume  d<;.     It  will  frequently  happen  tliat  we  have  to 

deal  with  integrals  of  the  form  \\\  ^(y)  d<i,  where  0  is  any 

quaternion  function  of  a  quaternion  r.  [In  all  the  applica- 
tions below,  <f)  will  be  a  linear  function,  but  this  is  not 
necessary.]      The  form  of  (f)  is  a  function  of  p^  onlij^  and  r  is 

a  function  of  p^  —  p^^  onlij.  Thus  in  the  expression  v  fij  <f>{r)d<i 
the  only  meam'ng  that  can  be  given  to  the  differentiations 
implied  by  v  i^  such  that  these  differentiations  re<piire  p    in 
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the  vector  p  — p„  to  vary.  On  tlie  otlier  hand,  in  the  exi)ression 
fff  Vi<^0"i)^'?  (wliere  th(!  numerical  suffixes  ini|)]y,  as  through- 
oiit  this  paper  they  will  imply,  that  the  y  ^vith  u  suHix  only 
oper;it(is  on  the  symbols  whicli  liave  the  same  suttix)  either 
end  o^^  P/,—pa  might  be  considered  the  variable  one.  Since  <^ 
will  in  general  involve  other  y's  which  of  necessity  must 
presuppose  /j^  to  be  the  variable,  it  is  convenient  to  lay  down 
the  rule  that  for  all  ^'a  under  the  integral  sign  p^  is  supposed 
to  be  the  variable.  Thus  when  y  crosses  the  integral  sign  its 
sign  must  be  changed,  or 

vj3j^0'y^==-Iffv.<A('iy^-     .    •    .    (3) 

With  one  exception  the  only  value  of?-  of  equation  (3)  that 
will  be  required  below  is  the  scalar  u  detined  by 

It  is  well  known  that  if  q  be  any  quaternion  function  of  the 
})osition  of  a  point, 

47r//  =  'V-jJj «(/(/? (5) 

or 

which  gives  by  means  of  equation  (2) 

Here  y  may  be  discontinuous  at  specified  surfaces. 

This  is  the  theorem  in  potentials  s{)oken  of.     To  show  that 
it  is  really  useful  let  us  apply  it  to  an  electrical  problem. 

Maxwell's  theory  of  the  electromaonetic  field  is  well  enough 
known.  Let  us  denote  by  the  term  "  the  ordinary  theory  ' 
what  is  now  to  be  described.  In  the  ordinary  theory  there  is 
a  certain  vector  connected  with  an  electromagnetic  field, 
called  the  vector  potential.  This  vector  consists  of  two  parts, 
one  depending  solely  on  the  magnetism  of  the  field  and  the 
other  depending  solely  on  the  currents  of  the  field.  The 
vector  magnetic  force  at  a  point  also  consists  of  two  such 
parts.  On  the  ordinary  theory,  the  magnetic  part  of  the  vector 
potential  A  and  the  magnetic  part  of  tlie  magnetic  force  H 
are  given  in  terms  of  the  magnetic  moment  I  per  voliune  by 
certain  equations  investigated  in  the  3rd  Part  (MiUfnetisni) 
of  Maxwell's  '  Electricity  and  Magnetism.'  On  the  ordhian/ 
theory,  tlie  second  part  of  each  is  obtained  hy  assiuning  that  each 
{cloxcd)  elementary  current  ■produces  terms  in  A  and  H  that 
would  be  produced  by  the  correspondiny  magnetic  shell. 
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]\raxAvoll  makes  no  snch  nssiiin{)tions  as  tlieso,  and  does  not 
show  that  they  are  on  his  theory  true — as,  iniUKMl,  he  was  not 
called  upon  to  do.  It  is  of  interest,  then,  to  inquire  wliether 
they  are  true  on  his  theory.  At  a  surface  of  discontinuity 
in  any  physical  quantity  let  the  two  regions  bounded  be 
denoted  by  the  suffixes  a  and  />,  and  let  us  for  brevity  write 
[]<.+6  i^^tead  of  []„+[]j.  Thus,  for  instance,  Uv^  will  be  a 
unit  normal  pointing  away  from  the  region  a,  i.  e.  into  the 
region  6,  antl  [Ui']^^j  =  0,  or  Uv^=— Ui'j.  In  place  of  the 
above  assumptions  Maxwell's  theory  gives 

47rC  =  VvH (7) 

[VUvH],+5  =  0 (8) 

VvA=B=:H  +  477l (9) 

[SUvBja  +  6  =  0 (10) 

It  appears  rather  a  formidable  problem  to  deduce  the 
ordinary  theory  from  these  equations,  and  to  do  it  directly  by 
Cartesians  would  require  rather  a  bewildering  array  of  symbols. 

Before  proceeding  to  see  what  expressions  the  ordinary 
theory  gives  for  A  and  H  in  terms  of  I  and  C,  it  is  convenient 
to  deduce  from  equation  (10)  the  equation 

[VUvA].,^,^VU.,   W, (11) 

where  W  is  some  scalar  function  of  the  position  of  a  point. 
Equation  (10)  may  be  written 

SUv„B„_,=0,  or  SU.,vA„_,  =  0. 
.'.by  equation  (1)  above  JScZp^  A^_j  is  zero  for  any  closed 
curve  drawn  on  the  surface.  .'.  jSt//)^A^_j  has  the  same 
value  for  any  two  reconcilable  paths  on  the  surface  from  one 
definite  point  to  another ;  i.  e.  the  resolved  part  of  Aa-6 
parallel  to  the  surface  is  the  resolved  part  of  y\7  parallel  to 
the  surface,  where  W  is  some  scalar.     Thus 

Multiplying  by  Uv^  we  get  equation  (11). 

The  ordinary  theory  gives  the  following  equations.  De- 
fining Aq  and  JQ  by  the  equations 

Ao=jjjwCfZ9, (12) 

O  = -fjjSlvu(/9,      ....    (13) 
it  will  follow  that 

A  =  A,+jJjVIv'<^9,  .     .     .     .    (H) 

H=-vn+vAo;     ....    (15) 
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i.e.  n  is  what  is  called  tho  magnetic  potential,  A,,  is  the  part 
of  the  vector  potential  duo  to  currents,  and  yA„  the  part  of 
the  niagncstic  force  due  to  the  same  cause.  The  statements 
that  th(^  parts  of  H  and  A  due  to  magnetism  are  v\\\'^IV"^^'» 
and  ^^^Vly?«/9  respectively  are  taken  directly  from  the  third 
part  of  Maxwell's  '  Electricity  and  Magnetism.'  It  remains 
to  prove  that  the  parts  of  H  and  A  due  to  C  are  yJU  uCih  and 
^\Tv/Cr/9  respectively.  Since  the  *  part  of  H  due  to  magnetism 
is  v^\TSlV"f??j  tlio  part  of  H  contrihuted  by  a  shell  of 
strength  c  is 
cv  fj'SUvV'"?^  =  - cjl|'  SU^v  •  V'^ds  =  f jj>Uv V .  ^mh ['.'  ^ht  =  0] 

=  —cjYyVUvV"  =  cvjj  Y^v^uds  =c^ ^)(dp[equ[it{on{l)  above]. 

Hence  the  part  of  H  contributed  by  C  is  Vyj"C<Z9.      This 

proves  equation  (15). 

Since  the    part  contributed  to  A  by  I  is  Jj^Vlv?^^?,  the 

part  contributed  by  the  shell  is  c\\YJJv^uds  =  c\udp.     Hence 

the  part  contributed  by  C  is  ^jj^Cf/?.     This  proves  equation 

(14). 

It  remains  to  see  how  far  Maxwell's  theory  agrees  with 

equations  (12)  to  (15).     Since  Sv(VvA)  =  0,  we  have  from 
equation  (9)  SvH=— 47rSvI.     Hence  from  equation  (7) 

VH  =  47r(C-SvI). 
Again,  from  equation  (10),  [SUi'H]u+6=  —  47r[SUj/I]a+6. 
Hence  from  equation  (8), 

[UvH].+6=-47r[SUvI]„+6. 
Putting  then  in  equation  (6)  q  =  'S., 

H  =  vjJ^SUj/  Ids  +  vJjJw(C-SvI)f/? 
=  VJjj("C  +  SlvM)^? 
by  equation  (2).     This  is  equation  (15). 
Again,  substituting  A  for  q,  and  utiHzing  equations  (9),  (11), 

47rA  =  V  jJJ"  (H  +  47rl)(79  -  vJJ«VUj/^  V^^^*' 

+  y  (  _jJ,,SUvA  ds  +  jjj  »S  V  AfZ?) . 

*  In  what  follows  I  deliberately  give  in  tLeir  quaternion  form  certain 
results  that  might  be  quoted  from  Maxwell's  '  P]lectricit y  and  Magnetism,' 
in  order  to  show  that  the  problem  when  thus  worked  out  at  full  is  by 
no  means  a  long  one  when  treatea  by  means  of  quaternions. 
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Here,  as  usual,  the  element  ds  is  taken  twice,  viz.,  once 
for  each  region  bounded,  except  in  the  expression 

where  it  is  taken  only  once. 

This  last  expression  requires  transformation.  If  the  surface 
of  discontinuity  in  B  or  Vy-^  is  not  closed,  we  see  by  equation 
(11)  that  the  component  of  yW  parallel  to  the  surface  is 
zero  at  the  edges  ;  /.  e.,  W  is  constant  at  the  edges.  Let  Vs\ 
be  this  constant  value.     In  this  case 

=  V {  jj( W - Wo)y Uv„V« ds -JwC W - ^^\)dp  \  [equation( l)] . 

The  line  integral  is  zero  •.'  W  =  Wo  at  the  edges.     The  sur- 
face integral  oives 

=  HJ(W-Wo)SUv„v.  V«^^^['.-  V'"  =  0]  =  vJj(W- Wo)SU^^V"^^-^ 

If  the  surface  is  a  closed  one  we  may  regard  any  point  on 
it  as  the  bounding  curve,  or  we  may  proceed  thus : — 

-j^j'/A^UvaVWf/.s=-\jjVv(^'VW)rf9  [equation  (2)] 

Hence 

-  vJJ" VUi/„v^'  ds  =  ^^^V^Y\Jv^^uds  =  vjJWS Uj/„ V"'^-"^ 
by  the  same  transformation  as  for 

Defining  then  the  scalar  w  by  the  equation 

47rM.'=JJ(W-Wo)SUv„v«^5-JJ"SUvA(75+JjJuSvA^9, 
"we  have 

47r(  A  -  v«')  =  47rfjyVl v?<  d<:  +^^^VRy^iid<: 
and 

J\JVHvwtZ9=jjJ^^VvHcZ9+JJ'<YHUj/f?s  [equation  (2)] 

=  47rJ\'j  wCc?9  [equations  (7),  (8)]. 
Hence 

A  =  Ao  +  JjJVlvw(Z9  +  Vi«,     ....     (!()) 

so  that  Maxwell's  theory  differs   from  the  ordinary  tlieory 
solely  by  having  an  arbitrary  vector  of  the  form  y?r  in  A. 
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11.    Cnrcil/nmr  Coordinates. 
Jjct  ^  1)(^  tlio  stress-function,  so  that  tlio  equation  of  motion 
of  an  elastic  solid  is 

(/)A  +  DF  =  De, (17) 

where  D  is  the  density,  F  is  the  external  force  per  unit  mass, 
6  is  the  (small)  displacement  of  a  point,  and  <^A  is  defined  by 
the  equation 

^^^i^+'^fW^ (18) 

^        ax        ay        dz 

Required  to  deduce  from  equation  (17)  Lame's  transforma- 
tion into  curvilinear  coordiiuites.  ('lianoino;  the  p,  S,  T,  U, 
'bl'd^u  'bl'd^-21  'dl'd-Hj  o^  equations  (43),  §  237  of  Ibbetson's 
'  Elasticity,'  into  D,  L,  M,  N,  D^,  D„,  D^  respectively,  those 
equations  become 

=  (P-Q)^t:rf  +  (P-R)  j^,  +  N(2  .  ,^f +  ,t;7^)  +M(2 .  ^^,  +  ^^f)  ( 

and  two  similar  equations.     The  notation  is  as  follows  : — 

^=constant,  ?;  =  constant,  ^=constant,     .     .   (20) 

are  three  families  of  surfaces  cuttino-  everywhere  orthogonally. 
.OT  ,  .CT,  *  are  defined  as  the  curvatures  of  the  normal  sections 
of  the  ^  surface  throuoh  the  tangents  to  the  ^?;  and  ^^  curves 
respectively.  If  I,  J,  K  be  unit  vectors  normal  to  the;  three 
surfaces  |,  ?;,  ^  respectively,  then  P,  Q,  R,  L,  M,  N,  5,  H,  Z, 
ti,v,to,  are  defined  by  the  equations 

c^I  =  PI+NJ+MK,  &c.,  (tc.      .     .     .     (21) 

F  =  5I  +  HJ  +  ZK        (22) 

€  =  til+vJ  +ivK {2o) 

Lastly,  Df,  D^,  D^  denote,  not  differentiations  with  regard 
to  ^,  1],  ^,  but  differentiations  per  unit  length  in  the  directions 
of  I,  J,  K  respectively.     So  nmch  for  the  rather  formidable 

*  It  will  bt!  noticed  that  while  giving  the  same  definition  as  Ibbetson 
('  Elasticity,'  §  232)  of  ^ot^,  ^•kt^  equation  (19)  is  not  the  same  with 
reference  to  these  symbols  as  his  equation  (43)  §  237.  This  is  because 
his  definition  is  inconsistent  with  the  meanings  he  assigns  to  the  symbols. 
To  obtain  those  meanings  he  ought  to  give  the  inconvenient  definition  that 
^-OT  ,  tW^  are  the  curvatures  of  the  normal  sections  of  ^  through  the 
tangents  to  |f,  ^r]  respectively.  This  is  simply  illustrated  by  equation 
(0(3)  §  243,  where  with  6  for  colatitude  and  <i>  for  longitude  he  asserts 
that  g'n'"jj=— cot  5/r,  whereas  with  his  definitions,  which  I  adopt,  this 
should  clearly  be  0'^^=  ~^^^  ^/''- 
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notation.     Now  compare  tlie  foUowino-  proof  with  tho  Car- 
tesian one  given  in  Ibbetson's  '  Elasticity,'  §  2;)7.     W'c  have 

V=11\.  +  JD,  +  KD^ (24) 

Hence 

or  in  full 

<^A  =  D,^(PI  +  NJ  +  MK)  +  D,(NI  +  QJ  +  LK) 

+  IV(MI  +  LJ  +  lUv)-<^(DJ  +  D,J  +  D,-Kj    .  .  (2/-)) 
Since  the  curve  7;^  is  a  principal  line  of  curvature  on  each  of 


the  surfaces  77  and  ^  fDupin's  theorem)  it  is  obvious  (see 
fiorure)  that  if  a  point  move  with  unit  velocity  along  it, 
carrying  the  system  I,  J,  K  of  vectors,  this  system  will  be 
rotating  with  (vector)  angular  velocity 

Hence 

D^I=,^^J  +  ^^Jv,    D^J=-,^^I,    D^K=-^t3j  .    (26) 

.-.  Dfl  +  D, J  +  D^K  =  I(,eCT,  +  i^^;)  +  J(,OT^  +  ^'uy^)  +  K(f OTj  +  ^^,) ; 

and  therefore 

</>(DfI  +  D,J  +  DfK) 

=  I{P(f.=T,  +  ft^^)+N(,^f  +  ,t^l)+M(,-^^  +  ^tzr,)[+J{}  +  K{}.    (27) 

Hence 

<^A  =  I{(Df-ft!7,-ft^<:)P+ (D,-,'57f-,^f)N  + (Df-^t^^-f^,)M} 
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or 

Suhstitntinti;  this  value  of  (f)A  and  the  vahies  of  P  and  e 
given  Ijy  ecjuations  (22)  and  {2i\)  in  equation  (17)  we  get 
equation  (H>). 

As  a  second  exain|)le  in  cnrvilinears  let  us  find  the  strain 
in  this  notation.     Let  yfr  be  the  pure  strain  due  to  e,  i.  e.  let 

2i/r&)=  —  Sftjv.e— ViSmei (29) 

With  the  usual  notation  {(',f,  <j,  «,  /',  c)  for  the  coordinates  of 
pure  strain,  we  have 

2^I  =  2^I  +  cJ+Mv,  &c.,  &c.       .     .     .     (30) 
Substituting  in  equation  (29)  for  y  from  equation  (24),  we  get 

2i/rI  =  D^e-ISlD^.e-JSID,e-KSIDfe. 
But  [equation  (23)] 

D^e  =  YD^u  +  JDf  r  +  KD^w  +  ?<D^J  +  rD^.J  +  ^'D^K 
=  I(D|?(  — ^CT^r— f-57^?r)+J(Df?'  +  ,'57^?f)+K(I)|U'  +  ft3-^?0  [eq.  (26)] 

Similarly, 

—  SID,e=  D,M  +  ^"^^v,     —  SID^e=  D^jf  +  ^-or^rt'. 
Hence 

2x|rl  =  I(2D|?^-,'57^r-^'t^,w')  +  JUDf +  f^f) ^' +  (D.,  +  ri-iJ^f") } 

whence  from  equation  (30) 

2g  =  2  D|W — y{!^^v  —  f  ■CT^^t', 

2a=:(D,  +  ,i;r^i)»'+  (l\  +  fwj)i 
Compare  this  with  §  234  of  Ibbetson's  '  Elasticity.' 


^^=•••'^^  =  •••1..     (31) 

)v,  2^  =  ...,  2c=...j 


III.  Jacohi's  Theorem. 

Tn  Todhunter's  'History  of  the  Calculus  of  Variations' 
(§  323),  this  theorem  is  thus  enunciated. 

Let  V  be  any  function  of  x,  y,  z,  and  G  any  function  of 
.V, y,  z,  r,  'bvfbx,  'd^'l'by,  B?'/B~-  Let  x,  y,  z  be  three  functions 
of  any  three  other  variables  X,  /x,  v.  When  expressed  in 
terms  of  X,  jx,  v,  let  v  be  denoted  by  ^ ;  and  when  expressed 
in  terms  of  \,  fi,  v,  <j>,  d^/dX,  B<^/B/i,  B^/^v,  let  G  be  de- 
noted by  r.     Lastly,  let 

jj_B  (■'•,.?/,-) 
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Then  shall 

We  iiiav  omit  the  fii'st  term  on  each  side  since  it  is  easy  to 

SL^e  thaf  BG/Bt~Br/^<if). 

Expressed  in  quaternion  langua<;e  this  may  be  put  thus: — 
Let   V  be  any  scalar  function  of  p  a   vector,  and  G  any 

scalar  function  of  p,  v,  and  ^v.     Let  p  be  a  function  of  p'. 

A\'ben  expressed  in  terms  of  p',  let  v  be  denoted  by  v';  and 

when  expressed    in   terms    of  p',   v',  and  v'*^''    [v'  standing 

towards  p'  as  y  towards  p],  let  G  be  denoted  by  G'.     Lastly, 

let 

_  SdpJdpb'dpJ 
>Sc/pa  dpb  dpc  ' 

where  dpaj  dpb,  dpc  are   three  arbitrary  increments  of  p  and 
dpj,  dpb,  dpc',  the  consequent  increments  in  p'.     Then  shall 

iw '  ^v  VvG  =  S  v'Vv'('""^G'j, 

where  v,  v'  stand  for  yr,  y'c',  and  y^,  Vv'  !:tand  towards  v,  v' 
as  Vi  V'  towards  p,  p'. 
We  have 

siy.     Also 

^dp^c  =  Sdp'y'c'=Sdp^y'v', 

where  as  usual  %'  stands  for  the  conjugate  of  %.     Hence 


or  generally 

Again, 

Hence 


^dv'yJG'  =  Sc/u  v„G  =  Srfi/x  Vv(>. 


Hence 

SvVvG=Sx'vi'xr'v'.iGi' 
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Now 

and,  as  will  be  proved  directly,  '"i~'%i'Vi'~"j  ■''^  tliat 
Hence 

This  flieorein  is  a  particular  case  of  one  of  several  alli<'d 
(piateriiioii  theonuiis  that  1  have  found  very  useful  in  riiysics, 
hut  which  have  not  yet  been  published.  The  })roof  just  given 
is  not  the  simplest  or  most  natural  quaternion  proof,  but  is 
the  simplest  I  can  furnish  when  the  theorem  is  divorced  from 
what  may  be  called  its  natural  surroundings. 

It  still  renuiins  to  prove  that  ?"i~';\;i'Vi'  =  f^'  I^'  i^  were 
assumed,  which  is  true,  and  which  ought  to  be  thoroughly 
famihar  to  every  mathematical  physicist,  that 

the  statement  would  he  obvious.  As  unhappily,  however,  this 
is  not  generally  known,  the  following  indirect  method  of 
proof  may  be  adopted.  Take  p  and  p'  as  the  coordinate 
vectors  of  any  point  in  two  ditf'erent  positions.     Then 

0=:JJUi/(/s=Jj' m-yUv'c/s' -jjJwrVVi'f^?' [equation  (2;] . 

This  being  true  for  any  space,  is  true  for  a  single  element  ch' , 
and  therefore  m-^~^X^^y^^^'     ^^^  assumption  that 

is  easily  seen  to  follow*  from  the  detinition  of  m.  For  Xjvclff 
may  lie  taken  as  Ydpidp^  and  \]v'ds'  as  Ydpo'dpJ,  so  that  the 
detinition  of  in  gives 

i^dpJJvd.s  =  m  -'^dpJUv'ds'  =  m-'  Sdp^-xlVv'ds'. 

IV.  An  Integval  of  the  EtpiatUms  of  Fluid  Motion. 

The  integral  I  am  ahout  to  give  I  do  not  propose  to  prove^ 
because  what  seems  to  me  the  best  quaternion  proof  requires 
])roperties  of  quaternions  not  ])roved  in  Tait's  '  Quaternions.' 
It  has  been  said  over  and  over  again  that  quaternions  in  Physics 
are  only  useful  for  expressing  the  results  obtained  by  other 
processes,  and,  perhaps,  occasionally  for  furnishing  a  neater 
proof  of  a  tiuth  when  it  has  been  discovered  by  other  means. 
To  persons  holding  such  views,  of  course  there  can  be  no 
difficulty  in  furnishing  a  Cartesian  proof  of  a  quaternion 
theorem.  I  will  enter  very  fully  into  detail  in  the  statement 
of  the  theorem,  to  leave  no  doubt  as  to  the  meaning. 
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Let  /)  be  the  pressure,  a  the  (vector)  velocity,  ami  v  tlio 
force  potential  at  any  point  of  a  fluid.  Let  yii>[{ch'iisiti/)  be 
put  as  usual  =P.  Let  d/dt  denote  ditt'erentiation  witli  regard 
to  time  which  follows  the  motion  of  matter.  Tlic  fluid  may 
be  finite  or  infinite,  and  there  may  be  any  j)ossible  kind  of 
discontinuity  in  the  motion.  \V  denotes  a  surface  integral 
taken  over  the  true  boundary  of  the  fluid  (inclu(lin<T  the 
surface  at  infinity  if  the  fluid  is  infinite).  ^^  denotes  a  surface 
integral  taken  over  this  true  boundary,  and  also  over  both 
sides  of  any  surface  of  discontinuity,  which  is  thus  supposed 
to  bound  the  region  on  both  sides.  The  surface  to  which  \\,^ 
refers  may  not  always  contain  the  same  fluid  particles,  since 
for  instance  Assures  may  form  leading  to  new  parts  of  the 
true  boundary,  or  such  fissures  may  close  up.  When  a 
fissure  is  in  process  of  formation  \V  refers  to  the  boundary 
thus  created  from  the  instant  when  the  portions  of  fluid 
begin  to  move  asunder.  Let  t  be  twice  the  (vector)  si)in  ; 
?'.  <'.  T=Yycr.  Let  n  be  the  convergence  ;  /.  ^.  n^Sya.  Jjct 
N  be*  the  surface  expansion;  i.e.  N=:— SUvcr.  Let  u  be 
deflned  1)V  equation  (4)  above.     Then 

This  may  be  put  also  in  the  form 

The   usual   integral   for  an  infinite  irrotational  continuously 
moving  tluid, 

can   easily   be   shown   to   be   a    particular  case.     It   may   be 
noticed  tiiat 

\ CT  —  /ia=  — A  \^^^ 
and  therefore 

—  SV"(VaT  — /(0-)=:SvuVO-0-. 

•  It  might  be  thought  that  in  analogy  to  n  it  would  bi;  better  to  put 
N  =  SUi'o-,  but  bv  considering  the  an;ih)gy  betwe(!ii  ordinary  convergence 
and  a  contracting  bubble  it  will  be  seen  that  the  definition  of  N  givt;n  is 
perhaps  better.  It  must  be  remembered  tliat  Vv  points  from  the  Jiuid 
bounded  and  therefore  irito  tha  bubble. 


492  Mr.  A.  M'Aultiy  on  Quaternions  as  a 

I  sought  and  found  the  inteo;ral  in  attempting  to  consider, 
from  a  fresh  point  of  view,  Sir  William  Tliomson's  vortex-atom 
theory  and  Prof.  Hicks's  proposed  modification  of  it ;  and 
tlioii<;li  1  have  not  made  any  serious  attempt  to  apply  it  in 
this  direction,  I  still  think  that  it  can  he  made  of  use  in  dis- 
cussing- how  large  grou})S  of  vortices  act  on  other  large  grouj)S. 

There  would  he  apj)arent  attractions  or  repulsions  of  a  defi- 
nite kind  between  vortices  if  the  acceleration  dcrjdt  could  he 
expressed  as  a  function  of  the  vortices.  In  both  the  theories 
just  mentioned  the  fluid  is  assumed  to  be  incompressible  and 
subject  to  no  external  forces,  so  that  ?'  =  0.  In  Hlr  William 
Tliomson's  theory  the  fluid  is  unbounded,  and  in  Prof.  Hicks's 
it  is  infinite  but  l)ounded  at  certain  places  by  what  may  be 
called  bubbles.  In  these  bubbles  the  pressure  is  zero.  We 
have  then  from  equation  (82)  for  both  cases 

l7r^  =  v{JJ"'^^  +  JjJS{V.rT-v(<772|v^c/9[;  (34) 

so  that  the  vortices  will  move  as  though  subject  to  a  force 
potential  ^u  given  by 

^^,,=  ^^^u^^  _J'JJS^VcrT-v(cr7^)}V«^^?.     (35) 

1  do  not  ])ropose  to  discuss  the  bearing  of  these  results  here. 
1  merely  give  them  to  indicate  that  the  integral  just  given 
may,  notwithstanding  its  apparent  complexity  when  stated 
perfectly  generally,  prove  of  great  utility. 

A  very  different  form  may  be  given  to  the  above  integral. 
It  will  ])robab]y  hint  to  one  familiar  with  quaternion  methods 
one  way  of  proving  the  result.  It  is  convenient  to  change 
the  notation.  Instead  of  the  former  a,  Uv,  ds,  d<;,  and  y, 
vrite  now  a',  Uv',  ds',  d<i',  and  y'.  Let  /?',  the  vector  coordi- 
nate of  any  point,  be  supposed  a  function  of  an  independent 
variable  vector  p  (say  the  coordinate  of  the  point's  initial 
])osition),  and  t  the  time.  Let  u  now  stand  for  the  reciprocal 
of  the  distance  between  two  points  in  the  p  space,  instead  of 
as  just  now  in  the  p'  space.  Similarly  let  Uv,  ds,  d<i,  and  v 
refer  to  the  p  space.  Finally,  let  o-=— v^Sa'p/.  Then 
instead  of  equation  (o2)  we  may  write 

47r(i'  +  P)  =  JJ,(« ^  P)SUi'V« ds  +  j^ij Sv" V(o-'V2)c^9 

,   CC    d^Vva  CCC     cZSyo-  ,  /o,.n 
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V.  ^1  particular  Integral  in  the  Theory  of  Elasticity. 

Consiilcr  an  elastically  isotropic  solid  in  equililji-ium  under 
arbitrary  external  bodily  forces.  Let  e  be  the  (small  vector) 
displacement  at  any  point.  Also  let  F  be  the  external  force 
per  unit  volume.  Then  [Thomson  and  Tait's  '  Natural  Philo- 
sophy/ §  698,  equation  (7)]  the  equation  of  equilibrium  is 

Nv'6  +  MvSve  =  '»^6=P;     ....     (37) 

where  J\I,  N  have  been  put  for  Thomson  and  Tait's  »t,  n 
respectively,  and  where  yjr  is  a  symbolic  self-conjugate  linear 
vector  function  of  a  vector, 

•.•  ■fa)=-T-v(Na)-MUvSG)Uv), 
we  have 

>^-'o)=-T-2v{N-'Q)  +  (N-'-[N  +  M]-')UvSft)Uv^ 

[Here  it  is  assumed  that  if  i 

Ata  —  Bi  Sico  =  ^^ro)  =  r, 
then 

T  =  '»/r-JG)=A->a)+(A-'-[A  +  B]-'>'Szft>, 

which  can  be  easily  verified,  if  not  obvious,  by  operating  on 
the  last  equation  by  T|r].     Therefore  by  equation  (37), 

e=>|r-'F  =  N->v"'F-MN-»(M  +  N)-'v"'Sv"'F.    .    (38) 
By  equation  (5)  a  particular  value  of  ^~'^F  is  given  by 
47rv--F  =  jjjMPc?9; 

and  the  integration  may  be  supposed  extended  over  the  given 
region,  or,  in  addition,  over  any  external  region  where  F  may 
be  given  any  convenient  values.     Again, 

47rv-*Sv-*F  =  47rv-*Sv  V"'F  =  V~'Sv  JjJ^^F'^^^  JjJ  ^^V  •  V"''«  ^^?- 

Since  we  are  seeking  only  a  particular  solution  any  particular 
value  of  v~'w  will  serve.  Putting  a  for  the  po—pa  of  equa- 
tion (4),  it  is  known  that 

vUcr=  —2u, 
so  that 

V-'u=-U<t/2. 
Hence 

87rN(M  +  N)e=  JjJ]2(M  +  N)«F  +  MSFv.U(rf  fZ9  .    (39) 

is  a  particular  solution  of  equation  (37) . 

If  these  symbolic  methods  be  objected  to — though  they  are 
just  as  legitimate  as  the  ordinary  symbolic  methods  adopted 
for  discovering  particular  solutions — they  may  be  regarded  as 
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turnishino;  only  a  hint  of  a  ))articiilai*  solution,  and  the  very 
easy  veriiication  that  equation  (39)  really  is  a  })articular 
solution  of  equation  (37)  may  follow. 

This  form  of  the  particular  solution  is  uot  the  same  as 
Thomson  and  Tait's  ['  Natural  Philosophy/  §  731,  equa- 
tion (19)],  and,  for  aught  that  appears  above,  may  be  a 
particular  solution  different  from  theirs.  It  is,  however,  the 
same  as  theirs.  To  verify  this,  express  SFy  .  Ua  in  terms  of 
F  and  ?<~2)SFv  •  V";  ^^^^^^  * — 

SFy  .  Uo-  =  SFy  .  ("o")  =  —1(1  +  ctSFv", 

^>Fv  .  V)/=  — SFy  .  (?r'cr)  =  (r'F  — 3ircrSFv«. 

EHminating  SFy?/, 

SFv  •  Uo-=  -|?<.F--^//-2SFv  .  V"- 

Equation  (39)  thus  becomes 

247rN(M  +  N)e=j|(j*|2(2M  +  3N)uF-MM-'-'SFv.V"^^?,  (40) 

the  form  giyen  by  Thomson  and  Tait. 

Thomson  and  Tait  regard  this  particular  solution  as  the 
solution  of  the  statical  problem  for  an  infinite  solid.  In  this 
case  some  law  of  convergence  must  apply  to  F  to  make  these 
integrals  convergent.  Thomson  and  Tait  (' Xatural  Philo- 
sophy,' §  730)  say  that  this  law  is  that  Fr  (where  r  is  the 
distance  from  some  arbitrary  origin  at  a  finite  distance)  con- 
verges to  zero  at  infinity.  This,  I  think,  can  be  disproved  by  a 
particular  case.  Put,  from  ?'  =  0  to  r  =  a,  F  =  0 ;  and  from  r  =  a 
to  r=X) ,  'Fr  =  /-~"a  ;  where  a  is  a  constant  vector,  and  n  is  a 
constant  positive  scalar  less  than  unity.  Equation  (39)  then 
gives  for  the  displacement  at  the  origin,  due  to  the  part  of 
the  integral  extending  throughout  a  sphere  whose  centre  is 
the  origin  and  radius  ll(>(/), 

_      M  +  3y     IV-" -a'-" 
^~'3N(M  +  N)        1-n       "• 

Putting  11=  xi ,  we  get  e=  X) .  The  real  law  of  convergence 
does  not  seem  to  be  worth  seeking,  as  the  practical  utility  of 
equations  (39),  (40)  is  owing  to  the  fact  that  either  of  them 
is  a  particular  integral  for  a  finite  body. 

\  1.    T/ie  Tninsference  of  Eneiy'i  through  an  Electric  Field. 
What  follows  is  generalized  in  a  paper  about  to  be  pub- 
lished.    It  is  given  here,  as  it  will  probably,  even  in  the 
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particular  form,  interest  such  physicists  as  listen  to  the  paper. 
Prof.  Povntin<r"s  theories  of  the  transference  of  eneroy 
throuiih  an  electromagnetic  tield  are  to-uav  universal! v  known. 
In  the  Pliilosophieal  Transactions,  1884,  part  ii.  pp.  o4o  to 
349,  he  attempts  to  ])rovi'  that  the  energy  in  the  tield  has  a 
time-flux  t  given  by 

47rT  =  VEH (41) 

where  E  and  H  are  the  electromotive  and  magnetic  forces 
respectively.  In  the  Brit.  Assoc.  Reports,  1885,  pp.  151, 
152,  Prof.  J.  J.  Thomson  points  out  that  Prof.  Poynting's 
reasoning  is  open  to  criticism ;  and  that  u,  given  by  v  —  t  +  Vycr 
(where,  if  a  is  discontinuous  at  any  surface,  the  tangential 
component  is  not  so)  will  serve  equally  well,  if  assumed  to  be 
the  time-flux  of  energy,  according  to  Prof.  Poynting's  reason- 
ing, to  explain  the  known  facts.  Put  47rcr  =  '^H,  where  ^^  is 
the  electrostatic  potential.  [Xote  that,  in  order  that  this 
value  of  (T  uiay  satisfy  the  surfacii-conditions  just  mentioned, 
^  must  be  continuous.]    We  get  as  the  time-flux  of  energy, 

47ri;  =  47rT  +  Vv('^H)=Y(E  +  v^)H  +  47rU^C. 

where  C,  the  current,  is  put  in  place  of  VyH/47r.  Substituting 
from  equation  (10)  §  599  of  Maxwell's  'Electricity  and 
Magnetism,'  viz. 

E  =  VGB-M/B<-V'^- 

where  G  is  the  velocity  of  matter  at  the  point  in  question,  we 
see  that  for  a  steady  held, 

i;  =  "^C; (42) 

so  that,  assuming  v  instead  of  r  to  be  the  true  time-flux  of 
energy,  in  this  matter  of  the  transference  of  energy  through 
the  field,  as  in  so  many  other  respects,  C  the  current  and  ^ 
the  potential  are  the  exact  analogues  of  a  liquid  current  and 
the  pressure.  Com[)are  this  with  the  very  different  conclu- 
sion of  Prof.  Poynting  (Phil.  Trans.  1884,  part  ii.  p.  3(il:) — 
•'  I  think  it  is  necessary  that  we  should  realize  thorotighly 
that,  if  we  accept  Maxwell's  theory  of  energy  residing  in  the 
medium,  we  must  no  longer  consider  a  current  as  sometliing 
conveying  energy  along  the  conductor."  According  to  the 
present  result,  in  a  steady  tield  the  sole  means  of  conveyance 
of  energy  would  be  precisely  the  means  Prof.  Poynting  warns 
us  against,  namely  the  electricity  itself. 
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LVJI.   On  the  Construction  of  a  Colour  Map. 
By  Walter  Baily,  M.A* 

[Plate  VIII.] 

T)  Y  the  term  ( Colour  Map  I  mean  a  diagram  each  point  of 
-L>  which  defines  by  its  jiosition  some  particular  colour. 
Such  a  colour  map  was  designed  by  Clerk  Maxwell  in  the 
form  of  a  triangle,  the  angles  of  which  were  occupied  by 
certain  colours,  and  all  other  colours  were  treated  as  mixtures 
of  these  three  primary  colours,  the  com})osition  of  the  mixture 
for  the  colour  which  occujiied  any  })articular  point  in  the  tri- 
angle being  indicated  l)y  the  length  of  the  perpendiculars 
from  that  point  on  the  sides  of  the  triangle. 

Now  trilinear  coordinates,  although  they  afford  very  elegant 
methods  for  the  solution  of  certain  problems,  are  by  no  means 
so  generally  useful  or  so  intelligible  as  the  ordinary  rectan- 
gular coordinates  ;  and  the  fact  that  every  colour  can  be 
defined  by  means  of  a  spectrum  colour  and  white  light  sug- 
gested to  me  the  construction  of  a  colour  map  with  rectangular 
coordinates,  in  which  measurement  in  one  direction  should 
indicate  the  wave-length  of  the  spectrum  colour  emploj'ed, 
and  measurement  at  right  angles  to  it  should  indicate  the 
quantity  of  white  light  employed  in  defining  the  colour. 

Let  us  take  a  vertical  line  to  represent  the  spectrum,  the 
lower  end  giving  the  red  of  the  spectrum  and  the  upper 
the  violet.  The  spectrum  is  supposed  to  be  formed  so  that 
equal  differences  of  length  measured  along  the  spectrum 
represent  equal  differences  in  the  wave-length  ;  and  Avhen  the 
quantity  of  colour  at  any  point  of  the  spectrum  is  mentioned, 
it  is  intended  that  a  definite  small  part  of  the  spectrum  about 
that  part  is  to  be  taken.  Now  all  colours,  except  the  purples, 
can  be  formed  by  adding  white  light  to  a  spectrum  colour. 
Let  the  amount  of  white  light  required  be  indicated  by  a  line 
measured  horizontally  to  the  right  from  the  proper  point  in 
the  spectrum.  Then  the  given  colour  is  indicated  by  the 
point  at  the  extremity  of  that  line.  Again,  every  colour 
except  the  greens  has  the  following  property  :  viz.  that  if  it  is 
added  in  the  proper  quantity  to  some  spectrum  colour,  white 
is  produced.  Let  the  quantity  of  white  produced  be  indi- 
cated by  a  line  drawn  from  the  proper  point  horizontally  to 
the  left.  The  point  at  the  extremity  of  this  line  indicates  the 
given  colour.  In  this  way  a  map  is  obtained  in  which  every 
colour  has  its  appropriate  position.  The  greens  occur  only  on 
the  right  hand,  and  the  purples  only  on  the  left  hand,  but  all 
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other  colour^,  a?  they  can  he  indicated  in  both  ways,  occur  on 
both  side?  of  the  spectrum  Hne. 

In  usin<T  the  term  (juantity  of  white  li^ht,  I  mean  that  a 
beam  of  white  Hght  is  to  l)e  obtained  in  some  definite  manner 
from  a  definite  source  of  light  which  forms  the  spectrum,  and 
that  the  map  is  to  show  how  mnch  of  this  beam  is  used. 
Captain  Abney  finds  that  the  positive  pole  of  the  electric  arc 
is  a  source  of  light  of  constant  quahty,  and  uses  it  in  his 
measurements  :  and  he  indicates  the  quantity  of  white  light 
used  by  the  ratio  between  its  luminosity  and  that  of  the 
spectrum  colour.  It  is  a  more  complicated  matter  to  express 
such  a  ratio  than  to  express  the  amount  of  white  light  only. 
and  I  failed  to  work  into  a  map  (Japtain  Abney's  method 
of  defining  the  quantity  of  white  light. 

The  principle  on  which  this  map  is  founded  will  come  out 
more  clearly  by  the  consideration  of  fig.  1,  which  may  be  con- 
sidered as  a  sort  of  colour  staff,  to  borrow  a  term  from  music. 

The  three  horizontal  lines  represent  the  three  colour  sensa- 
tions— Red,  Green,  and  Violet,  with  such  Inminosity  that  the 
mixture  represented  by  equal  lengths  of  the  three  lines  repre- 
sents white  light.  Thus  the  vertical  lines  A,  A',  wherever 
they  may  be  placed,  will  include  between  them  white  light, 
which  will  be  the  more  intense  the  farther  they  are  apart. 
Any  colour  whatever  may  be  represented  by  taking  the  line 
A  as  a  base  and  measuring  off  the  quantities  of  the  sensations 
to  points,  R,  G,  and  V.     The  distances  included  betw^een  A' 

Fig.  1. 
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Fig.  2. 
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and  R,  G,  V  give  every  complementary  colour  to  that  repre- 
sented by  R,  G,  y,  and  A.  The  whole  of  the  colours  of  this 
system  are  related  together  only  by  the  position  with  respect 
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to  one  another  ofR,  G,  V — that  is,  only  by  the  differences  E,  G 
and  GV.  But  if  we  ex])ress  the  same  colours  at  (say)  half 
the  luminosity,  we  nuist  reduce  all  these  distances  to  one  half, 
as  in  tin-.  2,  and  so  with  any  other  proportion.  It  is  then  not 
the  differences  II  G  and  G  V,  but  the  ratio  of  these  differences 
which  is  constant  for  all  this  system  of  colours.  Hence,  to 
determine  to  what  system  a  colour  belongs  of  which  we  know 
r,   CI,   r,  the   quantitic^s  of  red,  green,  and  violet  sensations 

respectively,  we  liave  only  to  obtain  —  • 

^  •  '  ff  —  V 

In  tig.  4,  PL  Y  III.,  the  vertical  line  called  "spectrum  colours" 
is  that  along  which  the  spectrum  is  thrown  ;  and  the  lines 
called  "  line  of  no  Red,"  "  Hue  of  no  Green/^  and  "  line  of  no 
Violet"  are  lines  to  which  distances  are  to  be  measured  hori- 
zontally from  any  })oint  to  show  the  quantity  of  red,  green,  and 
violet  sensations  in  the  colour  represented  at  that  jioint.  When 
these  distances  are  measured  from  points  on  the  spectrum  line, 
they  give  the  amount  of  such  sensation  for  the  corresponding 
spectrum  colour.  The  curves  which  I  have  used  are  not 
intended  to  represent  the  true  form  of  such  curves,  as  it  is 
sufficient  for  explaining  the  principles  of  the  ma])  that  they 
should  be  curves  having  a  maximum  and  shading  oft'  on  each 
side.  The  numbers  marked  along  the  ''  spectrum  line  "  give 
the  value  of  the  fraction  {'>"—ff)/{g  —  v)  at  each  point ;  and  it 
will  be  seen  that  the  value  is  large  at  the  red  end  of  the 
spectrum,  probably  beginning  with  infinity,  and  diminishes  to 
zero,  where  the  red  and  green  are  equal.  It  then  changes 
sign  and  remains  negative  until  r/  and  r  become  equal,  when 
the  fraction  becomes  infinite  and  again  changes  sign.  For 
the  remainder  of  the  spectrum  the  fraction  continues  positive 
and  passes  from  infinity  to  zero.  The  fraction  {'i'—ff)l{g—v), 
which  may  be  called  the  "  Colour  Index,^''  has  therefore  in 
the  spectrum  every  value  from  j)lus  to  minus  infinity,  and 
has  all  the  positive  values  twice  over.  Every  positive  colour 
index  has  two  s])ectrum  colours: — one  in  which  the  order  of 
magnitude  of  the  sensations  is  Red,  Green,  Violet,  and  the 
other  in  which  the  order  is  Violet,  Green,  Red.  In  fig.  1, 
where  the  order  is  that  required,  let  the  lines  S,  S'  give  the 
spectrum  colours.  Then  it  is  clear  that  these  two  spectrum 
colours  are  complementary  to  one  another.  Also  that  the 
colour  represented  by  A  is  equal  to  the  spectrum  colour  S 
plus  the  colour  included  between  S  and  A,  which  is  white ; 
and  also  that  the  colour  at  A  plus  the  spectrum  colour  at  S' 
form  the  white  between  A  and  S'. 

Now  suppose  the  colour  index  negative,  then  R,  G,  V  must 
be  arranged  in  the  order  R  VG  or  VR  G  (see  fig.  3).     We 
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have  A,  A',  and  S,  as  before  ;  but  S',  the  second  spectrum 
colour,  does  not  occur,  inasmuch  as  there  is  no  spectrum 
colour  in  which  oreen  is  less  than  l)oth  the  red  and  the  violet. 
Hence  the  ^reen,  which  is  represented  by  A,  can  be  delined 
only  by  the  addition  of  white  to  a  spectrum  colour  ;  and  the 
purple,  whicli  is  rc|trescnted  by  A',  can  be  defined  onlv  bv 
the  fact  tliat  wlicn  added  to  a  spectrum  colour  they  can  l"orm 
white. 

To  see  how  wliat  precedes  is  represented  in  the  Colour  !Maj' 
(Plate  VIII.  tip;.  4),  take  any  line  perpendicular  to  the  spec- 
trum-line, say  the  line  in  the  orange  for  which  the  Coloui- 
Index  is  TO,  and  conn)are  this  line  with  fio-.  1,  S  is  the 
point  on  the  spectrum-Hne,  V  is  the  point  at  which  the  ''  line 
of  no  violet  "  is  crossed,  and  G  and  R  the  points  in  whicli  the 
lines  of  no  green  and  no  red  res^)ecti^•ely  are  crossed,  and  S' 
represents  the  complementary  spectrum  colour,  Athich  is 
represented  on  the  thick  line  at  the  point  marked  I'O.  This 
thick  line,  along  which  the  figures  are  marked,  represents  the 
spectrum  which  is  complementary  to  that  from  lied  to  Yellow, 
and  itself  extends  from  Violet,  of  which  the  colour  index  is 
zero,  to  Blue,  of  which  the  colour  index  is  infinite.  A  similar 
line  gives  the  complementary  spectrum  of  the  part  from  Blue 
to  Violet,  and  itself  extends  from  Red  when  the  colour  index 
is  infinite  to  Yellow  when  it  is  zero.  The  region  on  the  right 
outside  a//  the  lines  gives  all  the  colours  to  be  obtained  by  adding 
white  to  a  spectrum  colour  ;  and  to  ascertain  the  amount  of 
each  sensation,  we  have  only  to  measure  horizontally  to  the 
line  giving  the  zero  of  that  sensation.  The  region  on  the  left 
outside  all  the  lines  gives  all  the  colours  capable  of  making- 
white  with  spectrum  colours  ;  and  here,  again,  to  ascertain 
the  amount  of  each  sensation  we  have  only  to  measure  hori- 
zontally to  the  line  giving  the  zero  of  that  sensation.  It  will 
thus  be  seen  that  the  whole  map  is  really  constructed  on  one 
single  principle.  It  is  obvious  that  if  a  series  of  colours  are 
obtained  by  some  definite  law,  their  positions  on  the  map  Mill 
lie  on  some  line  straight  or  curved. 

It  remains  to  consider  the  spaces  enclosed  within  the  lines. 
On  the  right  between  the  spectrum-line  and  the  nearest  sensa- 
tion zero-lines  lies  a  space  which  has  a  real  meaning,  as  the 
points  in  it  represent  colours  in  which  the  sensations  have 
certain  positive  ratios  to  one  another  ;  but  these  ratios  give  a 
more  intense  colouring  than  the  spectrum  colours  themselves, 
and  therefore  such  points  cannot  represent  any  colours  which 
can  be  seen  by  a  normal  eye,  because,  as  was  known  to  Newton, 
every  mixture  of  colours  is  more  diluted  than  the  spectrum 
colour  which  it  most  nearly  resembles.     This  region  may  be 
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called  an  abnormal  region.  The  colonrs  it  represents  would 
be  visible  to  eyes  more  or  less  colonr-blind.  There  are  two 
abnormal  regions  on  the  left  of  the  figure  between  the  com- 
pieniontary  speotnnn-lines  and  the  red  and  violet  zero-lines 
respectively. 

The  remaining  portion  of  the  map,  viz.  that  lying  hetween 
zero  sensation  lines,  is  of  a  different  nature.  At  any  point 
in  this  region  the  distances  measured  to  the  zero  lines  are  not 
all  in  the  same  direction  ;  so  that  one  or  two  out  of  the  three 
sensations  must  be  considered  to  be  negative.  As  no  one 
possesses  a  negative  colour  sensation,  the  colours  re})resented 
in  this  region  are  imaginary.  This  may  be  called  the 
imaginary  region.  Though  it  has  no  physical  meaning  it 
will  be  found  to  have  its  value  in  connexion  with  the 
geometrical  structure  of  the  map.  As  an  example  of  this, 
consider  the  complementary  s])ectrum-lines.  They  end 
abruptly,  leaving  a  gap  opposite  the  green  ;  but  they  may  be 
continued  across  the  gap  in  such  a  way  as  their  general  form 
seems  to  point,  and  this  has  been  done  in  fig.  4,  by  continuing 
the  complementary  spectrum-lines  until  they  meet  in  a  cusp 
at  the  point  on  the  right  marked  —  I'O.  This  extension  lies 
wholly  in  the  imaginary  and  abnormal  region,  and  may  repre- 
sent the  missing  complementary  spectrum  of  green. 

The  map  affords  convenient  methods  for  calculating  the 
effect  of  mixing  colours.  Let  a  colour  which  has  the  sensation 
red,  green,  and  violet  in  the  proportion  ri,-gi,  v^  be  represented 
by  i\  I  ^1  I  Vi.  Then,  if  we  take  two  colours  i\  \  r/j  j  i\  and 
^'2  I  5^2  I  ^'2  I  ?  the  mixture  of  these  colours  in  the  proportions 
/,  and  ^2  ^^'ill  give  the  result  \r^  +  /or2  |  l^gi  +  %2  |  ht'i  +  U^'^- 
The  index  of  this  colour  is 

^lO'i— g^i)  +  ^2(^'2— P2) 

Let  the  spectrum  colour  having  the  same  index  be  7-  |  ^  j  v. 
In  order  to  find  the  quantit}'  of  white  which  must  be  added 
to  this  spectrum  colour  to  produce  the  required  colour,  it  is 
necessary  that  the  luminosity  of  the  colour  should  be  altered 
to  that  luminosity  at  which  the  colour  is  represented  in  the 
map.  This  can  be  done  by  multiplying  the  coefficient  of  each 
sensation  by  the  fraction  (9 — f/)/{hO\—9i)  +  h{'>'-2~92) }  or  one 
of  the  equivalent  fractions.  The  resulting  sensation  co- 
efficients are 

Bed  .  .  .  {hr^  +  1,r,){ff-v)/{h(g,-v,) +1,(92-1:2)]. 
Green  .  .  {hgi  +  h92){^-'»')({h{vx-ri) +hXr2-r2)}. 
Violet      .     .      (hvi-\-hVo){r-9)/\hO'i-90  +  h(r2-92)  }• 
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The  coefficient  of  the  white  to  be  added  to  the  spectrum  colour 
is  obtaiued  while  the  colour  lies  on  the  rioht  hand  by  sub- 
tracting r  from  the  red  coefficient  above  obtained,  or  by  sub- 
tracting g  and  v  from  the  other  coefficients  respectively.  When 
the  colour  lies  on  the  left  hand,  the  white  is  obtained  by  adding 
r  to  the  above  red  coefficient,  or  p  and  v  to  the  green  and 
violet  coefficients  respectively. 

I  have  applied  tlie  formula"'  given  above  to  obtain  the 
curves  showing  the  results  of  adding  together  in  any  pro- 
portion two  spectrum  colours  so  related  to  each  other  that 
if  the  first  i>  r  \  g  \  v  the  second  is  v  \  g  \  r.     The  index  of 

the  second  colour  being  - — -  is  the  reciprocal  of  the  index 
of  the  first.  ^~^' 

The  curves  obtained  are   shown  in  fig.  5.     Consider  the 
curve  numbered  2.     This  is  the  locus  of  mixtures  of  the  blue 
whose  index  is  2'0,  and  the  yellow  whose  index  is  0*5.      The 
curve  passes  through  these  two  points  of  the  spectrum,  giving 
the  cases  in  which  a  zero  quantity  of  one  of  the  colours  is 
taken  ;  and  every  other  mixture  is  indicated  by  some  point 
on  the  curve  joining  these  two  points  and  lying  to  the  right 
of  the  spectrum-line.     In  this  figure  the  dotted  horizontal 
lines  occupy  the  positions  where  the  indices  are   zero  and 
infinity  respectively,  so  that  the  portion  of  any  curve  which 
lies  outside  of  them  must  be  repeated  again  on  the  left  side  of 
the  complementary  spectrum-line.     In  curve  No.  2  two  small 
parts  do  lie  outside  the  dotted  lines,  and,  accordingly,  these  two 
parts  are  repeated  to  the  left  of  the  complementary  spectrum- 
line.    We  have  then  the  curve  Xo.  2  in  three  separate  portions, 
which  it  is  not  possible  to  connect  physically,  as  the  missing 
part  of  the  curve  lies  in  the  imaginary  and  abnormal  regions. 
But  what  is  not  possible  for  physics  is  easy  for  geometry. 
We  cannot  subtract  one  spectrum  colour  from  another,  but 
we  can  subtract  the  lines  representing  the  sensations  in  one 
spectrum  colour  from  the  lines  representing  the  sensations  in 
the  other  spectrum  colour  ;  and  so  by  subtracting  one  spectrum 
colour  from  the  other  in  any  proportions  we  can  complete  the 
curve  No.  2  through  the  imaginary  and  abnormal  regions  and 
so  obtiiin  the  complete  and  continuous  curve.     Curves  Nos.  1 
and  0  have  no  portion  on  the  complementary  side,  but  curves 
Nos.  3  and  4  have  a  considerable  ])ortion  on  that  side.     A 
new  feature  is  shown  when  we  take  the  locus  numbered  5. 
Tliis  is  got  by  combining  the  spectrum  indigo,  having  index 
1*0,  with  spectrum  orange,  having  the  same  index.     These 
are   complementary   colours.     When  added  together  in  the 
proper  proportion  they  produce  white,  and  when  added  in  any 
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other  |)roportion  they  produce  white  phis  whichever  spectrum 
colour  predominates.  Hence  the  locus  consists  of  horizontal 
straight  lines  through  the  two  points  in  the  spectrum  line, 
going  oft"  to  infinity,  where  the  colour  indicated  is  white, 
considered  as  a  spectrum  colour  infinitely  diluted  with  white 
light.  Next  consider  curve  No.  7.  The  main  portion  of  the 
curve  lies  to  the  left,  and  starts  from  points  in  the  comple- 
mentary spectrum-line  which  indicate  the  spectrum  colour 
chosen.  The  parts  of  this  ])ortion  which  lie  outside  the  hori- 
zontal dotted  lin(^s  are  repeated  to  the  right  of  the  spectrum- 
line  ;  the  remainder,  obtained  by  subtraction,  lies  wholly  in 
the  imaginary  and  abnormal  regions.  All  these  curves  pass 
through  a  certain  pair  of  points,  as  may  be  easily  shown. 
The  first  spectrum  colour  is    .     .     .     '■  |  ^  [  v. 

The  second  is r  |  r;  |  r. 

By  subtraction  of  one  from  the  other,  we  get  a  colour 

r — V  I  zero  |  v—  r. 
The  resulting  colour  has  therefore  no  green,  and  has  the  red 
and  violet  equal  in  amount  but  0])posite  in  sign.     These  con- 
ditions are  satisfied  at  the  two  points  shown  in  the  figure. 

In  this  figure  the  lines  are  drawn  under  the  condition  that 
the  index  of  one  spectrum  colour  is  the  reciprocal  of  the 
index  of  the  other  ;  but  any  number  of  other  s^-stems  of  lines 
might  be  drawn  showing  combinations  of  two  spectrum 
colours,  so  that  it  is  evident  that  every  colour  can  be  resolved 
into  two  spectrum  colours  in  an  infinite  number  of  ways. 

There  are  three  regions  in  fig.  5  which  are  shaded  to  show 
that  none  of  the  curves  pass  through  them.  These  regions 
might  ])robably  be  filled  up  by  curves  drawn  through  points 
in  the  imaginary  part  of  the  complementary  spectrum  to 
which  I  have  already  alluded. 

Now  the  complementary  spectrum-line  and  the  curves 
giving  mixtures  of  two  s])ectrum  colours  have  been  drawn 
by  strict  arithmetical  methods  from  certain  curves  of  hypo- 
thetical form  which  indicate  the  intensity  of  the  sensations 
for  each  point  of  the  s])ectrum  ;  but  they  can  also  be  plotted 
out  by  direct  experiment. 

To  plot  out  the  complementary  spectrum-line,  add  to  a 
spectrum  colour  its  complementary  until  white  is  produced, 
measure  the  quantity  of  white,  and  mark  off  a  horizontal  line 
to  the  left  from  the  ])oint  in  the  spectrum  of  a  length  pro- 
portional to  the  quantity  of  white.  The  end  of  this  line  is  a 
point  in  the  complementary  spectrum  ;  other  points  may  be 
obtained  in  the  same  way,  and  the  normal  part  of  the  com- 
plementary spectrum-line  b(^  drawn. 
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To  plot  out  the  curve  giving  the  mixtures  of  two  sppctruni 
colours,  take  a  third  spectrum  colour  aud  make  a  colour 
patch  of  the  first  two  colours,  and  another  colour  patch  of  the 
third  colour  and  white.  Keep  the  luminosity  of  the  third 
colour  constant,  and  vary  that  of  the  other  colours  and  the 
white  until  both  patches  are  of  the  same  colour.  Then  measure 
the  quantity  of  white  used  aud  mark  off  a  line  from  the 
position  of  the  third  spectrum  colour  to  the  right  propor- 
tional to  the  quantity  of  white.  The  end  of  this  line  gives  a 
point  in  the  curve.  By  taking  other  sju'Ctrum  colours  as  the 
third  colour  other  points  may  be  obtaineti.  If,  however,  it  is 
found  impossible  to  make  the  two  patches  of  the  same  colour, 
then  throw  the  three  spectrum  colours  together,  and  keeping 
the  luminosity  of  the  third  colour  constant  vary  that  of  the 
other  two  tmtil  the  three  produce  white  :  measure  the  quantity 
of  white,  and  mark  off  to  the  left  from  the  position  of  the 
third  spectrum  colour  a  line  proi)ortional  to  the  quantity  of 
white  obtained.  The  end  of  this  line  is  a  point  in  the  curve. 
If  both  these  methods  fail  the  point  on  the  curve  correspond- 
ing to  the  ihird  spectrum  colour  lies  in  the  abnormal  or 
imaginary  regious,  and  cannot  be  determined  by  exjjeriment. 

When  the  derived  curves  have  been  plotted  out  by  experi- 
ment, it  will  be  possible  to  modify  the  hypothetical  forms  of 
the  curves  of  intensity  of  the  sensation  in  the  spectrum  so  as 
to  make  the  curves  derived  from  them  accord  more  closely 
with  the  results  of  experiment,  and  so  to  arrive  by  gradual 
approximation  to  the  true  form  of  those  curves. 


LVIII.  Anah/sis  of  the  Spectrum  of  Sodium,  including  an 
Iwjuiry  into  the  true  place  of  the  Lines  that  have  been 
regarded  as  Satellites.  By  G.  Johnstone  Stoney,  M.A., 
D.Sc,  F.R.S.,  Vice-President,  Royal  Dublin  Society*. 

[Plates  VI.  &  VII.l 

Introdiiction. 

N  analysing  spectra,  the  following  definitions  and  distinc- 
tions will  be  found  of  use  : — 

j,  the  jot  of  time,  is  the  time  that  light  takes  to  advance 
one  tenth  of  a  millimetre  in  the  open  aether.  In  the 
open  aether  all  rays  t  travel  this  distance  in  the  same  time, 
which  is  approximately  one  third  of  the  twelfthet   (one 

*  Communicated  by  the  Author.     From  the  Scientific  Proceedings  of 
the  Royal  Dublin  Society,  vol.  vii.  part  .'}. 

t  By  a  ray  of  light  is  meant  the  light  producing  a  line  in  the  spectrum. 
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third  of  tlu^  millionth  of  the  millionth)  of  a  second  of 
time. 

The  micro-jot  is  the  millionth  part  of  a  jot. 

jx  the  air-jot  of  time,  is  the  time  that  the  ray  of  mean  refran- 
gihil/fy  takes  to  advance  one  tenth  of  a  millimetre  in  air. 
Accordingly  ji=/j,^j,  where  ni  is  the  refractive  index  of 
air  for  the  ray  of  mean  refrangihility.  If  we  regard 
the  ray  whose  wave-length  is  5000  tenthet-metres  as  the 
mean  ray,  then  fi^  is  very  nearly  1*000280.  (See  British 
Association  catalogue  of  oscillation-frequencies  in  the 
Brit.  Assoc.  Report  for  1878.) 

\  is  the  loave-leuytJi-in-air  of  a  ray,  expressed  in  tenthet- 
metres,  as  determined  hy  Rowland* . 

K  is  the  "  inverse-icave-lengtl ,''^  i.  e.  10^' jX.  It  is  the  numher 
of  wave-lengths-in-air  which  occupy  one  tenth  of  a  milli- 
metre. 

T  is  the  jieriodic  time  of  the  waves  of  a  ray  of  light, 
expressed  in  micro-jols.  Hence  T  =  fjb\,  in  which  yu-  is 
the  refractive  index  of  air  for  the  ray  of  w^ave-length  X. 

N  is  the  oscillation-freqiiency  in  each  jot  of  time,  i.  e.  the 
number  of  the  oscillations  of  the  waves  of  a  ray  in  each 

jot.      It  =  «://X. 

Of  these  quantities  N  is  obviously  the  one  which  is  best 
adapted  to  theoretical  investigation.  It  is,  however,  X  that  is 
observed.  From  this  k  can  be  accurately  deduced,  but  l^=K/fi 
cannot  be  accurateh'  obtained  till  we  know  the  value  of  fx  for 
different  parts  of  the  spectrum.  We  may,  however,  in  a 
theoretical  investigation,  use,  instead  of  N,  any  quantity  pro- 
portional to  it,  e.  g.  /u.]N,  where  jXx  has  the  value  assigned  to 
it  above.  We  shall  call  this  n.  It  is  the  oscillation-frequency 
in  each  "  air-jot  "  of  time.     Accordingly 

n  is  the  omUation-freguency  in  each  air-jot  of  time.     It 

Now  Ketteler's  observations  on  the  dispersion  of  air,  though 
not  sufficient  for  the  general  determination  of  /x,  are  enough 
to  satisfy  us  that  fx  does  not  anywhere  differ  more  than  a  very 
little  from  /i^,  its  mean  value.  And  accordingly,  in  comparing 
our  results  with  observation,  we  shall  regard  ^i-^/fi  as  unity, 
and  treat  k  (the  quantity  furnished  by  observation)  as  if  it 
were  identical  with  n  (the  quantity  required  by  theory). 
With  this  we  must  be  content  until  adequate  determinations 

*  X  is  accordingly  about  1/fiOOOtli  more  than  the  wave-length  as  deter- 

o 

mined  bv  Angstrom. 
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of  fi  for  the  various  ]>arts  of  the  spectrum  shall  have  been 
matle. 

Method  of  Analysis. 

The  spectrum  of  sodium,  so  far  as  it  has  been  explored, 
consists  of  14  })airs  of  lines,  anil  of  (S  others  which  have  not 
yet  been  seen  to  be  double.  Professor  Rydber^"  and  Pro- 
fessors Kayser  and  Runge  independently  discovered  that  all 
the  observed  lines — with  one  remarkable  exception — lie  in 
three  definite  series,  somewhat  similar  to  that  which  Dr. 
Huggins  had  found  in  the  Spectrum  of  Hydrogen  ;  and  they 
have  worked  out  empirical  formul;x3  which  assign  to  the  lines 
their  places  in  these  series.  The  kind  of  formula  to  be  tried 
was  suggested  by  ]3almer's  Law  for  the  lines  in  hydrogen, 
viz. 


='{'-h)' « 


where  k  stands  for  the  number  274*263.  In  this  formula  n 
becomes  the  oscillation-frequencies  of  the  several  hydrogen- 
lines,  when  for  m  we  write  in  succession  the  positive  integers 
3,  4,  5,  &c.  For  the  spectra  of  the  other  light  monads, 
including  sodium,  Rydberg  made  use  of  the  form 

»=A+,     ,...„ (2) 

in  which  the  quantities  A,  B,  and  li  have  to  be  determined 
for  each  series.     Kayser  and  Runge  preferred  the  form 

'i=A+-^,-j.^, (3) 

in  which  the  three  constants  to  be  determined  for  each  series 
are  A,  B,  and  C.  Either  formula  can  be  made  to  agree 
tolerably  with  the  observations,  and  sometimes  in  more  than 
one  way. 

In  a  paper  communicated  last  year  to  the  Royal  Dublin 
Society*,  the  present  author  showed  that  each  of  the  three 
series  in  the  spectrum  of  sodium  is  due  to  the  motion  of  an 
electron — a  definite  electric  charge — within  the  molecules  of 
sodium  along  an  orbit ;  or  at  least  to  some  event  taking  place 
within  the  molecules  which  follows  the  same  mathematical 
laws  as  are  furnished  by  such  a  motion  of  an  electron.  This 
motion  may  be  resolved  into  its  elliptic  partials  by  Fourier's 
Theorem  ;  and  it  is  shown  that  each  of  these  elliptic  partials 

*  Stonev,  "On  the  Cause  of  Double  Lines  in  Spectra,"  Scientific 
Transactions  of  the  Royal  Dublin  Society,  vol.  iv.  p.  563. 
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<;ive.s  rise  to  a  line  in  the  si)ectrum,  which  will  become  a 
double  line  if  the  partial  is  exposed  to  an  apsidal  shift.  It  is 
also  shown  how  the  relative  sizes,  the  forms,  and  other  infor- 
mation about  the  partials  may  be  ol)tained  from  the  observa- 
tions ;  and  especially  how  the  periodic  time  of  each  jjartial 
may  be  deduced  from  the  positions  of  the  two  conslituents  of 
the  double  line  to  which  it  gives  rise.  It  is  found  to  be  the 
periodic  time  Avhich  corresponds  to  the  position  midway 
between  the  two  constituents  of  the  double  line  on  a  map  of 
oscillation-frequencies. 

Now  the  periodic  times  of  these  partials  are  not  simply  a 
fundamental  period  and  its  harmonics,  as  is  the  case  with  the 
vibrations  that  produce  musical  notes.  Balmer's  Law,  how- 
ever, and  the  empirical  formula?  that  Rydberg  and  Professors 
Kayser  and  Runge  have  found  to  be  suitable,  suggest  that 
they  in  some  way  depend  on  an  event  of  that  simple  character. 
In  fact  this  state  of  things  is  represented  mathematically  by  n 
(the  position  of  the  line  on  a  map  of  oscillation-frequencies) 
being  a  function  (probably  some  simple  function)  of  Ijm  ; 
which  it  is  both  in  Balmer's  Law  and  in  the  above-mentioned 
empirical  formula;. 

In  the  case  of  the  hydrogen  s})ectrum  this  relation  is  con- 
spicuously placed  in  evidence  by  a  very  simj)le  diagram.  For 
if  we  write  y  for  1/?;*,  and  x  for  n,  equation  (1)  becomes 

^=Tk-^'-^' W 

which,  if  we  regard  x  and  y  as  running  coordinates,  is  the 
equation  of  a  parabola.  Hence  the  following  rule — Draw  the 
foregoing  parabola  and  place  its  axis  horizontal.  Erect  an 
ordinate  at  the  distance  k  from  the  vertex.  Double  this  out, 
and,  using  its  tlouble  length  as  unit,  set  off  upon  it  the  har- 
monics 1/2,  l/o,  1/4,  &c.  From  the  points  so  determined 
draw  horizontal  lines  to  the  curve :  these  are  the  values  of  n 
for  the  successive  lines  of  the  hydrogen  spectrum,  on  the 
same  scale  on  which  the  distance  of  the  ordinate  from  the 
vertex  represents  2 74* 2 fio,  which  is  the  value  of  k  (see 
Plate  VI.  tig.  I). 

Now,  having  regard  to  the  fact  that  the  light  monad  ele- 
ments H,  Li,  Na,  K,  Rb,  Cs  have  all  of  them  series  of  double 
lines  which  appear  to  belong  to  the  same  general  type,  we 
ai-e  justilied  in  assuming  that  Balmer^s  Law  is  the  simplest 
case  of  a  general  law  which  prevails  throughout  all  the  light 
monads.  Hence,  if  the  oscillation-frequencies  be  all  plotted 
down  as  the  horizontal  lines  of  a  diagram  constructed  as 
above  with  x=n  and  y  =  l/m,  the  curve  passing  through  the 


the  Spectrin  of  Sodium.  507 

ends  of  the  horizontal  lines  in  the  other  nionad.s  should  l)e 
some  curve  of  which  the  })arabola  is  a  particular  case.  This 
may  happen  in  ditfcrcnt  ways,  but  the  simplest  hypothesis  is 
that  they  arc  hyperbolas  or  ellipses.  It  ap[)earcd  therefore 
to  be  ^vortll  ascertaining-  whether  diagrams  with  hyperbolas 
or  ellipses,  instead  of  the  parabola,  would  agree  with  the 
observed  positions  of  the  lines  iu  one  of  the  other  monads. 
Sodium  is  the  monad  selected  ;  chiefly  because  of  the  peculiar 
pair  of  lines  that  present  themselves  in  the  spectrum  of  this 
element — which  JRydbcrg  speaks  of  as  satellites,  and  which 
Kayser  and  Eunge  regard  as  })robably  belonging  to  a  fourth 
series  of  lines,  of  which  they  are  the  only  terin  that  has  been 
foimd.  There  seemed  some  ground  for  hoping  that  the 
inquiry  would  reveal  the  true  significance  of  these  lines. 

A  curve  of  the  second  degree,  with  the  axis  of  ,c  as  one  of 
its  principal  axes,  can  be  drawn  through  any  three  assigned 
points.  We  have  therefore  to  determine  the  ellipse  or  hyper- 
bola that  passes  through  three  of  the  observed  positions,  and 
then  to  ascertain  how  far  the  other  observed  positions  lie  from 
that  curve.     The  following  lemma  makes  it  easy  to  do  this: — 

Lemma. — When  the  _y^s  of  a  number  of  points  are  given 
(in  this  case  the  successive  values  of  »i),  so  that  the  accurate 
A"alues  of  y-  for  the  successive  points  can  be  obtained,  we  may 
use,  instead  of  the  ellipse  or  hyperbola,  the  curve  derived 
from  it  by  making  the  new  ordinates  proportional  to  the 
squares  of  the  old  ones.     Thus  the  ellipse 


and  the  hyperbola 


a?  ^  U'        ' 


^^^  -1 


furnish  as  their  derived  curves 

in  which  z  must  be  positive.  In  other  words,  the  derived 
curve  is  the  povfion  on  the  upper  («'.  e.  positive)  side  of  the 
axis  of  X,  of  a  parabola  with  its  axis  vertical.  This  parabola 
passes  through  the  ends  of  the  axis  major  of  the  ellipse  or 
hyperbola.  When  derived  from  an  ellipse  its  vertex  is  above 
the  axis  of  x,  under  it  when  derived  from  an  hyperbola.  The 
parabola  degrades  into  a  straight  line,  if  the  curve  from  wdiich 
it  is  derived  is  a  parabola  instead  of  an  ellipse  or  hyperbola. 
Thus    fie.   1  of  Plate   VI.,   when   we    substitute  its  derived 
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curve,  viz.  x  =  k(\.—^z),  simplifies  into  fig.  2,  in  which,  as 
before,  the  horizontal  lines  re])resentthe  oscillation-frequencies 
of  the  successive  hydrogen  rays. 

Hence  the  problem  to  be  solved  is  reduced  to  the  easier 
problem  of  passing  a  parabola  with  its  axis  vertical  through 
three  given  points. 

For  m  we  are  to  put  in  succession  the  positive  whole  num- 
bers 1,  2,  3,  4,  &c. ;  that  is,  for  y  we  are  to  use  the  harmonic 
fractions  1,  1/2,  1/3,  &c.,  and  for  -:  the  squares  of  these,  viz. 
1,  -25,  -r,  -0025,  -04,  -027',  -02040816,  -015625,  -012345679, 
•01,  &c.,  or  numbers  proportional  to  them. 

Some  of  these  values  may  assign  negative  values  to  n  (the 
oscillation-frequency).  It  has  hitherto  been  assumed  that  it 
is  only  the  positive  values  of  n  that  need  be  attended  to  ;  that 
in  fact  the  negative  values  do  not  correspond  to  lines  in  the 
spectrum.  This  seems  to  be  a  mistake :  for  the  elliptic  partial 
from  which  a  line  arises  being  (see  Stoney,  "  On  Double  Lines,^' 
!Sc.  Trans.  li.D.S.,  vol.  iv.  p.  570), 

.r  =  rtCos| 


/iirn   \ 

,    .    /27rn   \ 
y=h^m[—tj, 


the  effect  of  changing  the  sign  of  n  is  simply  to  reverse  the 
direction  in  which  the  electron  travels  round  the  ellipse.  If 
the  ellipse  maintains  a  fixed  position,  this  partial  produces  a 
single  line  in  the  spectrum,  the  position  of  which  is  the  same 
whether  n  is  positive  or  negative.  If  the  ellipse  is  subjected 
to  an  apsidal  shift  during  the  flight  of  the  molecule,  the  partial 
produces  a  double  line  in  the  spectrum  (Joe.  cit.),  the  con- 
stituents of  which  either  occupy  the  same  positions  when 
-|-n  is  changed  into  — »,  or  each  simply  exchanges  place 
with  the  other.  Which  of  these  will  happen  depends  on 
the  direction  of  the  apsidal  motion,  and  on  this  we  shall 
have  something  more  to  say  further  on  ([).  515)  ;  but  in 
either  case  the  same  two  positions  in  the  spectrum  are  occupied 
by  the  constituents  of  the  double  line.  There  is,  however, 
one  alteration  the  lines  must  undergo  when  n  changes  sign, 
viz.  that  what  was  before  the  more  refrangible  side  of  each 
line  now  becomes  its  less  refrangible  side.  Now  this  accords 
with  what  we  find  to  be  indicated  in  the  case  of  that  outlj'ing 
pair  of  sodium-lines  that  have  been  supposed  to  be  satellites. 
While  all  other  sodium-lines  are  more  nebulous  on  the  less 
refrangible  side,  the  constituents  of  this  particular  pair  are 
nebulous  on  the  more  refrangible  side.     We  should  therefore 
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be  prepared  for  what  we  shall  learn  further  on,  viz.  that  this 
pair  of  lines  is  due  to  a  negative  value  of  ». 

Before,  however,  we  can  draw  the  diagram  for  any  of  the 
series  of  lines,  we  are  confronted  at  the  outset  with  a  difficulty. 
We  have  to  settle  what  three  points  the  curve  is  to  pass 
through.  This  depends  on  what  the  number  m  is  for  the 
least  refrangible  line.  It  is  3  in  the  case  of  the  hydrogen 
series,  but  there  seems  no  reason  to  conclude  with  Kayser 
and  Runge  that  it  is  3  in  other  cases.  A  preliminary  diagram 
was  made  on  millimetric  paper  to  help  in  determining  this 
point.  Each  supposition  as  to  the  value  of  m  in  the  least 
refrangible  line  furnishes  a  distinct  set  of  points  corresponding 
to  the  observed  values  of  n  for  the  terms  of  the  series.  It 
was  easy  to  draw  curves  through  the  several  sets  plotted 
down  in  this  way,  and  that  set  was  preferred  which  most 
nearly  agrees  with  the  supposition  that  an  ellipse  or  hyperbola 
takes  the  place  of  the  parabola  of  the  hydrogen  series  ;  or 
rather  (since  it  was    a 

diagram  of  the  derived  l''ig.  '^^ 

that 


curves 


was    em- 


ployed) that  a  parabola 
with  its  axis  vertical 
takes  the  place  of  the 
straight  line  of  the 
hydrogen  series.  This 
may  be  seen  by  inspec- 
tion in  some  cases.  In 
others  it  cannot  be  so 
determined,  and  it  was 
necessary  to  have  re- 
course to  the  calculation 
by  which  a  parabola  is 
passed  through  three 
of  the  points,  and  by 
which  the  deviations  of 
the  other  points  from 
the  parabola  are  com- 
puted.     The    case    in 

which  these  deviations  proved  to  be  smallest  is  the  one  finally 
selected. 

If  the  curve  furnished  by  the  relation  between  n  and  1/  is 
an  hyperbola,  the  derived  curve  (representing  the  relation 
between  n  and  z)  is  the  part  above  the  axis  of  n  of  a  parabola 
such  as  that  represented  in  fig.  3,  its  equation  being 


(a-ny  =  V(b  +  z),       .     . 
Phil.  Mag.  S.  5.  Vol.  33.  No.  205.  June  1892. 
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(5) 
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in  which  )i  and  z  are  the  running  coordinates,  P,  a,  and  h 
being  determined  by  the  condition  that  the  parabola  shall  pass 
through  three  given  points,  suppose 

"Wj       "222,       ^3^3. 

We  easily  find  that  this  condition  is  fulfilled  if 
p_  »3  — ^'1 


2a  =  P~^— ''  -Vn,  +  n,,   ^ 


(6) 


112  — Hi 

_  {(^  —  'hf 
P 


h-= 


[Similarly,  it"  the  relation  between  n  and  y  were  such  as  to 
be  represented  by  an  ellipse,  the  derived  curve  would  have 
the  equation 

{a  +  nf  =  V{b-z), (7) 

in  which,  as  before,  P,  a,  and  h  can  be  determined   so  as  to 
make  the  curve  pass  through  three  given  points.] 

The  hyjterbola,  of  which  equation  (5)  is  the  derived  curve, 
is  of  course 

{a-nf  =  V.{b+y-); (5a) 

and  the  ellipse  corres})onding  to  equation  (7)  is 

[a^nf^Vih-y"-), (7a) 

in  which  u  and  y  are  the  running  coordinates. 
These  are  equivalent  to 

.,     ,, /,       1000\ 
{a-ny  =  V[h-V  -^),     ....     (5^) 

and 

.o    .,/,      iooo\ 

which  give  directly  the  relation  between  ))i  and  n,  when  for  c 
we  use  1000  times  the  values  on  i)age  508. 

Application  to  Series  P. 

Series  P  aj)  pears  to  be  best  re})resented  by  regarding  the 
least  refrangible  pair  of  the  series — the  great  D  lines  of  the 
solar  spectrum — as  corresponding  to  ?n  =  2.  The  values  of 
m  for  the  other  lines  will  then  be  as  in  the  following  Table: — 
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m. 

loot) 

'       in'  ' 

X=±K 

(which  is  nearly  the  same 
as  n),  by  observation. 

1 

UKJOO 

Not  yet  observed. 

2 

2600 

169-6878 

3 

nil' 

302-7762 

4 

62-5 

350-5193 

5 

400 

373-0703 

6 

27-7' 

385-5080 

7 

20-40816 

393-1049 

8 

15-625 

388-0527 

The  Table  also  gives  the  values  of  x  (by  observation)  and 
of  z  (by  calculation)  of  the  derived  curve.  If  we  pass  a 
parabola  with  its  axis  vertical  through  three  of  these  points, 
viz.  through : — 

.2  =  250,  z,=nVV,  C6=27-7', 

a;2  =  169-6878,        .r3  =  302-7762,  .1-6= 385-5080, 

we  find,  by  the  method  of  the  last  paragraph,  that 
log  P  =  3-7  74,0300, 
a  =  3337-4120, 
^=1438-35. 
Putting    these  values  into  equation   (5)   and  computing   the 
values  of  n  (i.  e.  x)  for  the  other  terms  of  the  series,  we  find :  — 


K  by  observation 

m. 

n  calculated. 

(which  is  nearly  the  same 

Difference. 

as  +n). 

1 

-469-4 

Not  yet  observed. 

Unknown. 

2 

Used  for  determining  the  constants . 

U-00 

3 

Used  for  deteriniaing  the  constants. 

U-00 

4 

+350-767 

350-519 

+0-25 

5 

+373-239 

373U70 

+0-17 

6 

Used  for  determining  the  constants. 

UUU 

7 

+392-945 

393-105 

-016 

8 

+397-776 

398053 

-U-28 

2M  2 
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Accordingly  all  the  ohserved  points  lie  nearly  on  this  para- 
bola. The  parabola  is  in  the  position  shown  in  fig.  3,  from 
which  it  follows  that  the  primary  curve  (which  represents  the 
relation  between  n  and  1/m)  is  a  curve  which  is  nearly  a 
hyperbola.     See  PI.  VII.  figs.  4  and  5. 

Application  to  Series  D. 

Series  D  is  best  represented  by  a  straight  line  for  its  derived 
curve,  and  accordingly  by  a  parabola  for  its  primary  curve. 
Putting  as  before  x-=n  and  -r=1000//^r,  aud  taking 

as  the  equation  of  the  derived  curve,  in  which 

a=244-93    and    loga  =  '04357, 
and  computing  the  successive  terms,  we  find: — 


m. 
1 

n  calculated. 

+  K  by  observation 

(which  is  nearly  the  same 

as  n). 

Difference. 

-860-6 

Too  far  in  ultra-violet  for  observation. 

2 

-  31-17 

Too  far  in  ultra-red  for 

observation. 

3 

+  122093 

+  122036 

+0057 

4 

+  175-834 

+  175-884 

-0050 

o 

+200-70'J 

+200-746 

-0037 

(> 

+214-221 

+214-256 

-0035 

7 

+222-368 

+222-363 

+0-005 

8 
1 

+227-65G 

+227-676 

-0-020 

results  which  show  that  the  primary  curve  of  Series  D  ap- 
proximates very  closely  indeed  to  a  parabola.     See  PI.  VII. 


figs.  4  and  5. 


Application  to  Series  S. 


This  is  the  most  interesting  of  the  series  so  far  as  the  present 
inquiry  is  concerned,  because  it  is  the  series  to  which  belongs 
the  outlying  double  line  which  has  been  supposed  to  be  a 
satellite  of  one  of  the  terms  of  Series  D. 
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If  we  reo;ard  this  particular  line  as  the  first  term  of  the 
series,  it  will  be  found  that  the  primary  curve  belonging  to 
the  series  closely  approximates  to  an  hyperbola.  If  we  regard 
that  line  as  the  second  term,  the  curve  approximates,  but  not 
so  closely,  to  an  ellipse.  We  shall  therefore  adopt  here  the 
former  supposition.  The  values  of  in  will  then  be  as  in  the 
followinor  Table  :-— 


m. 

1000 
z= 

m- 

X=±K 

(which  is  nearly  the  same 
as  «),  by  observation. 

1 

10000 

-176-2686 

2 

2500 

+  87-5500 

3 

lu-r 

+  162  3935 

4 

62-5 

+  1941200 

5 

40-0 

+210-5142 

6 

27-7' 

+220-0515 

7 

20-408 IG 

+226-1441 

8 

15-625 

+230-2185 

The  coordinates  in  the  Table  are  coordinates  of  the  derived 
curve.  It  is  approximately  a  parabola  in  the  position  of  fig.  3. 
Taking  equation  (5)  as  its  equation,  the  constants  are  to  be 
determined  by  the  condition  that  the  parabola  shall  pass 
through  three  of  the  observed  points,  suppose  through 

^1=1000,  C3  =  111-1',  ^6  =  27-r, 

.^1= -17(3-2686,         .^3= 162-3935,       ^6=220-0515. 

Using  these  values  in  equations  (6),  we  find 

logP=2-526,3843, 

a  =  434-0587, 

/>  =  108-514, 

and  computing  the  values  of  .r,  i.e.  n,  for  the  other  terms,  we 
get:— 
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m. 

M  calculated. 

K  by  observation 

(which  is  nearly  the  same 

as  +  ■}}). 

Difference. 

1 

Used  for  determining  the  constants. 

0 

2 

+  SC.-OGf; 

87-550 

-Uf)8 

3 

Used  I'or  determining  the  constants. 

0 

4 

+  in4-.-!;j7 

194-120 

+0-22 

5 

+210-002 

210-514 

+0  15 

0 

Used  for  determining  the  constants. 

7 

+225-919 

220-144 

-0-22 

8 

+229-816 

230-218 

-0-40 

Inferences. 

From  the  whole  investigation  we  may  draw  the  following 
inferences  : — 

1.  That  the  outstanding  differences  are  sufficiently  large  to 
warrant  the  conclusion  that  the  primary  curve  is  not  an  exact 
curve  of  the  second  degree,  although  in  the  case  of  Series  P 
it  approximates  to  an  hyperbola  ;  in  the  case  of  Series  S  to  an 
hyperbola  or  ellipse,  probably  to  an  hyperbola  ;  and  to  a  para- 
bola in  the  case  of  Series  D. 

2.  That  the  approach  to  the  parabola  is  very  close  in  the 
case  of  Series  D,  but  that  in  the  case  of  Series  P  and  in  the 
case  of  Series  S  the  actual  curve,  as  indicated  by  the  observa- 
tions, is  somewhat  more  curved  in  the  vicinity  of  its  vertex 
than  is  the  hyperbola  which  approximates  to  it. 

3.  That  the  double  line  which  has  been  regarded  by  Bydberg 
as  a  satellite  of  one  of  the  terms  of  Series  D,  and  by  Kayser 
and  Kunge  as  belonging  to  a  fourth  series,  is  in  reality  the 
first,  or  the  second,  term  of  Series  S — the  first,  if  the 
primary  curve  of  Series  S  is  of  a  hyperbolic  form  ;  the  second 
if  it  is  elliptic. 

4.  That  negative  values  of  n  furnish  real  lines  in  spectra,  of 
which  the  double  line  sjioken  of  above  is  an  instance. 

5.  That  in  Series  P  the  term  corres])onding  to  ??i  =  l  has  a 
negative  value  for  its  n,  viz.  —  4G9'4,  approximately  corre- 
sponding to  wave-length  A,  =  2130.  This  is  perhaps  not  at 
too  great  a  distance  in  the  ultra-violet  to  be  observed,  if  the 
line  have  sufficient  intrinsic  brightness.  Professor  Hartley 
has  succeeded  in  photographing  as  far  as  X=  1800. 
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6.  That  in  Series  D  there  are  t\Yo  new  terms  corresponiHn<T 
to  negative  vahies  of  n,  for  one  of  which  n  is  approximately 
—  8(iO't),  and  for  the  other  —31-17.  These  positions  are  the 
same  as  \=1162,  and  X=o2082.  The  first  of  these  is 
probably  too  far  in  the  ultra-violet  and  the  other  much  too 
far  in  the  nltra-red,  to  be  observed. 

7.  Similarly,  in  the  hydrogen  spectrum  there  seems  to  be  a 
new  line  in  the  ultra-violet,  viz.  the  line  obtained  by  putting 
771=1  into  Balmer's  formula.  This  makes  n=— 822*781', 
which  is  the  same  as  X.=  1215,  a  position,  however,  which  is 
probably  too  tar  removed  in  the  ultra-violet  for  observation. 

8.  Lines  corresponding  to  negative  values  of  n  do  not 
appear  to  have  been  observed  in  any  of  the  monad  elements 
except  sodium,  but  examples  of  them  are  met  with  in  some 
of  the  triple-line  series  of  the  dyads.  Kaysei-  and  Rungo 
record  what  is  presumably  one  triple  group  of  this  kind  in 
the  spectra  of  zinc,  cadmium,  and  mercury,  and  what  is 
perhaps  a  second  group  in  the  spectra  of  zinc  and  cadmium 
(see  the  photographs  they  give  of  a  part  of  each  of  these 
spectra,  and  the  observations  they  make  about  them  on  p.  71 
of  their  fourth  Paper,  Ueber  die  Spectren  dev  Elemente,  in  the 
Transactions  of  the  Berlin  Academy  for  1891). 

It  is  not  yet  known  what  kind  of  perturbation  within  the 
molecules  would  be  competent  to  affect  the  partials  of  the 
undisturbed  motion  of  an  electron  so  as  to  resolve  the  resulting 
lines  into  triple  lines.  But  it  is,  nevertheless,  suggestive  to 
find  that  in  the  spectra  of  Zn,  Cd,  and  Hg  the  constituents 
of  the  triple  line  corresponding  to  a  negative  value  of  u  are 
not  reversed,  but  in  the  same  relative  positions  to  one  another 
as  are  those  furnished  by  positive  values  of  /i.  If  this  non- 
reversal  of  position  prevails  among  those  double  lines  of 
sodium  which  are  due  to  negative  values  of  n,  it  will  probably 
be  indicated  by  the  less  refrangible  constituent  of  the  double 
line.  No.  1  of  Series  S,  being  the  brighter,  as  is  said  to  be  the 
case  with  the  double  lines  of  the  same  series,  which  are  due 
to  positive  values  of  n.  This  would  iniply  a  physical  fact  of 
importance,  viz.  that  a  change  in  the  sign  of  ii  induces  a 
chang(!  in  the  direction  of  the  a[)sidal  perturbation  as  well  as 
in  the  direction  of  revolution  in  the  elliptic  partial.  If,  on 
the  other  hand,  it  is  found  that  the  more  refrangible  con- 
stituent of  the  double  line  is  the  stronger,  this  will  ijo  far  to 
prove  that  the  direction  of  the  apsidal  shift  is  independent  of 
the  sign  of  n.  It  is  therefore  desirable  to  ascertain  by  observa- 
tion which  constituent  is  the  brii>hter. 

9.  Finally,  our  investigation  makes  it  probable  that  there 
is  some   connexion  between  Series   D  and  Series  S   in   the 
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spectrum  of  sodium,  aud  that  the  same  relation  prevails  be- 
tween the  two  series  of  triple  lines  in  the  spectra  of  Zn,  Cd, 
and  Hg.  This  is  suogcsted  by  the  circumstance  that  the  line 
which  we  now  know  to  bo  the  first  term  of  iSeries  S  stands  in 
a  position  in  all  these  spectra  which  a]ipears  to  be  related  in 
the  same  way  to  the  positions  in  them  of  the  lines  of  Series  D. 
But  what  the  connexion  is  we  do  not  yet  know. 

T}escnption  of  the  Diagrams. 

A  sketch  on  a  very  small  scale  of  the  ]irimary  curves  of  the 
three  sodinm  series  is  given  in  Plate  VII.  fig.  4,  and  a  sketch 
of  their  derived  curves  is  given  in  fig.  5.  In  both  those  figures, 
as  in  the  diagrams  of  the  corresponding  hydrogen  curves  in 
Plate  VI.,  the  horizontal  lines  represent  the  oscillation- 
frequencies  of  the  successive  lines  of  each  series,  when 
measured  from  the  vertical  line  to  the  curve  belonging  to 
that  series.  A  small  circle  is  placed  round  those  dots  that 
correspond  to  lines  that  have  not  yet  been  observed,  and  the 
cross  on  the  upper  line  between  —500  and  —600  indicates 
the  distance  to  which  Professor  Hartley  has  succeeded  in 
photographing  in  the  ultra-violet. 

To  judge  what  the  approximation  is  that  has  been  obtained, 
imagine  each  of  the  diagrams  enlarged,  until  the  vertical  line 
becomes  ten  metres  long.  Each  of  the  diagrams  would  then 
occupy  the  side  of  a  large  house.  Even  on  this  immense 
scale  the  greatest  deviation  of  the  observed  ends  of  the 
horizontal  lines  from  the  curve  would  be  less  than  six 
niillimetres  in  the  case  of  Series  S,  would  be  under  three 
millimetres  in  Series  P,  and  would  be  only  a  fraction  of  a 
millimetre  in  Series  D.  Although  these  deviations  are  very 
small,  modern  spectroscopic  work  is  carried  out  with  such 
accuracy  that  they  may  not  be  attributed  to  errors  of  observa- 
tion, and,  accordingly,  we  are  justified  in  drawing  the  first 
and  second  of  the  inferences  on  p.  514. 


LIX.  A  Note  on  the  Electromotive  Forces  of  Gold  and  of 
Platinum  Cells.  By  E.  F.  Herroun,  Professor  of  Natural 
Philosophy  in  Queen's  College,  London*. 

IN  nearly  all  modern  text-books  of  Physics  the  metal  pla- 
tinum is  placed  after  gold  in  Volta's  Electropositive 
Series.  This  no  doubt  is  partly  owing  to  the  well-known 
fact  that  gold  is  attacked  by  chlorine  or  nitrohydrochloric 
acid  more  readily  than  platinum,  and  it  might  therefore  be 

*  Commimicatod  by  the  Physical  Society :  read  March  25,  1892. 
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reasonably  supposed  that  gold  evolves  more  heat  in  the  forma- 
tion of  its  chloride  than  does  platinum.  On  referring  to  the 
values  for  the  heats  of  formation  of  the  chlorides  of  these  two 
metals,  as  given  by  Julius  Thomsen*,  one  finds,  however,  that 
the  heat  attending  the  formation  of  auric  chloride  is,  per 
equivalent,  only  about  half  as  great  as  that  in  the  case  of 
platinic  chloride. 

Assuming  that  the  voltaic  constants  of  metals  are  deducible 
from  the  thermochemical  values  of  their  compounds,  the 
above  tacts  would  comj)el  us  to  regard  gold  as  more  negative 
than  platinum,  at  least  when  immersed  in  chloride  solutions. 
(The  same  observations  would  also  apply  if  oxygen  were  the 
attacking  medimn,  as  Thomsen  gives  the  heat  of  formation  of 
platinic  hydrate  as  a  considerable  positive  number,  while  that 
of  auric  hydrate  is  a  large  negative  quantity.) 

It  was,  therefore,  an  interesting  point  to  determine  how  far 
the  actual  electromotive  forces  obtained  with  gold  and  with 
platinum  agreed  A^dth  these  conclusions,  and  I  endeavoured  to 
find  records  of  the  electromotive  forces  of  cells  in  which  these 
metals  are  immersed  in  solutions  of  their  chlorides  opposed 
to  some  other  metal  in  a  solution  of  its  corresponding  salt. 
While  there  are  many  references  to  the  E.M.F.'s  set  up  in 
single  fluid  cells  in  which  platinum  is  one  of  the  metals  used, 
the  references  to  gold  are  scanty,  and  even  with  platinum  I 
have  only  succeeded  in  finding  one  recorded  measurement  in 
which  the  platinum  was  immersed  in  a  solution  of  its  own 
salt.  This  was  a  measurement  made  by  Wheatstonef,  in 
which  liquid  zinc  amalgam  was  opposed  to  platinum  in  a 
solution  of  platinic  chloride.  He  found  in  measuring  the 
E.M.F.  of  this  cell  that  it  required  40  turns  of  his  rheostat, 
as  compared  wiih  30  turns  required  for  a  form  of  Daniell  cell. 
Now,  assuming  his  Daniell  cell  to  have  had  an  E.M.F.  of 
1*09  volt,  the  value  in  volts  for  the  zinc  amalgam,  platinum- 
platinic  chloride  cell  would  be  1'453. 

In  a  list  of  the  potential  differences  between  different  metals 
and  graphite  simply  immersed  in  water,  Gotz  and  KurzJ 
give  the  values  0"48  volt  for  gold  and  0'37  volt  for  pla- 
tinum, the  value  for  zinc  and  graphite  being  1*37  volt. 
This  would  make  platinum  more  electronegative  than  gold  by 
O'll  volt ;  but  these  values  cannot  be  accepted  as  in  any 
degree  expressing  the  actual  electromotive  forces  concerned. 

Exner  and  Tuma§,  on  the  other  hand,  taking  carbon  =0, 

*  Thermochemische  TJntersuchungen,  iii.  pp.  412  &  430. 
t  Wheatstone's  Scientific  Papers,  p.  115. 
\  Electrotechnie  Zeit.  ii.  p.  30. 
§    Wien.  Ber.  xcvii.  p.  017. 
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give  Pt  =  0-03,  An  =  —  005,  which  appear  to  be  much 
more  probable  values,  and  make  ^old,  as  its  thermochemical 
data  require,  negative  as  regards  platinum. 

Under  these  circumstances  it  appeared  worth  while  measur- 
ing the  actual  E.M.F.  set  up  between  zinc  and  gold,  and  zinc 
and  platinum,  in  solutions  of  their  own  chlorides  of  equal 
molecular  strength. 

Zinc-Platinum  Cell. 

The  heat  of  formation  of  PtCl^  is  apparently  unknown,  but 
as  it  ap])ears  to  be  impossible  to  prepare  a  neutral  solution  of 
that  salt,  compounds  such  as  PtCl.i,2HCl  or  PtCl4,2NaCl 
must  be  substituted,  and  their  heats  of  formation  are  given 
by  Thomsen.  I  selected  the  latter  salt  on  account  of  its 
freedom  from  acid,  and  prepared  a  neutral  solution  having 
the  strength  of  •25(PtCl42NaOl)100H2O,  which  therefore  con- 
tained about  2'75  grams  of  Pt  in  100  cub.  centim.  of  solution. 

Thomsen  gives  for  [Pt,Cl.i,2NaCl,  aq]  the  value  73720 
+  8540  =  82,260  calories  ;  and  for  [Zn,Cl2,  aq]  the  value 
112,840  calories.  These  numbers  would  give  as  the  heat 
of  replacement  of  one  equivalent  of  platinum  by  zinc  the 
nett  heat  evolution  of  35,855,  which  is  equivalent  to  a  theo- 
retical E.M.F.  of  1-548  volt. 

A  cell  was  set  up  consisting  of  an  amalgamated  pure  zinc 
rod  immersed  in  a  solution  of  "25  ZnClolOOHgO,  o^jposed  to  a 
clean  platinum  plate, immersed  in  the  solution  of  sodio-platinic 
chloride  above  described.  The  two  solutions  were  separated 
both  in  this  and  other  expei'iments  by  an  ordinary  porous 
earthenware  pot,  and  the  E.M.F.  was  measured  by  balancing  it 
aoainst  a  difference  of  potential  by  Poggendorft's  method. 

The  standards  taken  w^ere  a  Latimer-Clark  cell,  which  was 
assumed  to  have  an  E.M.F.  of  1-435  volt  at  15°  C,  and  a 
chloride  of  silver  battery  (modified  De-la-Rue  cell),  which 
b}'  comparison  with  the  Clark  cell  was  found  to  have  an 
E.M.F.  of  1*045  volt.  I  find  this  cell  more  convenient  in 
usino-  Poggendorff's,  or  any  similar  method,  as  its  E.M.F  is 
not  appreciably  disturbed  by  its  sending  a  small  current,  or 
by  shakino-,  and  it  has  a  smaller  temperature-coefficient  than 
the  Clark  cell.  The  tem})erature  of  all  the  cells  used  in  these 
experiments  only  varied  between  the  narrow  limits  of  from 
12°  to  15°  C. 

In  one  experiment  the  zinc-platinum  cell,  when  first  set  up, 
(>ave  an  E.M.F.  of  1'IJ47  volt.  It  was  then  allowed  to  send 
a  current  through  a  low  external  resistance  for  five  minutes, 
and  after  further  resting  for  five  minutes  its  E.M.F.  was  again 
measured,  when  it  was  found  to  have  dropped  to  1'473  volt. 
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After  a  further  rest  of  about  ten  minutes  it  recovered  to  1*507 
volt,  at  which  vahie  it  remained  tolcrahly  constant.  Durinf^ 
the  passage  of  the  current  from  the  cell  the  platinum  plate 
became  covered  Avith  a  black  deposit  of  iinely  divided  platinum, 
and  I  thouoht  it  not  improbable  that  this  alteration  of  the 
surface  might  be  the  cause  of  the  marked  faHino-  otf  in  E,]\I.F.; 
but  on  removing  the  solution  surrounding  the  platinum  plate 
and  replacing  it  with  fresh,  the  E.M.F.  regained  its  initial 
high  value  although  the  surface  of  the  plate  had  not  been 
disturbed.  It  appeared  from  this  that  the  high  initial  value 
was  probably  due  to  oxygen  dissolved  in  the  liquid,  which  the 
platinum  would  be  very  apt  to  occlude  superficially,  and 
which  would  account  for  the  uncertain  values  of  the  E.M.F. 

Whatever  may  be  the  cause,  this  variability  renders  the 
measurement  of  the  E.M.F.  of  this  form  of  cell  very  difficult. 

In  other  experiments  values  as  high  as  1*7  volt  were 
obtained  on  first  setting  up  the  cell,  which,  after  sending  a 
current  and  resting,  fell  to  the  tolerably  stable  value  of  about 
1-525. 

Maximum  E.M.F.  =  1*70    volt. 
Minimum        ,,        =  1*473     „ 
Average  „  1*525     „ 

The  average  value  (1*525)  is  seen  to  be  slightly  lower  than 
the  E.M.F.  calculated  from  the  thermochemical  equation 
(1*548);  but  the  ditference  is  small  (•023  volt),  and  is  well 
within  the  limits  of  experimental  error  with  such  a  variable 
cell.  There  is  therefore  no  reason  to  assume  that  its  actual 
E.M.F.  departs  from  the  theoretical  value. 

Zinc- Gold  Cell. 

The  heat  of  formation  of  [Au,0l3.  aq]  is  given  by  Thomsen 
as  27,270  calories,  and  that  of  [Zn,0l2,  aq]  being  112,840, 
the  dilierence  per  equivalent  gives  2*044  volts  as  the  theo- 
retical E.M.F.  of  zinc,  displacing  gold  from  weak  solutions 
of  its  chloride. 

A  cell  consisting  of  an  amalgamated  zinc  rod  innnersed 
in  a  solution  of  zinc  chloride  having  the  strength  of 
•25ZnCl2l00H2O  opposed  to  a  plate  of  gold  in  a  solution  of 
auric  chloride  of  equal  molecular  strength,  was  set  up  and  its 
E.M.F.  immediately  measured.  It  was  found  to  give  an 
E.M.F.  of  1*855  volt,  and  after  actual  short-circuiting  for 
five  minutes  it  had  only  fallen  to  1*834.  These  values  were  in 
fact  the  extreme  limits  of  the  variations  that  1  have  observed 
on  repeating  the  experiment,  and  the  constancy  of  this  cell 
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contrasts  in  a  striking  manner  with  the  variabiUty  of  the  pla- 
tinum cells. 

Maximum  E.M.F.  =  1'855  volt. 
Minimum        ,,       =  1'834     ,, 


Mean       „       =  1-844 


j> 


Assumino-  the  thermal  values  for  gold  to  be  accurate,  the 
actual  E.M.F.  thus  measured  is  seen  to  be  '2  volt  below  the 
calculated  value  ;  or,  adopting  the  convention  suggested  by 
Messrs.  Wright  and  Thompson,  — 0'2  volt  is  the  thermo- 
voltaic  constant  for  gold  in  dilute  neutral  solutions  of  its 
chloride. 

When  a  i)latinum  plate  was  substituted  for  the  gold  plate 
and  immersed  in  the  gold-chloride  solution,  the  E.M.F.  of 
the  cell  thus  formed  was  found  to  be  1*782  volt,  /.  e.  less  than 
the  gold-gold  chloride,  but  greater  than  the  platinum-platinic 
chloride  cell  given  above. 

From  the  thermochemical  values  one  might  conclude  that 
platinum  would  be  capable  of  replacing  gold  from  gold 
chloride  ;  but,  so  far  as  my  experiments  have  gone,  I  have 
not  found  this  to  be  the  case,  nor  on  the  other  hand  is  gold 
able  to  replace  platinum  from  platinic  chloride,  which,  of 
course,  is  not  to  be  expected. 

When  a  plate  of  gold  and  another  of  platinum  are  im- 
mersed together  in  pure  water  or  in  dilute  hydrochloric  acid, 
the  gold  acquires  slightly  the  higher  potential.  If  strong- 
hydrochloric  acid  be  substituted  for  the  dilute,  the  direction 
of  the  difference  of  potential  becomes  doubtful,  and  on  the 
addition  of  nitric  acid  to  the  strong  hydrochloric,  so  as  to 
form  a(jiia  regia,  the  platinum  acquires  distinctly  the  higher 
potential,  and  if  the  outside  circuit  be  closed  on  a  gal- 
vanometer, a  very  decided  current  flows  from  the  gold  to  the 
])latinum  through  the  cell  (cf.  Ganot's  Physics,  article  on 
"  Electromotive  Series  "). 

Why  the  nascent  chlorine  combines  readily  with  the  gold 
where  it  evolves  but  little  heat  and  slowly  and  reluctantly 
with  the  platinum,  in  which  reaction  much  more  heat  is  dis- 
engaged, is  a  problem  which  at  present  appears  to  admit  of 
no  satisfactory  solution. 
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LX.   The  Action  of  the  Electric  /discharge  on  Gases  and 
Vapours.     By  C.  LuDEKiNG,  Pli.D.,  Leipsic* . 

I  HAVE  during  the  past  year  made  a  number  of  ex})eri- 
ments  on  the  action  of  the  electric  discharge,  as  fur- 
nished by  a  Ruhmkorff  coil,  on  gases  and  vapours  of  various 
substances  for  the  purpose  of  estabhshing,  if  possible,  whether 
or  not  electrolysis  takes  place. 

There  is  a  qualitative  difference  in  the  products  of  decom- 
l)Osition  that  collect  at  the  poles,  so  far  as  experiment  enables 
us  to  determine. 

The  apparatus  that  I  used  in  the  examination  of  water- 
vapour  was  suggested  by  Prof.  E.Wiedemann,  of  Erlaugen, 
and  may  be  briefly  described  as  follows : — 


A  flask.  A,  capable  of  holding  nearly  1^  litres,  is  filled  up  to 
the  neck  with  distilled  water  that  has  been  boiled  for  15  minutes 
immediately  previous  to  the  experiment.  It  is  furnished  with 
a  singly  perforated  good  cork,  carrying  a  large  tube  of  8 
millim.  internal  diameter,  which  serves  to  conduct  the  vapour 
from  the  flask  into  the  sparking-tube,  C  ;  this  tube  is  also 
8  millim.  in  internal  diameter.  The  two  delivery-tubes 
passing  from  it  are  60  millim.  apart.  The  vapour  coming 
from  the  flask  A  divides,  in  tube  C,  into  two  currents,  which 
pass  out  by  the  delivery-tubes.  The  electrodes  consist  of 
copper  wire  3^  millim.  thick  ;  they  have  flat  polished  ends, 
and  are  inserted  into  the  tube  C  gas-tight  by  means  of  rubber 
stoppers,  an  arrangement  that  permits  of  their  being  set  at 
various  distances  from  one  another.  They  are  placed  in  such 
positions  that  they  are  located  in  currents  of  vapour  travelling 
in  opposite  directions,  as  will  be  easily  understood.  By  this 
means  it  is  possible  to  ascertain  whether  or  not  there  is  a 
diflference  in  the  gases  separated  out  at  the  poles,  for  these 

*  Communicated  by  the  Author. 
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may  be  collected  and  analysed.  The  entire  sparking-tube  is 
encased  in  an  air-batli  capable  of  being  heated  above  100°  C, 
and  thus  preventing  any  condensation.  The  delivery-tubes 
are  tirmly  clamped  and  held  in  position  with  their  ends 
exactly  on  the  same  level.  This  is  effected  by  boiling  the 
contents  of  the  flask  when  only  about  three  fourths  full  of 
water,  and  collecting  the  gases  given  off  at  once.  If  the  tubes 
have  their  ends  exactly  on  the  same  level,  the  volumes  of  gas 
delivered  from  each  will  be  equal  to  one  another.  By  repeated 
trial  it  is  possible  to  accomplish  this  within  limits  entirely 
satisfactory.  The  water  in  the  trough  E  is  maintained  at 
90°  C.  or  upwards  by  means  of  a  current  of  steam,  in  order 
to  reduce  the  error  resulting  from  the  different  solubilities  of 
oxygen  and  hydrogen  as  much  as  possible. 

Each  experiment  lasted  from  three  to  four  hours,  during 
which  time  a  constant  current  of  steam  was  given  off  from 
the  flask  and  was  subjected  to  the  action  of  the  electric  dis- 
charge, leaping  over  various  intervals  between  the  electrodes. 
As  electromotive  power,  four  Grove  cells  of  Browning's  make 
were  used.  The  Ruhmkorff  coil  was  used  without  condenser, 
and  by  its  construction  could  give  only  a  feeble  extra  current, 
because  the  section  of  the  inducing  wire  was  very  large  and 
its  length  very  small  in  comparison  with  the  induced  wire.  A 
Geissler  tube  inserted  to  remove  the  extra-current  spark  did 
not  in  any  way  alter  the  results  obtained,  thus  substantiating 
my  anticipations  ;  consequently  it  was  unnecessary  to  resort 
to  the  usual  means  of  throwing  out  the  extra-current  spark. 

When  passing  the  spark  at  the  beginning  of  an  experiinent, 
while  there  is  still  air  in  the  apparatus,  it  is  surprising  to 
notice  how,  in  proportion  as  this  is  expelled  and  the  atmo- 
sphere becomes  more  and  more  one  of  pure  vapour  of  water, 
the  resistance  to  the  passage  of  the  spark  increases.  It  would 
seem  that,  just  as  pure  water  is  a  very  good  insulator,  so  also 
pure  water-vapour  offers  very  great  resistance  :  in  ftxct  it  is 
possible  to  obtain  sparks  three  times  as  long  in  air  as  in  pure 
aqueous  vapour. 

At  the  conclusion  of  each  experiment  the  gases  were  trans- 
ferred to  a  eudiometer,  and  analysed  in  very  much  the  same 
way  as  that  used  by  Perrot  (^Ann.  de  Cliim.  et  de  Phys.  vol.  xli. 
p.  161,  1861).  This  savant  conducted  a  great  number  of 
experiments  on  the  electrolysis  of  aqueous  vapour,  extending 
his  work  over  years  of  time. 

In  the  lio;ht  of  modern  theories  conceruino-  the  cause  of 
electrolytic  decomposition,  as  enunciated  especially  by  Arrhe- 
nius,  it  seemed  desirable  that  these  experiments  should  be 
repeated. 
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Without  entering  into  detail  I  think  it  \Yill  be  only  neces- 
i^ary  to  give  the  results  of  one  of  my  experiments,  which  I 
consider  very  successful,  and  which  ditt'ers  from  the  rest  only 
in  better  quantitative  results,  all  being  alike  qualitatively. 

In  the  experiment  alluded  to,  after  removal  of  the  hydrogen 
and  oxygen  present  in  proportion  necessary  to  form  water, 
the  residues  were  found  to  consist  of  excess  of  hydrogen — 
2*6  cubic  centim.  in  the  one  tube^  corresponding  to  the  nega- 
tive pole  ;  and  excess  of  oxygen,  1'7  cubic,  centim.  in  the 
other,  corresponding  to  the  positive  pole. 

From  the  arrangement  of  the  experiment  it  is  clear  that 
the  temperatures  of  the  electrodes  must  have  been  the  same 
and  constant,  i.  e.  100°  0. 

After  having  assured  myself  that  the  above  differences  in 
the  products  of  decomposition  of  aqueous  vapour  ])y  the  elec- 
tric discharge  exist,  I  experimented  next  on  hydriodic-acid 
gas,  dried,  and  passed  through  the  same  apparatus.  It  was 
found  that  in  this  instance  the  decomposition  took  place  very 
readily,  and  the  positive  pole  became  rapidly  covered  with 
iodine,  while  the  negative  pole  presented  a  perfectly  bright 
surface  of  copper.  One  of  the  products  of  decomposition 
being  a  solid  it  was  not  attempted,  of  course,  to  collect  the 
gaseous  product.  On  reversing  the  current,  the  poles  remain- 
ing in  the  same  position  and  having  been  previously  cleaned, 
the  same  phenomenon  was  again  observed,  the  iodine  appear- 
ing only  on  the  positive  pole.  The  temperature  of  sparking 
was  that  of  the  room.  But  a  few  minutes  were  necessary  to 
show  the  deposition  of  iodine.  By  this  experiment,  in  fact,  it 
is  remarkably  easy  to  show  the  distinctive  action  of  the  poles 
in  decomposing  vapours  to  a  large  audience.  It  is  onl}-  neces- 
sary to  fill  a  large  flask  having  two  tubulures,  of  the  accom- 
panying form,  for  example,  to  be 
found  in  any  chemical  laboratory, 
with  dry  hydriodic-acid  vapour, 
and  then  to  pass  the  discharge  for, 
say,  fifteen  minutes.  The  elec- 
trodes may  then  be  removed  and 
passed  round.  The  proof  is  thus  convincingly  furnished  that 
vapours  are  capable  of  polar  decomposition. 

When  the  spark  passes  through  the  hydriodic-acid  vapour, 
a  great  part  of  the  decomposition  is  of  course  due  to  thermal 
dissociation,  and  a  cloud  of  iodine  vapour  rises  from  between 
the  electrodes  at  each  discharge,  rendering  this  phenomenon 
very  apparent.  It  is  hardly  possible  to  separate  perfectly  the 
two  modes  of  decomposition  that  evidently  have  place  here, 
nor  to  understand  how  they  exist  side  by  side. 
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J.  J.  Thomson  (Phil.  Mag.  [5]  xxix.  pp.  358  &  441,  1890) 
finds  that  liydriodic-acid  vajjour  is  an  excellent  eonductor 
of  electricity.  He  experimented  by  passing  the  vapours  of 
his  substances  through  a  platinum  tube  heated  to  a  yellow 
heat  and  having  in  it  platinum  electrodes.  It  is  not  impos- 
sible that  Ave  have  here  in  part  a  true  electrolytic  decom- 
position, and  that  in  amount  it  is  in  direct  proportion  to  the 
conducting  power. 

A  pure  gas  is,  I  think,  not  electrolytically  decomposed  on 
the  passage  of  the  first  spark,  and  is  practically  a  non- 
conductor. However,  by  the  passage  of  the  first  spark  there 
is  produced  by  thermal  dissociation  a  mixture  of  gases  in  the 
])athway  of  the  discharge.  This  it  is  that  conducts  fairly  well, 
so  that  then  electrolysis  may  take  place.  The  conduction  of 
the  current  is  therefore  not  simultaneous  with  the  passage  of 
the  spark,  and  takes  place  only  during  a  short  time.  Conse- 
quently the  electrolytic  and  thermal  dissociations  are  not 
simultaneous.  The  partial  pressures  of  the  substances  elec- 
trolysed would  thus  be  reduced,  another  factor  in  the  pro- 
motion of  electrolytic  conduction. 

This  may  be  proved  experimentally: — By  taking  a  mixture 
of  the  original  gas  and  its  components  it  is  possible  to  effect 
an  electrolytic  decomposition  by  means  of  the  Ruhmkorff  coil 
without  the  passage  of  any  spark.  Such  a  mixture  was  pre- 
])ared,  and  the  electrodes  so  adjusted  that  no  spark  could  pass. 
Then  what  seems  to  be  an  electrolysis  was  effected,  iodine 
being  deposited  on  the  positive  pole.  That  this  iodine  was 
not  free  iodine  of  the  mixture  was  proved  by  leaving  it  out 
entirely,  and  making  instead  a  mixture  of  hydrochloric  acid, 
hydriodic  acid,  and  hydrogen.  Then  the  same  phenomenon 
was  observed. 

We  are  therefore  justified  in  the  conclusion,  arrived  at  also 
by  E,  Wiedemann  and  J.  J.  Thomson^  that  the  decomposition 
is  in  part  a  true,  electrolysis  after  the  manner  of  a  Grotthus 
chain.  At  least  this  is  one  interpretation  we  may  give  for  the 
present. 

We  have  therefore  to  do  with  an  imperfect  insulator,  and 
the  electrostatic  energv  is  oraduallv  transferred  between  the 
poles.  It  is  necessary  that  the  electromotive  force  should  be 
sufficient  to  decompose  the  chemical  compound,  as  otherwise 
no  decomposition  could  have  place,  but  only  conduction.  It 
would  seem,  further,  that  Thomson's  view  is  correct — that 
the  ease  of  decomposition  of  the  molecule  into  atoms  is  pro- 
portional to  the  conducting  power.  In  that  gases  at  ordinary 
temperatures  are  such  very  poor  conductors,  it  would  seem 
that  the  conductivity   is,   as   I  stated  above,   the    result    of 
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dissociation  by  the  discharo;o  and  the  consequent  diminution 
of  pressure.  1  do  not  think,  with  Thomson,  that  the  molecules 
cannot,  Avhile  the  atoms  can  conduct. 

I  think  I  have  shown  that  while  pure  hydriotlic-acid 
vapour  does  not  conduct  to  any  a])prcciabl(!  extent  at  ordi- 
nary tempiM-atures  when  pure  and  tlry,  it  does  conduet  when 
diluted  with  any  diluent.  Further,  that  electrolysis  of  vapours 
is  only  possible  to  any  appreciable  extent  when  the  mechanical 
action  of  the  spark  has  caused  such  dilution  of  the  pure 
substance  beforehantl  by  dissociating  it  in  part. 

Further,  1  made  an  extended  series  of  ex[)eriments  on  the 
action  of  the  electric  discharge  on  the  following  gases  and 
vapours  :  viz.  carbon  tetrachloride,  chloroform,  carbon  disul- 
phide,  silicon  tetratluoride,  marsh-gas,  oletiant  gas,  and  coal- 

Where  one  of  the  products  of  deconi})osition  is  a  solid,  it  is 
for  obvious  reasons  not  possible  to  use  the  apparatus  above 
described  to  show  a  polar  distribution  of  the  })roducts  of 
decomposition.  Now  all  these  substances  furnish  solid  de- 
posits excepting  silicon  tetrafiuoride,  which  was  not  decom- 
posed. 

The  hydrocarbons  yield  deposits  of  carbon,  and  therefore  il 
was  impossible  to  find  a  difference  in  the  gases  furnished  by 
our  apparatus.  However,  a  remarkable  fact  was  observed, 
which  I  believe  speaks  strongly  in  favour  of  actual  electro- 
lysis, in  the  case  of  hydrocarbons  especially.  It  is  that  the 
deposit  of  carbon  for  these  latter  always  grew  out  from  the 
positive  pole  in  a  way  that  would  indicate  its  having  been 
separated  out  at  that  pole  and  not  mechanically  projected 
against  it.  The  experiment  is  most  conveniently  made  with 
coal-gas,  and  the  sjjarking  done  in  a  cylinder  over  mercury. 
The  carbon  grows  from  the  positive  pole  in  form  of  a  very 
fine  filament,  very  hard  and  very  brittle,  and  possessing  most 
excellent  conducting  power.  The  film  is  very  thin,  indeed 
thinner  than  a  horse-hair.  On  examining  it  under  the 
microscope  it  is  found  to  be  toothed  in  a  very  regular  way, 
the  teeth  being  sharp  cones  projecting  tow^ards  the  negative 
pole.  The  deposit  could  not  possibly  have  been  formed  by 
mechanical  projection  of  the  carbon.  From  its  character  the 
carbon  has  not  been  carried  to  the  pole  and  deposited  there, 
but  is,  it  seems  to  me,  a  true  electrolytic  separation.  In  any 
other  way  than  this  it  would  be  difficult  to  explain  the  den- 
dritic forms.  Another  thing  that  speaks  against  the  mecha- 
nical projection  supposition  is  that  the  filament  is  a  mere 
slender  thread.     These  forms  have  the  greatest  likeness  to, 
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and  remind  one  very  much  of,  the  dendritic  forms  of  metals 
that  grow  out  from  one  pole  in  electrolysis  of  metallic  solu- 
tions, and  the  current  in  that  case  seems  to  act  just  in  the 
ame  way  as  in  the  gas. 

Finally,  when  a  slip  of  stiff  writing-paper  is  placed  between 
the  two  poles,  one  does  not  observe,  on  passing  the  discharge, 
a  blackening  of  the  side  of  the  paper  turned  towards  the 
negative  pole,  which  would  certainly  be  the  case  were  the 
carbon  deposited  hy  projection  on  the  positive  pole. 

There  is,  however,  some  carbon,  in  the  form  of  soot  that  can 
be  easily  wiped  off,  deposited  on  the  negative  pole,  though 
only  in  small  amount.  This  deposit  is  entirely  different  from 
that  on  the  positive  pole  both  in  quantity  and  quaUty,  and  I 
believe  it  is  a  true  projection-deposit.  Consequently  the 
action  of  the  electric  discharge  on  this  gas  is  not  simple,  but. 
as  might  be  inferred,  almost  a  priori,  of  complex  charactei-. 

Firstly,  and  chiefly,  we  have  an  electrolytic  decomposition 
by  virtue  of  which  the  carbon  is  deposited  in  a  well-conducting 
form  on  the  positive  pole;  and,  secondly,  we  have  the  dissocia- 
tion due  to  the  heat  of  the  discharge  alone,  which  in  quantity 
is  by  far  inferior  to  the  former.  By  the  heat  of  dissociation 
molecules  of  carbon  are  set  free  and  are  attracted  by  both  the 
poles  by  virtue  of  their  constant  static  charges. 

Concerning  the  hydrocarbons  examined — olefiant  gas, 
marsh-gas,  and  coal-gas — there  is  no  noticeable  diiference, 
qualitatively  at  least,  in  the  action  of  the  discharge,  so  that 
they  need  not  be  separately  considered.  The  deposition  of 
carbon  takes  place  more  rapidly  in  proportion  as  the  gas  con- 
tains a  higher  percentage  of  carbon  ;  thus,  under  the  same 
conditions  in  the  same  length  of  time,  more  carbon  is  deposited 
from  olefiant  gas  than  from  marsh-gas. 

The  volumes  of  the  two  gases  begin  to  increase  rapidly  at 
once  on  sparking,  and  very  soon  double  the  volume  of  the 
original  is  reached,  so  that  the  decomposition  is  no  doubt 
perfect.  This  result  seems  anomalous,  when  we  call  to  mind 
that  acetylene  is  formed  by  the  passage  of  the  discharge 
between  electrodes  of  carbon  in  an  atmosphere  of  hydrogen. 
We  are  forced  to  the  inevitable  conclusion,  which  is  rather 
interesting,  that  acetylene  is  not  formed  when  only  one  of  the 
electrodes  is  carbon,  and  that  it  is  necessary  that  both  the 
electrodes  be  carbon  in  order  that  it  be  formed. 

Further,  we  must  infer  that  it  is  very  probable  that  acety- 
lene is  itself  decomposed  entirely  when  the  two  electrodes  are 
metals  or  when  only  one  of  them  is  carbon. 

The  increment  in  volume  when  marsh-gas  and  olefiant  gas 
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are  subjected  to  the  electric  dischavoe  is  so  rapid  and  striking 
that  it  can  readily  be  demonstrated  to  a  large  audience  in 
lecture. 

The  carbon  se}iarated  out  from  each  of  these  gases  is  the 
same  in  kind  and  form.  Filaments  6  to  8  millini.  long  can 
be  readily  obtained  in  a  few  minutes,  and  on  continuing  the 
discharge  they  finally  connect  the  two  poles,  when  the  spark 
ceases.  The  growth  of  the  filament  is  entirely  avoided  by 
frequently  reversing  the  current. 

By  the  action  of  the  electric  discharge  on  vapour  of  chloro- 
form no  carbon  filaments  are  formed,  and  chemically  the 
decomposition  is  not  simple  in  character.  There  is  a  large 
amount  of  gas  formed  consisting  of  chlorine  (iodized  starch- 
paper  is  blued)  and  hydrochloric  acid  (the  gas  is  rapidly 
absorbed  in  part  by  water  and  the  aqueous  solution  is  strongly 
acid),  while  a  dark  red  liquid  is  observed  on  the  mercury  of 
the  eudiometer  due  to  the  solution  of  one  of  the  products  of 
decomposition  in  excess  of  the  chloroform.  A  further  exami- 
nation of  this  was  not  attempted. 

An  exact  measurement  of  the  increment  in  volume  of 
vapour  was  out  of  the  question,  owing  to  the  action  of  the 
chlorine  formed  on  the  mercury  of  the  eudiometer. 

Carbon  tetrachloride  is  decomposed  very  slowly  indeed  by 
the  discharge.  As  in  case  of  chloroform,  so  here  also  no 
carbon  filament  is  formed,  while  the  rate  of  decomposition  is 
entirely  different  from  that  of  chloroform.  A  voluminous 
yellow  deposit  is  observed  on  the  walls  of  the  eudiometer 
around  the  negative  pole  and  chlorine  is  set  free,  as  appears 
by  the  starch  test.  The  gaseous  products  of  decomposition 
are  not  rapidly  absorbed  by  water,  as  was  the  case  with 
chloroform.  A  black  deposit  is  observed  on  the  surface  of 
the  mercury.  Unquestionably,  therefore,  it  follows  from  all 
this  that  the  decomposition  of  carbon  tetrachloride  by  the 
electric  discharge  is  by  no  means  simple  in  character. 

When  the  electric  discharge  acts  upon  the  vapour  of  carbon 
disulphide  the  volume  diminishes  rapidly.  The  vapour  of 
this  substance  offers  an  enormous  resistance  to  the  passage  of 
the  discharge.  When  the  poles  are  only  I  millim.  apart  only 
very  few  sparks  pass  through,  the  discharge  taking  its  course 
outside  round  the  eudiometer  through  the  air,  a  distance 
twenty  to  thirty  times  as  great,  a  proof  that  the  vapour  of 
carbon  disulphide  is  an  almost  perfect  insulator.  In  the 
course  of  the  discharge  a  grey-blue  smoke  is  observed  which 
gradually  pervades  the  entire  volume  of  the  vapour.  Here, 
then,  we  have  no  noticeable  evidence  of  electrolysis  taking 
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place.  The  plionomenon  seems  to  be  :i  heat-dissociation  pure 
and  simple.  There  is  deposited  on  both  the  poles,  not  the 
black  conducting'  modification  of  carbon  as  in  the  case  of 
marsh-gas  &c.,  but  a  grey  nonconducting  matter  around 
which  the  discharge  leaps  as  it  })asses  from  wire  to  wire. 

The  a})pearance  of  the  same  character  and  quantity  of 
deposit  on  each  of  the  ])oles  is,  to  my  mind,  conclusive 
evidence  that  we  have  to  do  here,  not  with  an  electrolysis,  but 
with  a  heat-dissociation  alone.  I  should  make  it  a  cardinal 
requirement  for  a  phenomenon  of  this  kind  that  the  deposits 
on  the  poles  be  synunetrical  and  of  equal  amounts.  By  the 
heat-dissociation  the  molecules  of  carbon  are  liberated  along 
the  entire  course  of  the  discharge,  and  are,  as  the  static 
charges  of  the  poles  are  ecjual,  attracted  simply  in  one  half  of 
the  field  to  the  one  ])ole  and  in  the  other  half  to  the  other 
pole. 

The  sulphur  molecules  liberated  at  the  same  time  are,  on 
account  of  the  great  heat,  not  dcjiosited  on  the  poles.  Indeed 
in  this  decomposition,  a  yellow-brown  mass  is  deposited  on 
the  sides  of  the  tube  which  is  nothing  else  than  the  sulphur 
condensed  there. 

Silicon  tetrachloride  does  not  appear  to  be  acted  on  at  all 
by  the  discharge.  Attempts  were  made  to  electrolyse  the 
haloid  compounds  of  mercury  in  form  of  vapour.  The  results 
were  all  negative,  which  mav.  however,  be  owino-  to  the  great 
diiriculties  encountered  in  carrying  out  the  experiments. 

It  would  seem,  finally,  that  some  of  the  })henomena  described 
are  true  electrolyses  in  part.  Others  seem  to  be  '*  Thermo- 
lyses,"  that  is,  the  compounds  are  simply  dissociated  by  the 
heat  of  the  discharge.  The  ]n-edilection  of  the  atoms  thus 
liberated  for  electricity  of  difi'erent  kinds  would  nuike  them, 
like  ])ith-l)alls,  fly  to  the  })ole  having  the  charge  opposite  their 
own.  and  thus  give  the  entire  ])henomenon  the  a})pearance  in 
all  respects  of  a  true  electrolysis,  while  in  reality  there  is  the 
greatest  possible  difference. 

It  is  very  difficult  to  separate  the  "  Thermolysis "  from 
electrolysis  in  the  experiments  I  have  described,  and  the 
phenomena  indicate  that  in  most  cases  described  they  go  hand 
in  hand 
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and  W.  E.  Lilly;  Whitiv.  Exhib.* 

ON  com] taring  tlio  energy  of  a  condenser  eliarged  with  a 
certain  quantity  of  electricity,  first  as  a  simple  air- 
condenser,  and  secondly  when  a  dielectric  sheet  of  greater 
specific  inductive  capacity  is  introduced  betw^een  the  plates, 
we  at  once  see  that  the  energy  in  the  second  case  is  less  than 
in  the  first  :  since  the  energy  equals  i  QV,  and  V  the  differ- 
ence in  potential  between  the  ])lates  is  less  after  the  sheet  is 
introduced  than  before,  Q  the  t[uantity  of  electricity  being  the 
same  in  both  cases. 

In  consequence,  if  a  sheet  of,  say,  sulphur  l)e  introduced 
between  the  plates  of  a  charged  condenser,  it  should  be  acted 
on  by  a  force  tending  to  suck  it  in  between  the  plates.  In 
short,  the  electric  energy  in  the  system  being  less  after  the 
introduction  of  the  sulphur  than  before,  work  must  have  been 
done  by  the  electric  forces  during  the  operation. 

The  first  experiments  made  Avere  directed  towards  proving 
this  deduction  from  simple  theory,  and  they  conclusively 
showed  that  such  a  force  existed. 

The  lines  of  force  in  a  condenser  run  from  one  plate  to  the 
other,  so  that  here  the  movement  takes  place  at  right  angles 
to  these  lines  of  force.  But  it  must  be  remembered  that  at 
the  edge  of  the  condenser  the  lines  of  force  are  curved  out- 
wards, more  especially  if  a  sheet  of,  say,  sulphur  is  introduced 
there,  and  these,  tending  to  contract,  draw  the  sheet  inwards. 

The  amount  of  this  force  depends  on  the  specific  inductive 
capacity  of  the  dielectric  of  wliicli  the  sheet  is  made,  so 
that  by  observing  the  force  we  may  determine  this  quantity 
for  any  given  substtmce. 

It  is  more  convenient,  in  making  experiments  for  this  pur- 
pose, to  keep  the  diif'erence  in  potential  of  the  plates  constant 
by  means  of  some  source  of  electromotive  force  such  as  a 
storage  battery,  than  to  keep  the  charge  constant ;  let  V  be 
this  difference  measured  in  electrostatic  units.  Then  to  find 
the  force  in  terms  of  K,  the  specific  inductive  capacity  of  the 
sheet,  suppose  the  sheet  (fig.  1)  to  be  withdraw-n  a  certain 
distance  x  :  the  work  done  equals  the  energy  pumped  back  to 
the  battery  through  the  consequent  diminution  of  the  charge 
of  the  condenser.  Let  E,  E^,  and  E/  be  the  energy,  per  cubic 
centimetre  of  the  sheet,  of  the  air  between  the  plates,  and  of 
the  air  between  the  sheet  and  the  plates  ;  and  if  the  thickness 
of  the  sheet  be  a,  and  the  distance  apart  of  the  plates  be 
(a  +  h).  then,  provided  the  sheet  is  long,  and  well  in  between 
*  Communicated  by  the  Authors. 
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the  plates  so  as  to  avoid  changing  all  edge  effects, 

where  /  is  the  dimension  of  the  sheet, 
siipposed  rectangular,  perpendicular  to  the 
paper. 

To  find  in  terms  of  V  and  K,  we  have 


E,=^/l^  E/= 


/'2 


and 

where /,/i,  and//  are  the  electric  forces 
in  the  sheet,  in  the  air  between  the  plates, 
and  in  the  air  between  the  sheet  and  the 
plates,  Ki  being  the  specific  inductive 
capacity  of  air. 


Then 


F: 


V^(K-Ki)aZ 
87r(a+  ^b\a  +  b) 


The  form  of  apparatus  we  employed  in  our  experiments  had 


the  condenser  plates  horizontal. 
The  dielectric  sheet  was  formed 
into  a  double  fan-shaped  needle, 
and  supported  horizontally  by  a 
bifilar  suspension.  Two  pairs  of 
condenser-plates,  as  shown  in 
fig.  2,  were  used  so  as  to  insure 
a  torsional  couple,  the  two  upper 
and  the  two  lower  being  for  con- 
venience connected  together. 

It  is  of  course  immaterial 
whether  the  upper  plates  are  po- 
sitive or  negative,  the  deflexion 
always  being  in  the  same  direc- 
tion. In  making  the  experiment 
the  condenser-plates  are  con- 
nected up  with  a  soiu'ce  of  elec- 
tricity, such  as  a  battery  of 
storage-cells,  and  the  deflexion 
of  the  needle  on  coming  to  rest 
noted  by  means  of  a  mirror  and 
spot  of  light  in  the  u?;ual  way. 
To  find  the  torsional  moment  in 
terms  of  the  electric  quantities 
involved,  the  force  on  each  ele- 
ment of  edge  area  of  the  needle 


Fi-.  2. 


£"K 


^2^: 


-■^jj^y/M 


Elevation. 


Plau. 
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must  be  multiplied  by  its  distance;/  from  the  centre,  and  sum- 
mated  between  points  situated  ap})roximately  at  the  ends  of 
the  needle  and  at  the  inside  edge  of  each  condenser-plate. 


where  2/  is  the  length  of  the  needle,  and  2/'  the  diameter  of 
the  central  opening  for  the  liifilar  suspension. 

This  is  to  be  equated  with  W<7  -r-  sin  <^,  the  torsional  moment 

of  the  bitilar  suspension  ;  W  being  the  weight  of  the  needle, 
g  the  acceleration  of  gravity,  m  and  n  the  upper  and  lower 
distances  apart  of  the  threads,  //  their  length,  and  ^  the  angle 
turned  through. 

Thus  the  sine,  or,  if  the  deflexion  is  small,  the  angles  turned 
through  should  be  pro])ortional  to  the  square  of  the  electro- 
motive force  applied  to  the  plates.  This  was  in  complete 
agreement  with  our  experiments  on  sulphur.  Some  experi- 
ments, however,  made  with  a  light  ebonite  needle  gave  angles 
of  deflexion  lying  between  the  square  law  and  a  directly  pro- 
portional law.  This  discrepance  was  probably  due  to  the 
unreliability  of  the  bifilar  method  of  suspension. 

To  calculate  K,  we  have 

K-K  r^l+^^'^'j    where  A-  ^•^•M«  +  ^)'^. 
^-^^'W^-KhV  ^^^^^  ^-      ha{P-l")Y' 

The  mean  of  several  sets  of  experiments  on  sulphur  gave 
the  value  K  =  2*56  ;  but  as  our  object  was  more  to  demon- 
strate the  practicability  of  the  method  than  to  value  K,  we 
did  not  make  arrangements  for  very  accurately  determining 
the  quantities  involved,  and  consequently  we  can  put  no  great 
reliance  on  this  number.  Indeed,  without  a  careful  physical 
and  chemical  examination  of  the  specimen  of  the  substance 
under  examination,  a  great  degree  of  refinement  is  of  little 
use,  a  fact  too  often  lost  sight  of. 

A  considerable  time-lag  was  always  noticed  on  reversing 
the  polarity  of  the  condenser-plates.  That  is  to  say,  the  spot  of 
light  would  go  back  towards  zero  a  few  divisions  on  reversing 
and  then  slowly  creep  up  to  the  former  value.  It  ultimately 
always  came  up  to  approximately  the  same  value  as  before 
reversing,  thus  exhibiting  little  or  no  dielectric  hysteresis. 

By  applying  a  rapidly  alternating  source  of  electromotive 
force  to  the  condenser-plates  an  approximation  towards  the 
"  instantaneous  value  "  of  K  may  thus  be  obtained.  In  fact 
the  method   is   particularly   suited   to   this   purpose.       Some 
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experiments  made  gave  result?  varying  from  2*33  to  2'47  ; 
but  the  alternator  emplo3'ecl.  heing  driven  by  an  old  type  of 
gas-engine,  ran  very  unevenly  and  rendered  observations 
difficult. 

In  this  case  it  is  the  average  value  of  the  square  of  the 
electromotive  force  which  is  required  in  calculating  K,  and 
this  was  obtained  directly  by  employing  a  Cardew's  voltmeter 
for  determining  the  difference  in  ])otential  of  the  plates. 

One  of  the  advantages  in  the  method  described  in  this 
paper  is  the  possible  avoidance  (not  realized,  however,  in  the 
form  used  by  us)  of  all  doubtful  approximate  calculations.  It 
is  in  this  respect  analogous  to  a  method  much  advocated  by 
Lord  Kelvin  for  determining  the  magnetic  permeability  of 
iron. 

When  suitably  modified  for  the  necessary  diminutive  size, 
it  appear?*  also  well  adapted  for  such  determinations  as  the 
specific  inductive  capacity  of  crystals  in  different  directions. 

We  have  much  pleasure  in  thanking  Prof.  FitzGerald  for 
his  suggestions  and  help  on  many  points  which  arose 
throughout  our  investigations. 

LXII.    On  the  Difference  of  Potential  at  the  Contact  of 
Mutually  Reacting  Liquids.     By  J.  Brown  *. 

1.  ¥N  1889  I  began  an  investigation  into  the  difference  of 
X  potential  at  the  contact  of  liquids,  including  aqueous 
solutions  of  electrolytes  ;  my  object  being  to  determine  the 
connexion,  if  any,  between  this  difference  of  potential  and  the 
chemical  reaction  of  the  liquids  on  one  another.  As  circum- 
stances may  for  some  time  prevent  a  return  to  this  work,  it 
seems  well  to  make  known  what  came  of  it,  even  though  in  a 
somewhat  unfinished  state. 

The  method  employed  was  a  modification  of  that  of  Exner 
and  Tumaj  in  their  experiments  on  the  contact  potential  of 
metals  and  liquids,  where  the  potential  of  a  cylinder  of  filter- 
paper  saturated  with  the  liquid  is  ascertained  by  means  of  a 
funnel  dropping  mercury  from  a  point  in  the  interior  of  the 
cylinder.  I  used  a  water-dropping  funnel  as  less  likely  to 
cause  irregular  indications  by  the  action  of  gases  on  the 
issuing  liquid,  and  as  obviating  the  need  of  any  correction  for 
frictional  electrification  of  the  liquid  at  the  nozzle.  In  the 
first  apparatus  employed,  two  cylinders  or  rolls  of  filter-paper 
were  held  in  two  short  vertical  glass  tubes  of  about  2  centim. 
diameter  mounted   on  paraffin   insulators.     These    cylinders 

*  Comniimicated  by  the  Author. 
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were  saturated  with  the  liquids  to  be  tested,  and  contact 
between  them  was  niaile  either  by  a  strip  of  the  same  paper, 
across  which  the  two  hqnids  soaked  till  they  met,  or  by  an 
arrangement  consisting  of  two  small  funnels  with  fine  drawn- 
out  ends  like  those  shown  in  fig.  2.  These  contained  the  two 
sohitions  connected  by  strips  of  filter-pa})er  with  their  re- 
spective cylinders.  As  the  liquids  flowed  out  from  the  fine 
ends  of  the  funnels  they  came  in  contact  with  continuously 
fresh  surfaces,  thus  providing  a  continuous  renovation  of  the 
surljaee  of  contact  and  preventing  any  possible  permanent 
modification.  I  am  not  able  to  say,  however,  that  this  gives 
a  result  sensibly  different  from  the  simple  paper  connexion. 

The  water-dropping  testing  funnel  was  provided  with  a 
stopcock,  and  its  nozzle  had  three  fine  jets.  By  means  of  an 
insulated  adjustable  support  this  nozzle  could  be  placed  at  will 
in  the  interior  of  either  paper  cylinder.  The  water  in  it 
was  connected  to  the  electrometer- key  by  an  immersed 
platinum  plate.  To  make  a  test,  the  two  cylinders  A,  B  were 
prepared  and  connected  as  described  above,  and  an  earthed 
platinum  strip  was  placed  in  contact  with  A.  The  funnel 
jet  was  then  allowed  to  discharge  in  the  interior  of  the 
cylinder  A,  and  the  difference  of  potential  between  its  platinum 
connexion  and  that  of  A  measured  by  deflexion  on  the  Thomson 
electrometer.  This  deflexion  of  course  includes  measurement 
of  any  contact  difference  at  platinum-liquid  connexions.  The 
funnel  jet  was  then  changed  to  B,  and  the  deflexion  again 
noted.  The  difference  of  these  deflexions  was  taken  as  the 
contact  difference  of  potential  A/B  of  the  two  liquids. 

2.  The  first  few  experiments  made  with  this  apparatus  were 
based  on  the  assumption  that,  as  the  oxidation  of  a  metal  by 
an  electrolyte  electrifies  the  metal  negatively,  the  raising  of 
a  salt  from  a  lower  to  a  hioher  oxide  or  chloride  mioht  have 
the  same  effect.  Strong  solutions  were  used,  but  tht»  exact 
strength  was  not  ascertained. 

T.iBLE  I. 


Positive. 

Negative. 

E.M.F. 

1. 

2. 

5! 

4. 
5. 
6. 

17. 
'  8 

Ferrous  Sulphate 

Arsenious  Acid 

Stannous  Chloride    ... 
Ferric  Chloride 

Hydrogen  Peroxide 

•07,  -07  volt. 

Potassium  Permanganate... 
Water  +  dissolved  U.vygen  . 

Potassium  Bichromate 

Iodine  and  \\'ater 

•OG,  -08  „ 
•04  „ 
■07      ,. 

•10,  12  „ 
•03  ., 
•07  „ 
•20     „ 

Mercuric  Chloride    

Sulphurous  Acid  

Hydrogen  Sulphide 

1 
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In  these  well-known  reactions  the  working  hypothesis 
stated  above  is  contradicted  by  all  except  No.  7.  In  No.  8, 
thouoh  chlorine  is  transferred  from  left  to  right,  sulphur  is 
eliminated  from  the  hydrogen  sulphide  and  there  is  thus  a 
complicated  reaction. 

3.  A  number  of  experiments  were  now  made  in  the  hope  of 
gaining  some  insight  into  the  kind  of  results  to  be  obtained 
from  the  contact  of  two  solutions  between  which  double 
decomposition  occurred  on  mixing.  After  some  trials  of  a 
tentative  kind  witli  solutions  of  unknown  proportions  which 
gave  discordant  and  unsatisfactory  results,  the  remainder 
were  made  with  solutions  containing  equivalent  proportions. 
At  first  the  apparatus  already  described  was  used,  and  the 
numbers  obtained  with  it  will  be  found  in  column  A,  Table  II. 
It  did  not,  however,  seem  quite  satifactory,  and  I  constructed 
another,  which  is  represented  diagrammatically  in  fig.  1  one 
ninth  actual  size.  Two  glass  cylinders  A,  B,  about  11  centim. 
long  by  2  centim.  diameter,  were  supported  in  holes  in 
a  paraffin  bridge  C  by  means  of  tight  rubber  bands  i,  k. 
The  liquids  to  be  tested  were  applied  by  means  of  pipettes 
to  the  interior  of  these  cylinders,  or  to  paper  rolls  supported 


Fiff.  1. 


Fig.  2. 


on  shorter  glass  cylinders  which  were  occasionally  used 
instead  of  them.  Contact  was  made  between  two  little 
pools  of  the  liquids  on  the  top  of  the  glass  stand  D,  each 
connected  to  the  liquid  on  its  cyHuder  by  a  strip  of  filter 
paper,  or,  in  the  case  of  corrosive  liquids,  by  a  tuft  of  asbestos. 
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Sometimes  this  arrangement  was  replaced  bv  a  pair  of 
funnels  (fig.  2),  as  described  above,  carried  in  holes  in  the 
bridge  C  between  the  cylinders  A,  B.  A  second  bridge  H, 
also  of  parathn,  carried  two  tri})le-jet  funnels  E,  F  with  stop- 
cocks as  shown.  The  water  in  each  was  connected  to  one 
terminal  of  the  electrometer-key  by  means  of  wires  enclosed 
in  glass  tubes  and  joined  by  platinum  wires  to  the  platinum 
plates  m,  n.  The  bridge  H  could  be  raised  vertically  upwards, 
sliding  on  the  frame  of  the  apparatus,  so  as  to  lift  the  jets 
clear  of  the  cylinders,  thus  giving  room  for  the  supply  of  the 
solutions.  This  also  provided  for  the  reversal  of  the  bridge 
C,  which  could  be  turned  end  for  end  ;  so  that  by  taking  the 
mean  of  observations  in  the  two  positions,  any  errors  in  the 
funnel  part  of  the  arrangement  might  be  eliminated. 

4.  To  make  an  experiment  with  this  apparatus,  the  cylinders 
having  been  wetted  with  the  given  liquids,  one  being  to  earth, 
and  contact  between  them  having  })een  established,  the  funnels 
were  lowered  into  position,  the  stopcocks  turned  on  so  as  to 
start  the  flow  of  the  jets,  and  the  deflexion  read  in  the  usual 
way  by  two  reversals  on  the  electrometer.  The  flow  was 
then  stopped,  the  funnels  raised  out  of  the  way,  the  bridge  C 
reversed,  the  funnels  lowered,  re-started,  and  a  second  reading 
taken.  A  third  reading  with  the  bridge  C  in  the  original 
position  completed  the  observation,  and  the  mean  of  the  three 
readings  was  taken  as  the  true  difference  of  potential.  The 
results  obtained  with  this  apparatus  are  given  in  column  B, 
Table  II.  In  this  table  the  formulse  represent  gramme- 
molecules  ;  the  affix  Aq.  represents  1  gramme  of  water.  Column 
H  contains  the  heat  equivalent  of  the  reaction  according  to 
Thomsen's  data. 

Table  II. 


Positive. 

Negative. 

H. 

A. 

B. 

9. 

FeCl..     250  Aq. 

K,S 

250  Aq. 

12870 

•17 

10. 

FeCl.^     500    „ 

K„S 

250     „ 

„ 

•11 

11. 

FeCl.,  1000    „ 

k!s 

1000     „ 

II 

•18 

12. 

CdCL  1000    „ 

K^S 

1000    „ 

27150 

i  Variable  and 
\      rever.sing. 

} 

? 

13. 

CdCl,  1000    „ 

K,I, 

1000     „ 

3920 

•07 

•06 

14. 

CdCL,  2000    „ 

K.,I, 

2000     „ 

„ 

•03 

15. 

HgCi,  am)  „ 

k.j! 

6000     „ 

267.50 

■06? 

16. 

HgCl,  600(J    „ 

K,8 

(iOOO    „ 

46070 

•08 

17. 

HgCl^OOOO    „ 

K,S 

3000    „ 

„ 

•04 

18. 

PbCl,  40(X)    „ 

K.,S 

4000    „ 

33500 

•10 

19. 

H.,C1.,  7000    ,. 

BaH^O, 

7000     ., 

27780 

■07 

•096 

20. 

H,C1.,  1000     „ 

Na.H^O, 

1000    „ 

27490 

•003 

21. 

CuCl,  1000    „ 

Na^H^O, 

1000    „ 

12570 

Variable  and 
\     reversing. 



•10? 

22. 

K,I,. 

I,CI, 

40640? 

■  ;^2o 
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5.  In  the  course  of  these  experiments  it  became  very 
evident  that  concordant  and  n^lialjlo  results  were  difficult  to 
obtain,  partly  on  account  of  the  smaliness  of  the  forces  to  be 
measured,  and  partly  from  a  difficulty  in  ascertaining  the 
exact  origin  of  these  forces  so  as  to  arrange  the  experiment 
in  accord  with  them.  Even  the  sign  of  the  electrification 
sometimes  reversed  during  the  experiment,  as  in  Nos.  12  and 
21.  The  results  must  therefore  be;  taken  as  only  tentative, 
but  in  so  far  as  thev  may  be  considered  ap})roximate  thev 
suggest  the  following  conclusions  : — 

(i.)  There  is  no  clear  connexion  ap[)art'nt  between  the 
observed  electromotive  forces  and  the  heat  equivalents  of  the 
reactions  ;  but  the  amount  of  water  present  seems  to  have  an 
etfect,  either  by  the  dilution  of  both  solutions  equally  or  one 
more  than  the  other. 

(ii.)  Th(^  sign  of  the  electrification  may  depend,  however, 
on  the  following  considerations.  When  double  decomposition 
occurs  at  contact  of  solutions  of  two  substances,  one  of  which 
consists  of  an  anion  a  and  cation  c,  and  the  other  of  an  anion 
a'  and  cation  c',  the  products  of  the  reaction  being  ac'  and  a'^, 
then  the  solution  ac  will  be  positive  if  the  combining  heat 
a',c  is  greater  than  d^a  ;  and  vice  verm. 

This  hypothesis  appears  to  conform  to  the  following  view 
of  the  kind  of  molecular  action  that  may  take  place.  In  the 
case,  for  instance,  of  the  reaction 

FeGl2  +  K2S  =  K2Cl2  +  FeS, 

the  heat  equivalent  Ko,Cl2  being  greater  than  Fe,S,  the 
molecules  just  before  actually  double-decomposing  might  be 
supposed  to  become  polarized  by  the  attraction  between  Kg 
and  CI2,  and  so  cause  an  electrification  of  the  opposite  ends 
of  the  svstem, 

-fFeCloKgS-, 

similar  to  that  conunonly  associated  with  such  a  system  as 
-|-FeCl2  potassium  — . 

Although  this  hypothesis  receives  support  from  nearly  all  the 
experiments  in  Table  II.,  and  also  from  several  of  tlie  pre- 
liminary experiments  not  given  in  the  table,  it  can  scarcely 
be  regarded  as  more  than  tentative,  pending  results  of 
experiments  under  conditions  of  a  more  varied  character. 

0.  In  most  of  the  numerous  investigations  already  pub- 
lished dealing  with  contact  potentials  of  liquids  the  potentials 
of  the  liquids  were  tested  by  means  of  a  metallic  connecting 
pole  of  ])latinum,   mercury,   or   other  such  substance.     The 
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electrolytic  or  voltaic  effect  of  any  action  betAveen  the  liqnid 
and  this  immersed  pole  has  been  ionored,  and  an  error  of 
unknown  amount  has  thus  been  introduced.  There  are,  how- 
ever, two  series  of  experiments  besides  those  of  Exner  and 
Tunia  mentioned  above  in  which  this  error  has  been  avoided. 
In  1880  Ayrton  and  Perry*  described  an  apparatus  for  the 
investigation  of  the  potential  of  liquids  in  contact,  by  their 
inductive  action  on  plates  of  gilt  brass  held  close  above  their 
surfaces.  In  1883  Bichat  and  Bloudlotf  published  an 
ingenious  method  involving  the  dropping  of  one  of  the  liquids 
from  a  funnel  whose  jet  was  within  a  cylinder  kept  moistened 
by  the  other. 

Partlv  from  consideration  of  the  la  roe  and  striking  character 
of  the  results  obtained  by  these  authors  with  strong  acids,  and 
partly  in  the  search  of  a  possible  simplification  of  the  problem, 
1  have  tested  a  series  of  pairs  in  which  acids  and  strong 
aqueous  solutions  of  variotis  kinds  were  tried  against  water ; 
the  object  being  to  ascertain  whether  the  observed  effects  have 
any  connexion  with  the  lieats  of  solution  or  dilution  of  these 
substances.  The  residts  are  given  in  Table  III.,  in  which  the 
first  coliunn  contains  the  formulae  of  the  substances  tested, 
with  the  water  of  solution,  if  any  ;  the  second  column  con- 
tains the  residts  of  the  experiments,  stated  separately  ;  and 
the  third  the  heats  of  solution  or  dilution  for  the  number 
of  H2O  molecules  stated,  as  given  by  Thomsen.  The  heats  of 
dilution  for  jjotassium  nitrate  and  chlorate  are  not  availa])le 
but  are  probably  negative  since  the  heats  of  solution  of  the 
anhydrous  salts  are  negative. 

A  comparison  between  the  numbers  in  the  third  and  fourth 
columns  shows  that  in  the  case  of  positive  heats  of  solution 
there  is  a  rough  agreement  between  their  amounts  and  those 
of  the  observed  electromotive  forces,  while  with  negative 
heats  the  results  appear  variable  and  indefinite. 

7.  Table  III.  gives  also  a  test  of  an  hypothesis  current 
among  German  physicists,  which,  premising  that  the  ions 
are  oppositely  electrified,  states  that  "  water  must  show  against 
every  electrolytic  solution  the  potential  of  the  faster  ion." 

I  have  placed  after  each  radical  a  number  proportional  to 
this  "  ionic  velocity,"  according  to  F.  Kohlrausch,  as  quoted 
in  the  Report  of  the  British  Association  Electrolysis  Com- 
mittee for  1887 +.  It  appears  that  out  of  the  fourteen  pairs 
tried,  in  the  four  cases  numbered  'I'o,  27,  36,  37  water  takes 
what  would  be  assumed  according  to  the  above  hypotheses  as 

*  Phil.  Trans.  Itf80,  p.  15. 

t   Comptcn  Re-ndus,  xcvii.  pp.  VlO'l,  \29-j, 

X  B.  A.  Itepoit  (1887;,  pp.  338,  354. 
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Table  III. 


Negative  to  Water. 

Difference  of 
Potential  in  Volts. 

Heat  equivalent. 

•^3 

Ha'^^JSO^t"'     

l-58,l-36, 1-40, 1-36. 

17641  c.  for  799H,0. 

•?4 

H,("»)N,0«(") 

102. 

14986        „  640     „ 

25. 

H,("2)0U(")+about4H,O. 

•79,    -63. 

about6300„   300     „ 

26. 

Zn(2*)CV*)+5H20 

•20,     09,    -21. 

8020       „  400    „ 

27. 

Nat^-'NPc'"' +  1211,0   ... 
Positive  to  Water. 

•08,     02,    ^22? 

-4192       „  400    „ 

28. 

Na2(='^)HA''"'+6H,0  ... 

•28,    -21. 

5880       „  200    „ 

29. 

„        sat.  solution    

19,  diminishing. 

30. 

K,J'->H^0^i^"^+6B.fi    ... 

•21,    ^20. 

5502       „  200    „ 

31. 

Cul^^)C],('*' sat.  solution... 

■15,    ^07. 

4510       „  200    „ 

32. 

Ou(i-)SOi(")           

•01. 

33. 

+6OH2O 

•03,     03. 

116       „   200    „ 

34. 

Zn(i2)SO4(">+20H„O 

•02,     03. 

390       „  200    „ 

35. 

Na2(3-)SO,("J+50H2O     ... 

•02.    -19. 

-1383        .,   400    „ 

36. 

Ko'^^'N^Oe'"'    

Variable,  small. 

Probably  negative. 

37. 

Indifferent  to  Water. 

•05,     03. 

3144     for    400  HjO. 

38. 

KaC^^lOljOef*-'  sat.  solution. 

0. 

Probably  negative. 

the  potential  of  the  slower  '•  ion/^  and  in  No.  38  there  is  no 
t^ensible  difference  of  potential  accompanying  the  difference 
of  ionic  velocitv  indicated. 

8.  Besides  these  experiments  on  the  contact  potential  of 
acids  and  water,  the  following  three  values  were  obtained  be- 
tween pairs  of  acids.  They  are  of  interest  for  comparison 
with  the  other  results. 

Table  IV. 


Positive. 

Negative.                        D.P.  in  Volts. 

Hvdrochloric  Acid  Solution                 '30 

Nitric  Acid    

Sulphuric  Acid 

Sidphuric  Acid 

•92 
•62 

Hydrochloric  Acid  Solution 
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I  am  indebted  to  Professor  Everett  for  permission  to  carry 
out  the  above  work  in  the  Laboratory  of  Queen's  College, 
Belfast,  for  suggestions  regarding  some  of  the  methods 
employed,  and  for  the  use  of  the  necessary  apparatus. 
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January  27,  1892.— Dr.  W.  T.  Blandford,  F.R.S.,  Vice-President, 
in  the  Chair. 

T^HE  following  communications  were  read  : — 
-*-      1.  "  On  the  Hornblende-schists,  Gneisses,  and  other  Crystal- 
Hne  Rocks  of  Sark."'      By  the  llev.  Edwin  Hill,  M.A.,  F.G.S.,  and 
Prof.  T.  G.  Bonuey,  D.Sc,  F.R.S.,  V.P.G.S. 

The  authors  refer  to  Mr.  Hill's  paper,  published  in  1887,  for  a 
general  description  of  the  Island.  They  were  led  to  examine  Sark 
again  in  the  hope  that  its  rocks  might  afford  some  clue  to  the 
genesis  of  the  hornblende-schist  of  the  Lizard.  They  describe  the 
structure,  macroscopic  and  microscopic,  of  the  various  foliated 
rocks.  These  are: — {a)  The  basement  gneiss,  a  slightly  foliated, 
somewhat  granitoid  rock,  probably  of  igneous  origin,  but  with  some 
abnormal  environment,  and  possibly  intrusive  into,  instead  of  older 
than  the  rock  which  succeeds  it.  (6)  The  hornblende-schists,  almost 
identical  with  those  of  the  Lizard,  but  in  one  case  yet  more  distinctly 
banded,  (c)  Banded  gneisses  sometimes  rather  fine-grained,  variably 
banded :  quartzofelspathic  layers  alternating  with  those  rich  in 
biotite  or  occasionally  hornblende.  Some  of  these  gneisses  resemble 
the  "  granolitic  group  "  of  the  Lizard  ;  others  recall  certain  of 
the  less  coarse,  well-banded  gneisses  of  Scotland,  e.  g.  south  of 
Aberdeen.  Sometimes  they  are  much  "gnarled"  by  subsequent 
earth-movements,  by  which,  however,  as  a  rule,  the  crystalline  rocks 
of  the  Island  do  not  appear  to  have  been  very  seriously  affected. 
{d)  A  very  remarkable  group  of  local  occurrence  which  exhibits  great 
variety.  In  some  places  large  masses  of  a  dark  green  horublende-rock 
are  broken  up  and  traversed  by  a  pale  red  vein-granite  or  aplito. 
The  former  rock  is  drawn  out  into  irregular  lenticlcs,  elongated 
lumps,  and  finally  streaks,  and  has  been  melted  down  locally  into 
the  aplite.  This  then  becomes  a  well-banded  biotite  gneiss,  which 
macroscopically  and  microscopically  agrees  Avith  types  which  are 
common  among  the  Archaean  rocks.  Sark  therefore  presents  an 
example  of  the  genesis  of  such  a  gneiss,  and  the  authors  are  of 
opinion  that  probably  all  the  above-named  rocks  are  of  igneous 
origin,  but  became  sohd  ultimately  under  somewhat  abnormal 
conditions,  to  which  the  ])ecuhar  structures  (which  distinguish  them 
from  ordinar}'  igneous  rocks)  are  due.  They  attribute  the  banding 
to  the  effect  of  tluxional  movements,  anterior  to  final  consohdation, 
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in  a  mass  to  some  extent  heterogeneous.  This  hypothesis  they 
consider  may  be  applied  to  all  gneisses  or  schists  -which  exhibit 
similar  structures — that  is,  to  a  considerable  number  (but  by  no 
means  all)  ol'  the  Arcluean  rocks. 

The  second  part  of  the  paper  consists  of  notes  on  some  of  the 
dykes  and  obviously  intrusive  igneous  rocks  of  the  Island.  Among 
these  are  four  (new)  dykes  of  "  mica-trap,"  one  of  which  exhibits 
a  very  remarkable  "  pisolitic "  structure.  The  variety  of  picrite 
described  by  Prof.  Jionney  in  1889  (from  a  boulder  in  Port  du 
Moulin)  has  also  been  discovered  in  situ. 

2.  "  On  the  Plutonic  llocks  of  Garabal  Hill  and  Meall  Ereac." 
By  J.  li.  Dakyns,  Esq.,  M.A.,  and  J.  J.  H.  Teall,  Esq.,  M.A.,  F.P.S., 
F.G.S. 

The  plutonie  rocks  described  occur  in  a  complex  forming  a  belt 
of  high  ground  S.W.  of  Inverarnan.  They  vary  considerably 
in  composition,  and  though  gradual  passages  are  sometimes  found 
between  more  or  less  acid  rocks,  at  other  times  the  junction  is 
sharp.  The  more  acid  are  ahvays  found  to  cut  through  the  less 
acid  when  the  two  rocks  are  found  in  juxtaposition,  and  fragments 
occurring  in  a  rock  are  less  acid  than  the  rock  itself.  Though  thus 
shown  to  be  of  different  ages,  they  must  evidently  be  referred  to  one 
geological  period.  The  tirst  rocks  to  be  formed  were  peridotites  : 
then  followed  diorite,  tonalite,  granite,  and  eurite  in  order  of 
increasing  acidity. 

The  specific  gravities,  colours,  and  textures  of  the  rocks  are  con- 
sidered, and  a  detailed  account  of  the  constituent  minerals  given. 
The  essential  minerals  are  arranged  in  the  following  order,  based  on 
their  general  distribution  in  the  different  types  of  rock : — 01i\'ine, 
pyroxene,  hornblende,  biotite,  plagioclase,  orthoclase  and  quartz, 
microcliuo.  The  following  is  the  order  in  which  the  principal  con- 
stituents commenced  to  form  in  the  rocks : — Iron-ores,  olivine, 
pyroxene,  hornblende,  biotite,  plagioclase,  orthoclase,  microcliuo, 
and  quartz.  The  chemical  composition  of  the  rocks  is  discussed, 
data  being  furnished  by  a  series  of  analyses  made  by  Mr.  J.  H. 
Player,  and  a  diagrammatic  representation  of  the  molecular  relations 
of  the  different  bases  and  silica  is  given.  The  relations  between 
mineralogical  composition,  chemical  composition,  and  geological  age 
are  then  considered  ;  and  the  following  conclusions  are  reached : — 

(1)  That  the  various  rocks  have  resulted  from  the  differentia- 

tion of  an  originally  homogeneous  magma. 

(2)  That  the  chronological  sequence  from  peridotite  to  eurite 

is  connected  with  the  order  of  formation  of  minerals  in 
igneous  magmas. 

3.  "  North  Italian  Bryozoa. — Part  II.  Cyclostomata."  By  Arthur 
Wm.  Waters,  Escj.,  F.G.!^. 


[  •'i^l  ] 
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ON  THE  VALUE  OF  THE  BRIGHTNESS  OF  SPECTRAL  COLOURS 
WITH  DIFFERENT  ABSOLUTE  INTENSITY.  BY  A.  KoNIG  AND 
R.  HITTER. 

T  PURlvlXJE  was  the  lirst  to  point  out  that  the  relative  bright- 
"  •  ness  of  different  pigments  was  unequally  influenced  by  a  change 
iu  the  intensity  of  their  illuminations.  In  twiliglit  blue  is  brighter 
than  red,  even  though  for  mean  illumination  both  colours  seem  to 
be  equal.  Dove  and  Seebeck  subsequently  pursued  the  phenomenon 
more  minutely,  and  von  Helmholtz  found  that  it  was  also  to  be 
observed  with  spectral  colours.  If  two  differently  coloured  fields 
have  the  same  brightness  for  mean  illumination,  then,  after  equal 
diminution  in  the  objective  intensity  of  both,  that  field  which  is 
illuminated  by  light  of  short  wave-length  will  be  the  brighter,  while 
after  an  increase  of  the  intensity  the  longer  wave-length  seems 
brighter.  Some  years  ago  Brodhun  ••■"  investigated  this  "  Purkinje's 
phenomenon  "  quantitatively,  and  found  that  with  the  illuminations 
he  used  it  could  no  longer  be  observed  at  higher  limits ;  that  is  to 
say,  that  beyoud  a  certain  illumination  all  colours  alter  their  relative 
brightness  to  the  same  extent  when  their  objective  intensity  is 
increased  to  the  same  extent.  Only  at  this  illumination  are  we 
entitled  to  represent  by  a  curve  the  disti'ibutiou  of  intensity  in  the 
spectrum  without  any  special  statement  as  to  the  illumination  at 
which  the  comparisons  are  made.  Brodhun  has  made  and  pub- 
lished such  curves  for  my  own  eyes  (normal  trichromatic),  for  his 
own  (green-blind),  and  for  Ritter's  (red-blind). 

It  is,  however,  apparent  that  curves  of  the  distribution  of 
brightness  in  the  spectrum  can  be  obtained  for  each  degree  of 
brightness ;  they  possess  then  no  value  unless  at  the  same  time 
the  degree  of  brightness  is  given  in  such  a  way  that  the  curve  can 
be  reconstructed. 

In  a  comprehensive  research,  of  only  a  small  portion  of  which 
I  here  give  an  account  f,  R.  Eitter  and  I  have  endeavoured  to  ob- 
tain such  curves  for  our  own  eyes,  and  for  those  of  some  other 
observers,  at  very  different  brightnesses.  In  the  change  of  form  of 
these  curves  with  increasing  absolute  intensity,  Purkinje's  phe- 
nomenon must  of  course  come  out,  so  that  with  increasing  bright- 
ness the  ordi nates  increase  the  more,  the  louger  is  the  wave-length 
of  the  spectrum-light  in  question ;  by  this  the  maximum  is  displaced 
in  the  direction  of  the  red  end. 

*  E.  Brodhuu,  Beitriige  zur  Farhenlehre :  Inaugural  diss.,  Berlin  1887. 

t  A.  Konig,  "  Ueber  den  Ilelligkeitswerth  der  Spectralfarbea  bei 
verschiedeaer  absoluter  Intensitat.''  In  Beiirdcje  zur  Psychologie  uad 
Physiologie  der  Sinnesorr/ane,  von  Helmholtz-Festschrift :  Hamburg  and 
Leipzig,  1891  (Leopold  Voss). 
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The  observation  was  uiade  so  that  a  surface  which  contained 
light  of  the  wave-length  o'ib  f.ii.i  (thallium  green)  was  always  kept 
unaltered,  and  then  the  quantity  of  light  expressed  in  breadths  of 
the  slit  was  determined  which  was  necessary  to  attain  the  same 
brightness  with  the  various  wave-lengths  of  the  spectrum  in 
question.  The  reciprocal  of  this  breadth  of  slit  I  call  the  value 
of  the  brightness  of  tlie  spectral  light  examined  for  the  given 
illumination. 

The  lowest  degree  of  illumination  was  very  near  the  lower  limit 
of  excitation,  it  was  so  feeble  that  the  observer  had  to  be  at  least  a 
quarter  of  an  hour  in  absolute  darlmess  to  perceive  it  at  all.  If 
we  call  the  quantity  of  light  1,  which  was  necessary  to  pro(Kice 
this  brightness  in  tlie  standard  green  field,  th(;  other  shades  of 
brightness  used  are  given  by  the  quantities  of  liglit  16,  256,  1024, 
4096,  16384,  65336,  and  2()2144.  The  last  degree  corresponds 
about  for  my  eye  to  the  illumination  under  which  a  white  paper, 
lighted  with  600  candles  at  a  distance  of  a  metre,  appears  when  I 
view  it  through  a  diaphragm  of  19  millim.  aperture. 

The  principal  results  obtained  by  the  various  observers  may  be 
summed  up  in  the  following  statements,  in  which  all  data  refer  to 
the  dispersion  spectrum  of  gas-light : — 

1.  Tor  all  observers  (two  trichromatic,  a  green-blind,  and  a  red- 
blind)  the  curve  for  the  values  of  brightness  liad  almost  exactly 
the  same  fonn  for  the  darkest  shade,  and  it  was  that  w'hich  has 
been  observed  by  Bonders,  llering,  Dieterici,  and  myself  for  greater 
shades  of  brightness  in  congenital  monochromasy.  Its  maximum 
was  at  about  535  ^if.i. 

2.  As  the  brightness  increases  the  maximum  increases  with 
trichromatic  persons,  at  lirst  slowly,  then  more  rapidly,  and  at 
length  very  slowly  again.  In  the  highest  shade  used  it  is  about 
610  fxfx. 

3.  So  far  as  the  observations  extend,  green-blind  persons  exhibit 
the  same  phenomena  as  the  trichromates. 

4.  With  red-blind  persons  the  maximum  moves  at  first  towards 
the  long  wave-length,  but  with  mean  illumination  attains  the 
wave-length  570  }.if.i^  and  remains  here  stationary  for  higher  shades 
also,  so  far  as  the  observations  extend. 

The  statement  in  (1)  was  foreseen  by  Mr.  E.  Hering  and  the 
adherents  of  his  theory,  and  was  also  observed  shortly  before  the 
publication  of  our  investigations.  But  that  we  are  not  justified  in 
seeing  in  it  a  proof  of  the  correctness  of  this  theory  follows  from 
the  observation,  also  made  simultaneously  by  myself,  that  the 
distribution  of  brightness  in  the  spectrum  in  individual  cases  is 
also  unchanged,  when  by  certain  pathological  pi'ocesses  the  real 
sensation  of  colour  is  completely  lost  and  only  the  sensation  black- 
grey-white  remains. — Wiedemann's  Anaalen,  No.  3,  1892. 
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ON  THE  GLOW-DISCHARGE.      BY  E.  WARBURG.  . 

The  results  of  the  present  investigation  are  thus  summarizeil  by 
the  author : — 

1.  The  electrostatic  attraction  which  a  plane  cathode  surface 
experiences  in  the  glow-discharge  can  be  measured  by  the  balance, 
and  from  it  the  electrical  force  and  the  surface-density  on  the 
cathode  surface  can  be  determined.  That  attraction  is  proportional 
to  the  density  of  the  current,  and  for  bright  platinum  and  aluminium 
electrodes  amounts,  in  milligrammes  per  ampere,  in 

Dry  nitrogen from  0-5  to  2  mm.  pressure,  1800-2400. 

Slightly  moist  nitrogen  .  .  „  „  „  500-800. 

Hydrogen   from  1-3  mm.  pressure,          200-350. 

2.  In  the  negative  glow-light  there  is,  as  A.  Schuster  has  pointed 
out*,  an  excess  of  free  positive  electricity.  The  amount  of  this 
positive  charge  is  opposite  and  equal  to  the  negati\e  charge  of  the 
cathode.  Like  this  charge  it  is  proportional  to  the  square  root  of 
the  density  of  the  current,  and  has  been  found  to  amount  to  about 

10-'" for  1  milliampere  per  square  centimetre  with  bright 

platinum  and  aluminium  cathodes  in  nitrogen  and  hydrogen. 

3.  The  surface  of  an  anode  is  much  more  feebly  attracted,  and  is 
therefore  much  more  feebly  charged  than  the  surface  of  a  cathode. 

If,  then,  two  infinitely  large  parallel  electrode  surfaces  are  oppo- 
site each  other,  they  are  equally  strongly  charged  only  so  long 
as  the  electricity  is  in  equilibrium.  If,  however,  the  glo\r-discliarge 
passes  between  the  surfaces,  the  charge  of  the  anode  is  feebler  than 
the  charge  of  the  cathode  by  the  excess  of  free  positive  electricity 
which  is  present  in  the  gas  through  which  the  current  passes. 

4.  At  the  normal  density  at  which  the  negative  glow-light  can 
spread  freely  over  the  cathode,  the  electrical  force  at  the  cathode 
decreases  vAth.  decrease  of  pressure,  and  is  less  for  hydrogen  than 
for  nitrogen,  in  accordance  with  the  laws  of  the  sti-iking-distauce. 
At  normal  density,  therefore,  the  excess  of  free  positive  electricity 
in  the  gas,  mentioned  under  3,  decreases  with  decrease  of  pressure. 

5.  The  material  electrical  charge  of  the  gas  which  takes  place  in 
the  glow-discharge  brings  with  it  an  increase  of  the  hydrostatic 
pressure,  and  therefore  under  ordinary  circumstances  produces 
eddy  currents,  which  flow  between  limited  electrodes  from  the 
anode  to  the  cathode,  and  may  account  for  the  so  frequently 
observed  transfer  of  matter  in  the  direction  of  the  positive  current. 
— Wiedemann's  Annalen,  No.  1,  1892. 

=*  Proc.  Roy.  Soc.  vol.  xlvii.  p,  541  (1890). 
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